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Title: Two Efficient Hybrid-Trefftz Elements for Plate Bending Analysis

Dear Reviewer,

          The authors would like to express their great appreciation towards you for your thorough and detailed review of our manuscript. Without any doubt, the ideas presented and the additional actions recommended have strengthened the article. All of your comments have been included in the paper. Places in the text where these suggestions are considered are marked by a red pen color. The answers to all of your comments are given in the following lines.

Major Remark: The results reported in the work by the authors are not very exciting. The bending problems of Reissner-Mindlin plate using Trefftz methods, even Trefftz FEM, are extensively investigated. Generally, the reviewer couldn’t find a significant difference between the work and the paper detailed:
J. Jirousek, et al, A family of quadrilateral hybrid Trefftz p-element for thick plate analysis, Comp Meth Appl Mech Engng, vol.127, pp.315-344, 1995.

which the authors did not mention in their work.
Response to the major Remark: Thank you for your guidance. As it is mentioned by the valued reviewer, a variety of elements for Reissner-Mindlin plate using Trefftz methods, even Trefftz FEM, are extensively investigated. To fulfill your suggestion, the proposed reference was included in the article, and some explanations about it were given in introduction section. It should be added that there are several significant differences between the authors' work and the Jirousek, et al's study. In this paper, two novel and efficient elements are formulated. They are a Triangular element (THT) and a Quadrilateral element (QHT), which have 9 and 12 degrees of freedom, respectively. On the other hand, Jirousek and his colleagues presented a family of quadrilateral hybrid-Trefftz (HT) p-elements for moderately thick plates. They did not formulate a triangular element. In the authors' approach, two independent displacement fields are defined; one within the internal field is selected in such a manner that the governing equation of thick plate element could be satisfied. In fact, a T-complete set of homogeneous solutions include only polynomial functions. The edges of the suggested element are designed according to the Timoshenko beam, and its deflection and torsion fields are determined.  Subsequently, interpolation functions for displacement and rotation fields are cubic and quadratic functions, respectively. Boundary field is related to the nodal degree of freedoms by the boundary interpolation functions.  In contrast to these assumptions, the modified Bessel function of the first kind was exploited by Jirousek and his colleagues. The mentioned assumptions will create differences in the homogeneous solution of the governing equation, which eventually lead to the variation of behaviors. Finally, the present study used energy formulation, where Jirousek, et al.  took advantage of  the edge shear equilibrium for their derivation.

Specific comments: 

1) is there any effective method for determining the number m in Eq. (4)?

Answer: It was stated that use of the minimum number (m=n−r) of the Trefftz functions in Eq. (4) does not always guarantee a stiffness matrix with full rank. Moreover, the full rank may always be achieved by suitably augmenting m. The optimal value of m for a given type of element should be found by numerical experimentation [20]. In this article, the minimum number of Trefftz function terms, which are sufficient for present formulation, and compatible with the necessary condition of Eq. (33), was obtained by numerical experience in the first example. The findings of this study were effective and showed that the Triangular element THT with 7 Trefftz functions and the Quadrangular element QHT with 11 Trefftz functions have the highest level of accuracy for plate analysis. To clarify the text and make it more understandable, some explanations were provided in the section 5-1 of the paper.
2) In contrast to the solution presented in the Jirousek’s paper above, the completeness of the T-function (24) is questioned. Further explanation on this issue should be provided.
Answer: The authors' perceptive of the completeness of the T-function (24) is the validity of the homogeneous solution. To prove the correctness of the presented solution, the following detail of the derivation could be considered: 
The homogeneous solution of the biharmonic equation, 
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, has the next form [21]:
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It is suitable to utilize the following complex variables: 
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Substituting these equations into (24) leads to the below solution [20]:
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The following functions can be easily extracted from the last equation:
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3) Elements with p-extension capability should be considered to improve the quality of the paper.
Answer: This research is concentrated on the formulation of two efficient Hybrid-Trefftz elements for plate bending analysis. In fact, no word of the elements with p-extension capability is stated throughout the text. To compare the capability of p-extension with the new proposed elements requires comprehensive study of analysis time and accuracy of the answers in different problems. There is no proper computer program available to fulfill this vast duty. Universally, it is hard to find out the better way of formulation. In the especial case of Jirousek, et al's element, where the quadrilateral elements do not have the mid DOFs (M=0), their and the suggested element accuracy are almost the same. To give more insights, this case was studied by the authors, and the calculated results are given in the following tables:

Central deflections for the simply supported square plate (Wc/ (ql 4/100D))
	Mesh
	0.001= h/l
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	1×1
	0.3906
	3.84
	
	0.3906
	3.84

	2×2
	0.4053
	0.22
	
	0.4052
	0.25

	4×4
	0.4063
	-0.02
	
	0.4062
	0

	8×8
	0.4063
	-0.02
	
	0.4062
	0

	Exact solution [29] 
	0.4062


Central deflections for the simply supported square plate (Wc/ (ql 4/100D))
	Mesh
	0.1= h/l
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	QHT
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	1×1
	0.4187
	2.01
	
	0.4169
	2.43

	2×2
	0.4282
	-0.21
	
	0.4265
	0.19

	4×4
	0.4276
	-0.07
	
	0.4266
	0.16

	8×8
	0.4274
	-0.02
	
	0.4270
	0.07

	Exact solution [29] 
	0.4273


Final Remark: In summary, the reviewer is unable to recommend the manuscript in its present form to your journal for publication.
Response to the final Remark: All of your comments have been included in the paper. If any further changes, which are in the line of paper aim, are needed, the authors are willing to fulfill them. In case you are not satisfied yet, please kindly outline explicitly the remaining required modifications. 
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