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Abstract

By using characteristics method of viscoelastic wave propagation, the SHPB tests for
the viscoelastic materials are numerically studied in the present paper to see how the basic
assumption of uniform distribution of stress along the thickness of specimen can be satisfied.
It is found that the material parameters such as the relaxation time 65 describing the high
strain-rate response, the instantaneous wave impedance ratio R;, and the rise-time of incident
wave all markedly influence the stress uniformity, the strain uniformity and the average strain
rate of the specimen tested. The results of this study may provide useful theoretical support
for the design of a dynamic SHPB test for viscoelastic materials.
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1 Introduction

It is well recognized that what distinguishes dynamic response under high strain rates from static
response are mainly two so-called dynamic effects, i.e. the inertia effect and the strain rate effect.
The former is studied, explicitly or implicitly, by wave propagation in various forms, and the
latter has promoted the study of all kinds of nonlinear rate-dependent constitutive relations and
failure criteria under an extensive range of strain rates. This is particularly true for polymers,
which are more susceptible to strain rate.

The main difficulty is that such two effects are usually coupled. On the one hand, no wave
propagation can be analyzed without knowing the corresponding dynamic constitutive relation
of material, and consequently the basic characteristics of wave propagation inevitably depend
on the strain-rate dependence of mechanical behavior of materials. On the other hand, wave
propagation effects should not be neglected in the study of dynamic constitutive relations and
failure criteria of materials at high strain rates.

The split Hopkinson pressure bar (SHPB) technique, as schematically shown in Figure 1, has
been widely used in studies on the dynamic mechanical behavior of materials at high strain rates
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(102 ~10%s71), since it was firstly proposed by Kolsky in 1949 [1]. Based on two basic assump-
tions, namely the assumption of one-dimensional stress wave propagation and the assumption
of stress uniformity along the specimen thickness, the inertia (wave) effect and the strain-rate
effect are cleverly un-coupled in the SHPB technique.
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Figure 1: Schematics of the split Hopkinson pressure bar device

According to the theory of one-dimensional elastic waves [2, 6], the incident wave ¢;, the
reflected wave €, and the transmitted wave €; to be measured at the left and right interfaces
of the specimen can respectively be measured without wave dispersion at the other positions of
the elastic input bar and output bar of SHPB.

On the other hand, according to the assumption of stress uniformity or strain uniformity,
we have

o;+o0,=o00re; +e, =& (1)

where 0;, 0, and oy (or €;, &, and ;) are the incident, reflected and transmitted stress (strain)
respectively. Thus, the dynamic strain rate £(t), strain £(¢) and stress o(t) of the short specimen
can be determined by

Gy _2C, 2C,
£(t) = To (ei—er—&r) = To (e —e&r) = — To €r
C, /t 20, [* 20, [*
e(t) = — € —&p — g )dt = — g — & )dt = ——— epdt 2
0=« pie =20 [ e —enar =22 | )

A A A
o(t) = 2Ab Ey(e; +er+¢et) = XbEbgt = XbEb (i +er)

where Ej, Cp and A; are, respectively, the Young’s modulus, the elastic wave velocity and
the cross-sectional area of the input/output bar; A, and Ly are the cross-section area and the
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thickness of the specimen, the positive sign (+) denotes the o and € in compressive state and
the velocity in positive x—axis direction.

With regard to the stress uniformity along the specimen thickness (or the dynamic stress
equilibrium) in a SHPB test, an incisive and quantitative analysis has been made by Yang and
Shim [9], indicating that except for the ratio of wave impedance of the bar and the specimen, the
incident pulse shape (such as rectangular, trapezoidal or ramp-rising) also has remarkable effect
to the stress uniformity in specimen, although the analysis is limited to an elastic deformation
stage of specimens. The dynamic stress equilibrium in relation to soft materials was specially
investigated by Song and Chen [4], indicating that in addition to the low wave impedance and
low wave speed, specimen thickness and strain rate all influence the stress equilibrium of soft
material specimens. However, except Zhou et al [11,12] who pointed out that the viscoelastic
waves propagating in polymer specimen significantly influence the stress uniformity and conse-
quently the data processing of SHPB test, how the viscous character of rate-dependent materials
influences the stress uniformity has not been analyzed in detail yet. In fact, as can be seen from
a typical oscilloscope record for a viscoelastic specimen in a SHPB test shown in Figure 2, the
duration of transmitted pulse is notably longer than that of incident pulse, reflecting the viscous
dispersion of the viscoelastic waves propagating in viscoelastic specimen. It will undoubtedly
induce a difference between the dynamic stress equilibrium in a viscoelastic specimen and in an
elastic specimen.
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Figure 2: Incident, reflected and transmitted pulses measured for a PMMA specimen in a SHPB
test

In the present paper, the SHPB tests for viscoelastic materials are numerically studied by
using characteristics method of viscoelastic wave propagation to see how the material relaxation
time, the instantaneous wave impedance ratio, as well as the rise-time of incident wave influence
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the stress uniformity of viscoelastic specimens.

2 Numerical modeling for characteristics method

A successful numerical study requires a correct constitutive modeling of the relevant materials.
Experimental investigation of a variety of polymeric materials at strain-rates from 10~ to 103s~!
show that their nonlinear viscoelastic behaviors are well described by the following ZWT (Zhu-
Wang-Tang) non-linear viscoelastic constitutive equation [5,8] and its corresponding rheological
model is shown in Fig. 3.

t—T1

01

¢ ¢ "
o= fe(e) + Ey / é(1) exp(— )dT + Eg/ é(1) exp(— 0 YdT, fe(e) = Epe + ag? + be?
0 0

(3)
where, f(e) describes the nonlinear elastic equilibrium response, Ey, a, b are the corresponding
elastic constants; the next integral term describes the viscoelastic response at low strain-rates,
FE4, 01 are the corresponding elastic constant and relaxation time of the Maxwell element I shown
in Fig. 3, the last integral term describes the viscoelastic response at high strain-rates, Es, 05
are the corresponding elastic constant and relaxation time of the Maxwell element II shown in
Fig. 3.

ab

Figure 3: The rheological model corresponding to ZWT equation (3)

Generally, 0 is of the order of 5-7 times higher than 65 [8], so under impact loading conditions,
the low frequency Maxell element I has no enough time to relax until the end of loading, and then
it will reduce to a linear spring element with a constant of F;. Furthermore, the deformation
experienced in the dynamic stress equilibrium is generally supposed to be small, so that the
second and third terms of f.(¢) can be ignored. In other words, the nonlinear spring element in
the present case will reduce to a linear spring element with one constant of Fy. Consequently,
Eq. (3) reduces to
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t
t _
o= Byt E2/ £(r) exp(— D )dr (4a)
0 1
E, = Ey + F; (4b)
Or, equivalently in a differential form
do o oe E,
L (B + By =+ =2
8t+92 (Eo + 2)8t+025 (5)

Correspondingly, the nonlinear viscoelastic model in Fig. 3 now reduces to a simpler model
of three-element linear viscoelastic body or the so-called “standard linear solid” in viscoelastic
theory.

The constitutive equation, Eq. (5), together with the following motion equation (6) and
continuity equation (7), compose the governing equations for viscoelastic wave in one dimensional
stress state.

ov Oo
Pva = o (6)
ov  Oe
9 ot (7)

where, p, is the density of the specimen.

To solve the governing equations (5)-(7), the characteristics method is especially convenient
and effective. To find the characteristics of the present problem, the governing equations (5)-(7)
are multiplied by indeterminate coefficients L, M and N, respectively, and then added together
as [9]

Oe 0 0 N 0 0 N
(L+N)675+<Mpv6t _La:L‘> U_<Ma7f+Ma$) U—f-m (Eaf‘:—O') —0 (8)

In order that the above equation only contains the directional derivatives along the charac-
teristic lines, indeterminate coefficient L, M and N should satisfy the following relations

dx
dt

_ 0 L M(E,+E) ©
¢ L+N  Mp, N

Obviously, there are two sets of solutions for L, M and N:

L+N=0, p,(FE,+ Ey) M?>=—-LN (10a)
L=M=0, N#0 (10b)
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Then from Eq. (8), (9), (10a), we obtain two sets of real characteristics and the corresponding
characteristic compatibility relations:

dx E,+ E»
— =4y —= =0, 11
=\ o (11a)

1 oc—FE.e 1 [ oc—FE. ]
dv== do + dt =+ do + dx 11b
vav ,Ova92 vav (Ea + E2) 92 ( )
where “4” is for rightward propagating waves, and “-” is for leftward propagating waves. These

sets of characteristics represent the loci of wave fronts propagating with wave velocity C,,, which
is determined by the instantaneous response of viscoelastic material. Similarly, from Eq. (8), (9),
(10b), we obtain the third set of characteristic and the corresponding compatibility condition
along it, respectively, as

dx =0 (12a)

do oc— FE.e
de — - dt =0 12b
T (Bat Ba)  (Ea+ Es) 0o (12b)

Eq. (12a) coincides with the particle motion locus, and Eq. (12b) is actually another form of
the material derivative of viscoelastic constitutive equation (Eq. 5). Note that the terms having
dt or dz in the compatibility conditions (Eq. 11b and Eq. 12b) describe the rate-dependence of
viscoelastic wave propagation and reflect the dispersion and dissipation characters of viscoelastic
waves.

Thus, on the time-space plane tOz, there always exist three characteristics through an ar-
bitrary point. Once the initial-boundary conditions are prescribed, the solution of viscoelastic
wave propagation can be solved by the numerical characteristic method, when the difference
form is used to replace the differential form for all three sets of characteristics relations.

The same governing equations can also be used to solve the elastic wave propagation in the
input bar and output bar, when the Eq. (5) is reduced to Hooke’s law by taking # in this
equation as infinite, and consequently all the terms having dt or dz in Eq. (11b) and (12b) will
correspondingly vanish.

Now, consider a short viscoelastic specimen with thickness of Lg, which is sandwiched be-
tween the input elastic steel bar and the output elastic steel bar (Fig. 1). Assume that a
trapezoidal incident pulse with a stress amplitude of oy propagates along the input bar towards
the specimen. For convenience, in the following numerical simulation, the reflected waves from
the other ends of input and output bar are not considered, and the unloading part of the inci-
dent pulse is also not considered, since they are not key factors in the study of stress uniformity,
which should be accomplished in the early time of test.

Thus, the trapezoidal pulse is reduced to an incident wave with a linear ramp rising time
of 74 followed by a constant stress amplitude of og, as shown in Fig. 4. In practical numerical
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Oo | - - _

Figure 4: Shape of incident wave propagating in the input bar (boundary condition)

calculation, the linear ramp rising front of incident wave is discretized to a series of ladder-like
loading with a stress increment of o* per each step, as shown by the dashed lines in Fig. 4.

To investigate the influence of rise-time, introduce the dimensionless rise-time ng defined as
the ratio of the rise-time 74 and the transit time ¢;, which is the time required for a wave to
travel from one end to another end of the specimen:

Ts 7sCy Lo
Ng = — = tr, = —.

== = = 13
Lo L T (13)

To study numerically the stress uniformity of viscoelastic specimen in the present conditions
by the characteristics method, actually two categories of computation are involved, namely (1)
the computation of “interface points”, such as the points My, N1, My11, Niy1 on the t—x plane
shown in Fig. 5(a), and (2) the computation of interior points, such as the points Ma, No, My,
Nj. on the t — x plane shown in Fig. 5(a).

The solution at an arbitrary “interface point” at the left interface between the specimen and
input bar, for example the point N7, can be obtained as follows. Through the point Ny, there
must exist three characteristic lines: the asN7 from the elastic bar side, and the M>/N; and
M1 Ny from the viscoelastic specimen side. Obviously, the following corresponding compatibility
relations along those characteristics should be satisfied, namely, along as N1, we have

1
Ve(N1) —v2 = ——- [0 (N1) — 02] (14)
PoCh
where pp, Cp are the density and elastic wave velocity of elastic bar respectively. wv., o. are
the particle velocity and stress at point N7 on elastic bar side respectively, and vy, o9 are the
particle velocity and stress in region 2 of elastic bar respectively; and along the characteristics
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MsN; and M; Ny, we have respectively,

Uye (Nl) — Upe (MQ) = _Pvlau [Uve (Nl) — Ovye (MQ)] + Eat (]\4;’367000-;6 (MQ) [t (Nl) —t (MQ)]
(15a)
coc (V1) = 20 (M) = o e (1) = e (1) 4 25 B o) — o a) =0

(15b)

where vy, 0ye are the particle velocity and stress at point N7 on viscoelastic specimen side
respectively. Simultaneously, the particle velocity and stress must respectively satisfy the con-
tinuity requirement at the interface point N1 namely,

Oec (Nl) = Ovpe (Nl) (16&)
Ve (Nl) = Uye (Nl) (16b)

Since the solutions at M7 and M; and in region 2 (i.e o9 and vy) are all known, the particle
velocity vye(IN1), stress oye(IN1) and strain €,.(N7) can be solved by Eq. (14), (15a,b), (16a,b),
and are correspondingly illustrated on the o-v plane, as shown in Fig. 5(b).

Similarly, the solutions of an arbitrary point Nyiq at the right interface between the spec-
imen and output bar can be obtained by the following relations, namely, the characteristic
compatibility relations along Ny N1 and Ngi1 My from viscoelastic specimen side

Vye (Ng+1) — vye (Ni) = pUle [0ve (Nk+1) — owe (Nk)] — e (]Zfé;ﬁ;jve (N) [t (Nk41) = (Ni)]
(17a)
1
Eve (Nk )_Eve (Mk >_7[0ve (Nk ) — Ove (Mk )]+
+1 BT 5 +1 +1 )

Eoepe (Mk;+1) — Oype (Mk—l—l)
(Ea + EQ) 92

[t (Ng+1) —t (Mg41)] =0

as well as the characteristic compatibility relation along Ny, My, o from elastic output bar side:

1

Ve(Ng41) — ve(Mp42) = "Gl [0c (Nkt1) — 0e (M12)] (18)

Furthermore, the continuity requirement for the particle velocity and the stress across the
right interface of specimen provides:

Vye (Mk—i-l)
Ove (Mk—i-l)

e (Mg+1) (19a)
e (M41) (19b)

I
S
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Figure 5: Solution of wave propagation in SHPB test for viscoelastic specimen by characteristics
method

Note that the waves propagating rightwards along the elastic output bar are elastic simple
waves, so we have

Ve (Myy2) = ve (Myy1) (20a)
0e (M) = o, (M) (20b)

Thus, from Eq. (17a,b), (18), (19a,b) and (20a,b), the solution at the right interface point
Nii1, 0pe(Ngt1), Vpe(Ngr1) and epe(Ng11), can be solved.

On the other hand, the solutions at an arbitrary “interior point”, for example the point
Ny, can be solved as follows. Through the point N, there must exist three characteristic lines,
N1Nsy, NoMs3 and NoMs,. Obviously, the following three characteristic compatibility relations
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respectively along these characteristics should be satisfied [7]:

Uye (N2) — vye (N7) = pvle [0ve (N2) — 0 (N1)] — Pacve (]Z%_Hj (%) [t (N2) — ¢ (N1)]
Uye (N2) — Uype (Md) = _,01;1611; [Uve (N2) — Ovpe (MS)] + Eatoe (]\p{i)))C’U_H;Ue (M3) [t (NQ) —t (MS)]
Eve (N2) — Evye (M2) = m [Uve (NQ) — Oye (M2)] - Eagv(i(é](\fi) ;;;UHZ(MQ) [t (N2) —t (M2)]

(21)

Thus, the unknown oye(N2), vye(N2) and £,¢(N2), can be determined.

3 Analysis on stress uniformity of viscoelastic materials in SHPB tests

From Eq. (11) it can be seen that the characters of viscoelastic wave are dependent on the
instantaneous wave impedance p,C, and the relaxation time 62, which should also influence
the stress uniformity of viscoelastic specimen in SHPB test. Furthermore, as pointed out in [9]
and [4], the incident wave shape (or substantially the rise time 75 of incident wave front) may
influence the stress uniformity too. Thus, in addition to the dimensionless rise-time ns defined in
Eq. (13), another dimensionless parameter is introduced, namely, the dimensionless generalized
wave impedance ratio R;, defined as

_ ApppCh

Ri 5
Ay Pu Cy

(22)
where A is the cross-section area, the subscripts b and v denote the quantities of the elastic
bar and the viscoelastic specimens respectively. Therefore, in the following numerical analyses,
we will mainly study how the relaxation time 6o, the dimensionless rise-time 75/t; and the
dimensionless instantaneous wave impedance ratio R; influence the stress uniformity.

The material parameters used in numerical simulation are p, = 7.8 x 10% kg/m?3, E, = 210
GPa for elastic steel bar, and those listed in Table 1 for viscoelastic specimens. The material
VE1 in Table 1 represents a grade of PMMA, of which all parameters were experimentally
determined as reported in [7], but the area ratio Ay/A, is adjusted to round up R; as an integer
15. In order to see how the relaxation time 0y influence the stress uniformity, we assume two
materials: one is material VE2, of which the only difference from VE1 is that the 65 for VE2
is only a tenth of that for VE1; another is material EL, of which the only difference from VFE1
is that its 0y is infinitive, namely equivalent to an elastic specimen. Moreover, we assume a
material VE3, of which the only difference from VFE1 is that its instantaneous wave impedance
ratio is a third of that of VFE1, in order to see how the wave impedance ratio R; influence
the stress uniformity of viscoelastic specimens. The thickness of all specimens is adopted as
Lo =10mm.
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Table 1: The ZWT parameters of representative materials

material | p,(kg/m3) | Eq(GPa) | E1(GPa) | E2(GPa) | 02(us) | R;
VE1 1.19x103 2.04 0.897 3.07 95.4 | 15
VE2 1.19x10° 2.04 0.897 3.07 9.54 | 15
VE3 1.19x10° 20.4 8.97 30.7 954 | 5
EL 1.19x103 2.04 0.897 3.07 00 15

In the case of rise-time 7, /t;, = 1, the curves of dimensionless stress o /oy, versus time ¢/t on
the left and right interface of specimens for different material VE1, VE2 and EL are respectively
shown in Fig. 6(a, b), and the comparisons of those are shown in Fig. 6(c). As can be seen from
those curves, the stress-time curves for viscoelastic specimens all display attenuation character,
and such attenuation can be observed not only from the whole curve but also from each step
of stress-time curve. Obviously, the relaxation time does influences the stress wave profile in
specimen, and consequently the stress distribution along specimen thickness, although the stress
difference between the left and right interface of specimen become smaller after several forth-
back wave propagating in specimen, and then tends towards the stress uniformity (Fig. 6c¢). A
further comparisons show that the smaller the relaxation time 65 is, the lower the stress and the
stress rate are. So it is clear that the analysis of stress uniformity based on elastic waves does
not represent the situation of stress uniformity of viscoelastic specimen at all.

For other three different rise-times 75/t = 2, 4, 10, the stress-time curves of specimens with
different 65 calculated at the left and right interfaces of specimen are shown in Fig. 7-Fig. 9.
Comparing Fig. 6-9 with each other, it can be seen that both the dimensionless stress-difference
between left and right interfaces %‘J’ = [% — Z—ﬂ and the dimensionless stress-rate %
decrease with the increase of the dimensionless rise-time 7,/tr,, except for 75/t;, = 1.

For two different rise-times ny = 75/t;, = 1, 10, the stress-time curves of specimens with
different R; (=15, 5) calculated at the left and right interfaces of specimen are shown in Fig.
10 and Fig. 11. It can be seen that the dimensionless instantaneous wave impedance ratio R;
does influence markedly the stress uniformity, although such influence is different for different
rise time. In the case of 7,/t;, = 1, the viscoelastic specimen with R; = 5 reaches the stress
uniformity earlier than that with R; = 15 (Fig. 10), while in the case of 75/t;, = 10, contrarily,
the viscoelastic specimen with R; = 5 reaches the stress uniformity later than that with R; = 15
(Fig. 11), since the dimensionless stress difference Ao /o decreases with the increase of rise-time
Ts/tL.

To evaluate quantitatively the approximity of stress uniformity in viscoelastic specimen,
similar to the suggestion in [12], [3] and [10], a dimensionless stress uniformity parameter oy, is
introduced, which is defined as the ratio of the stress difference (07, — o) between the left and
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Figure 6: Dimensionless stress-time curves of specimens VFE1, VE2 and EL with different relax-
ation time fyunder the incident waves with rise-time of 75/t;, = 1
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Figure 7: Dimensionless stress-time curves of specimens VE1, VE2 and EL with different relax-
ation time #y under the incident waves with rise-time of 74 /t;, = 2
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Figure 8: Dimensionless stress-time curves of specimens VE1, VE2 and FEL with different relax-
ation time 0y under the incident waves with rise-time of 74/t = 4
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Figure 9: Dimensionless stress-time curves of specimens VE1, VE2 and EL with different relax-
ation time s under the incident waves with rise-time of 75/t = 10
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Figure 10: Dimensionless stress-time curves of VE1 and VE3 with different wave impedance
ratios R;, in the case of the incident waves with rise-time of 75/t;, =1
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Figure 11: Dimensionless stress-time curves of VE1 and VE3 with different wave impedance
ratios R;, in the case of the incident waves with rise-time of 74/t;, = 10
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the right interface and their average

or (t) —ogr(t)
(or(t) +or(t))/2

if ap < 5% at t > t,, then the ¢, is approximately defined as the beginning time of stress

(23)

uniformity, or, a dimensionless beginning time of stress uniformity (non-integer) can be defined
as
fuznu:tu/t[, (24)

where the n, is the number of wave propagation between two interfaces of the specimen before
the stress uniformity reaches.
With regard to the stress uniformity of elastic specimen, when rise-time 75/t;, = 2, the
following accurate theoretical formula was deduced by Yang and Shim [9]:
26° (1-p)*? 2(1/Ri)* (1 - 1/R;)"*

T+ - U+ 1R+ (- 1/R) for k>2 (25)

Where the integer k is the traversing number of wave propagating in specimen, the § in Eq.
(25) used in [9] is just the reciprocal of R; defined in Eq. (22).

For viscoelastic specimen VE1 and VE2 with different relaxation time, how the stress uni-
formity parameter «j varies with the wave transiting number ¢/t; at different rise-times is
calculated by the characteristics numerical method mentioned above and shown in Fig. 12. The
results predicted by Eq. (25) for elastic specimen EL at 74 = 2¢7, are given in the same figure
too. By comparing those calculated curves, it is clear that concerning on the approximity of
stress uniformity, whatever the relaxation time is 95.4 us or 9.54 us, the incident wave with
the shortest rise time 74/t = 1 displays the worst situation, especially during the early loading
period, while the incident wave with rise time of 75/t = 2 displays the best situation. A further
longer rise-time will unexpectedly deteriorate the stress uniformity. This conclusion qualita-
tively coincides with the results given by Yang and Shim [9] for the SHPB specimen in an elastic
deformation stage.

For viscoelastic specimen VE1 and VE3 with different wave impedance ratios R;, how the
stress uniformity parameter oy varies with the wave transiting number ¢/t;, at different rise-
times is calculated by the characteristics numerical method mentioned above and shown in Fig.
13. The results predicted by Eq. (25) for elastic specimen EL at 75 = 2ty are given in the
same figure too. It is also shown that whatever the R; is 15 or 5, the incident wave with the
shortest rise time 74/t;, = 1 displays the worst situation, while the incident wave with rise time
of 74/t;, = 2 displays the best situation. A further longer rise-time will unexpectedly deteriorate
the stress uniformity.

The numerical results of dimensionless stress uniformity time n, for specimens of different
materials under different rise-time loading are collected together in Table 2. It reveals again that
except for 74/t = 1, the n, for all material concerned increases with the increase of rise-times
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Figure 12: Relation between «y and t/t;, for specimen VE1 and VE2 at different rise-times
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Figure 13: Relation between «ay and t/t;, for specimen VE1 and VE3 at different rise-times
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7s/tr,. Moreover, as can be seen by the comparison of VE1 and VE2, except for 75/t = 1, the
n, increases with the decrease of relaxation rime 65, In other words, the approximity of stress
uniformity become worse with decreasing 2, so that the viscous effect on the stress uniformity
should be taken into account particularly for the viscoelastic materials with low 5. On the other
hand, from the comparison of VE1 and VE3, it can be seen that, expect for 75/t = 1, the n,
increases with the decrease of the wave impedance ratio R;. However, it is worthwhile noticing
that at a certain combination of 5 and R;, for example for the viscoelastic specimen VE1, its
stress uniformity character is nearly the same as that for the corresponding elastic specimen FL.
Only in such situation, the influence of viscous character of viscoelastic materials on the stress
uniformity can be disregarded.

Table 2: The n, required for stress uniformity for different specimens at different rise-times of
incident waves.

Ty Tes=1tr | Ts =2t | 7s =4t | 7s = 10t
EL 10.2 2.2 4.0 5.4
0y = o0, R; =15

VEL 10.2 2.2 4.0 5.4

0y =95.4us, Ry =15
VE2 7.2 3.2 4.2 5.8

A = 9.54us, R, =15
VES 5.4 3.2 4.4 6.0

92 = 95.4,US RZ’ =5

4 Analysis on strain uniformity of viscoelastic materials in SHPB tests

Obviously, in linear elastic analyses, a proportional relation always exists between the stress
wave and strain wave, and consequently, a “stress uniformity” assumption is actually equivalent
to a “strain uniformity” assumption, as expressed by Eq. (1). However, in viscoelastic analyses,
such a proportional relation no longer exists due to the viscous dispersion. For example, when a
constant-velocity loading is suddenly applied to one end of a viscoelastic bar, the stress profile
of viscoelastic wave propagating along the bar displays a relaxation character, while the strain
profile of viscoelastic wave displays a creep character [7]. It means that in SHPB tests for
viscoelastic specimens, not only the stress uniformity but also the strain uniformity should be
inspected, to provide the guideline for assessing the validity of experimental results.

The strain-time curves calculated o or specimens VE1, VE2 and EL at 0y = 650 MPa are
shown in Fig. 14 and Fig. 15 respectively for two different rise-times 74/t = 1 and 10. As can
be seen, contrary to the stress-time curves shown in Fig. 6-9, where the stress-time curves of
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viscoelastic specimens are lower than that of elastic specimen, the strain-time of specimen VE1
is higher than that of specimen EL, and the strain-time curve of specimen VFE?2 is further higher
than that of specimen VE1. It means that due to the viscous effect, the smaller the 65 is, the
larger the rheological deformation of specimen will be.

To evaluate quantitatively the approximity of strain uniformity, a parameter 7 is introduced
which is defined as the ratio of the strain difference (e, —eg) between the left and right interfaces
and their average

er (t) —er (t)
(e (t) +er(1)/2

Again, if v, < 5% at t > t,, then ¢, is regarded as the beginning of strain uniformity, and the
ty (=ny) defined in Eq. (24) is regarded as the dimensionless beginning time of strain uniformity
(or the wave traversing times for reaching strain uniformity).

Y = (26)

0.08 :
at x=0, 92:|nf,EL S
J|— — ax=L, 8=infEL -7,
R4
- - - atx=0, 92:95.4us,VE1 272 - o
0.06 4|— - —at x=L,8,=95.4us,VE1
—---a x:O,92:9.54us,VE2
1/~ -~ - at x=L6,=9.54us,VE2
0.04
C
8
17
0.02
0.00
T T T T T T T T ]
1 0 1 2 3 4 5 6 7 8

vt

Figure 14: Strain-time curves of specimens VFE1, VE2 and EL with different relaxation time 65
in the case of the incident waves with rise-time of 7/t = 1

The numerical results of how the strain uniformity parameter v varies with 75/tr, 62, R;,
and how the dimensionless beginning time of strain uniformity n, varies with 75/tr, 02, R;,
calculated for specimens VE1, VE2, VE3 and EL are given in Fig. 16 and Table 3, respectively.
Comparing the Fig. 16 with Fig. 12, and the Table 3 with Table 2, it can be seen that the strain
uniformity in general does not coincide with the stress uniformity, except for elastic specimen
EL as could be expected. Comparing the results for the viscoelastic specimens VE1 and VE2,
it can be seen that when 6y decreases from 95.4 us to 9.54 us, the specimen reaches the state
of strain uniformity earlier than that of stress uniformity if the rise-time is shorter. However,
the situation transfers to the contrary if the rise-time becomes longer. On the other hand, by
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strain
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Figure 15: Strain-time curves of specimens VFE1, VE2 and EL with different relaxation time 65
in the case of the incident waves with rise-time of 75/t;, = 10

comparing the results for specimens VE1 and VE3, it can be seen that when R; decreases from
15 to 5, the specimen reaches the state of strain uniformity later than that of stress uniformity,

if the rise-time increases to 75/t = 10. Thus, when viscoelastic materials are tested by SHPB
technique, more attention should be paid to strain uniformity besides stress uniformity, and

experiment data must satisfy both of uniformity requirement.

Table 3: The n, required for strain uniformity for different specimens at different rise-times of

incident waves.

um Ts = tL TSZQtL TS:4tL 78210tL
EL, 6, = 0o, R;=15 10.2 2.2 4.0 5.4
VE1, 0o = 95.4us, R;=15 9.2 2.2 4.0 5.6
VE2, 05 = 9.54us, Ri=15 | 5.4 2.8 4.4 7.2
VE3, 65 = 95.4us, R;=5 5.4 3.2 4.4 6.4
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Figure 16: The relation between «; and ¢/t for specimen VE1 and VE2 at different rise-times.

5 Analysis on average strain rate of visco-elastic materials in SHPB tests

The most basic aim of SHPB test is to study the material behavior under high strain rates. For
conventional SHPB technique, the strain rate is determined by (see Eq. 2):
é (t) _ (U"’ (t) — U (t)) (27)
Ly
where, the subscripts [ and r denote respectively the particle velocity v at the left and right
interfaces of the specimen. Taking the specimen VE1 as an example, the calculated particle
velocity-time curves for the left interface, middle section and right interface are given in Fig. 17.
The vertical line of t = ¢, is also plotted on the same figure for reference, showing the beginning
time of stress uniformity. It can be seen that the velocity distribution along the thickness of
specimen is non-uniform, particularly before t = t,,.
On the other hand, the particle strain rate can be directly calculated by the time-differential
of strain:

E(t) = dgdit) (28)

For the specimen VE1 the strain rate-time curves respectively determined by Eq. (27) and

(28) are given in Fig. 18 for different rise-times, showing the non-uniform distribution of strain
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Figure 17: Particle velocity-time curves of VE1 for different rise-times of (a)7s/tr, =1 (b)7s/tr =
2, (c)1s/tr =4, ()71s/tr, = 10

rate in viscoelastic specimen. The vertical line of t = ¢, is also plotted on the same figure for
reference, showing the beginning time of stress uniformity. It can be seen that the non-uniformity
of strain rate decreases with increasing rise-time, particularly after the stress-uniformity reaches
(t = t,). Note that the strain rate calculated by Eq. (27) almost coincides with that calculated
by Eq.(28) at the middle section x = Ly/2, which actually represents the average strain rate of
specimen. Expect for the case of longer rise-time (75/t;, = 10), the average strain rates after
t = t, all decrease with time. The average strain rates for different specimens at different 74/t
are listed in Table 4. It is not difficult to find that the strain rate increases with decreasing 65,
but decreases with decreasing R; and decreases with increasing 74/tr, namely, the strain rate
is not only dependent on the relaxation time 62 and the wave impedance ratio R; but also on
the rise-time of incident wave 74/t;. Those factors should be considered in design of SHPB
experiments.

6 Conclusions

From the above numerical analyses by using characteristics method of viscoelastic wave propa-
gation, obviously, the following main points with regard to the stress uniformity for viscoelastic
materials during SHPB tests can be concluded.
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Table 4: The average strain rate at t = ¢,, for different specimens at different rise-times of incident

waves
average strain rate (10%s™1) | 74/tp=1 | 7s/tp=2 | 7s/tr=4 | 74/tL=10
EL, 05 = oo, Ri=15 1.11
VE1, 0 = 95.4us, R;=15 1.29 1.27 1.25 1.14
VE2, 65 = 9.54us, R;=15 1.67 1.65 1.60 1.43
VE3, 05 = 95.4ps, R;=5 0.422 0.419 0.415 0.406
(a_) (b)ssoo-
6000 p from, Eq(28) 30004 from, Eq(28)
5000 s — — atx=0, Eq(29) —-—- atx=0, Eq(29)
=N - - -atx=L /2, Eq(29) 2500 - - - -atx=L,2, Eq(29)
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Figure 18: Strain rate-time curves calculated by Eq. (27) and Eq. (28) for different rise-times of
(a)7s/tr =1, (b)1s/tr, =2, (¢)7s/tr, =4, (d)75/t, = 10
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. Different from the analysis on the stress uniformity of elastic specimen in SHPB tests, the

stress uniformity of viscoelastic specimen is not only dependent on the wave impedance
ratio R; and the rise-time 75/ty, of incident wave but also on the relaxation time 65.

Except for the case of short rise-time (75/t;, = 1), the smaller the relaxation time 65 is,
the later the stress uniformity reaches, but the higher the strain rate is.

Except for the case of short rise-time (75/t;, = 1), the smaller the instantaneous wave
impedance R; is, the later the stress uniformity reaches and the lower the strain rate is.

Except for the case of short rise-time (75/t;, = 1), the longer the dimensionless rise-time
is, the later the stress uniformity reaches. In fact, when the rise-time is 74/t = 2, it is an
optimum choice to achieve the stress uniformity, coinciding with the analysis on the stress
uniformity of elastic specimens.

Distinguished with the elastic specimen, the strain uniformity and stress uniformity of
viscoelastic specimens are not equivalent but different from each other. The strain uniform
is earlier to reach than stress uniform at shorter rise-time, but it is contrary when the rise-
time becomes longer.

The strain rate is non-uniformly distributed along viscoelastic specimens. The average
strain rate increases with decreasing 3, but decreases with decreasing R;, and with in-
creasing 7/t
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