
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 



 

 



 

 

ij i if u   ( 1 )

if 
iu

ij

 ( ) , ( ) ( ),ij ijkl klx x x C x dV x       ,x V  ( 2 )

ij ijklC  ,x x 

x x x x 

0( / )ie l a 

C C il l

0e

0e 0 ie l

0 ie l

  2 2

01 :nl

ie l C    ( 3 )

2

2 2

0( )

nl nl

xx xx

nl nl

yy yyi

nl nl

xy xy

e l

 

 

 

   
   

    
   
   

2 2

2 2

/ (1 ) / (1 ) 0

/ (1 ) / (1 ) 0

0 0 2

xx

yy

xy

E E T

E E T

G

    

    



      
   

      
  
  

( 4 )

,E G  and 

,
nl

xx nl

yy nl

xy



 

 

2

2
,xx

w
z

x



 



2

2
,yy

w
z

y



 



2

xy

w

x y



 

 
( 5 )

/ 2

/ 2

,

h

nl

xx xx

h

M z dz


 
/ 2

/ 2

,

h

nl

yy yy

h

M z dz


 
/ 2

/ 2

h

nl

xy xy

h

M z dz


  (6 )

h

2 2
2 2

0 2 2
( ) ,xx i xx

w w
M e l M D

x y


  
     

  

2 2
2 2

0 2 2
( )yy i yy

w w
M e l M D

y x


  
     

  
2

2 2

0( ) (1 ) ,xy i xy

w
M e l M D

x y



    

 

(7 )

3

212(1 )

Eh
D





( 8 )

0 ie l

2 22

2 2

2
2

2

2
xy yyxx

xx xy

yy xy w G

M MM w w
f N N

x x y y x x y

w w w
N N h K w K w

y y x t


      
     

       

    
      
    

( 9 )

, , , w Gf K K

( 0 )f 

,           0xx yy r temp xyN N N N N    (10 )

rN
tempN

 
          

1
temp

E
N h T




 


(11)

          

     

2
2 22 2 2 2 2 2

0 0 2

2
2 22 2 2 2

0 02
0

r temp i i r temp

w G w i G i

w
D w N N e l w h e l N N w

t

w
h K w K w K e l w K e l w

t





 
           

 


         



(12 )



 

 

2

           2 2 2 2 2 2
1 1r r r r            0, ,iD e l w

( , , ) ( , ) i tw r t W r e   (13 )


2 1i  

( , )W r 

 2 2 2 2 4
0W W W      (14 )

    
   

22 2

0 0
2

2 2

0 0

( )

1 ( )

i r temp G W i

r temp i G i

h e l D N N D K D K e l D

N N e l D K e l D

     
 

  

   

2
4

2 2

0 01 ( )

W

r temp i G i

h D K D

N N e l D K e l D

  
 

  

(15 )

2 2 2 4 4

2 2 2

1 1 4
0

2

W W W
W

r r r r 

        
    

   
 

(16 )

2 2 2 4 4

2 2 2

1 1 4
0

2

W W W
W

r r r r 

        
    

   
 

(17 )

( , ) ( ) ( ),W r R r  

 2 ( ) ( )r R r  

2 2 2 4 4 2

2 2

1 4 1 ( )
( )

( ) 2 ( )

r d R dR d
R r

R r dr r dr d

 

  

      
     

  
  

(18 )

2 2 2 4 4 2

2 2

1 4 1 ( )
( )

( ) 2 ( )

r d R dR d
R r

R r dr r dr d

 

  

      
     

  
  

(19 )

2
2

2

2

( )
( ) 0

d

d

 
  


  ( 20 )



 

 

2 2 4 4 2

2 2

1 4
( ) 0

2

d R dR
R r

dr r dr r

     
    

 
 

( 21)

2 2 4 4 2

2 2

1 4
( ) 0

2

d R dR
R r

dr r dr r

     
    

 
 

( 22 )

( ) cos( ) sin( )A B     ( 23 )

( , )W r  ( ) 

2 ( , ) ( , 2 )W r W r    

     0,1,2,...m m   ( 24 )

 m  r

(1) (2)

1( ) ( ) ( )m m m mR r A J r A Y r   ( 25 )

,m mJ Y m

  2 4 44 2      

 m   r

(3) (4)

2 ( ) ( ) ( )m m m mR r A I r A K r   ( 26 )

 2 4 44 2       ,m mI K

m

 
(1) (2)

(3) (4)

( ) ( )
( , ) cos( ) sin( )    0,1, 2,...

( ) ( )

m m m m

m m

m m m m

A J r A Y r
w r A m B m m

A I r A K r

 
  

 

 
 

      

( 27 )

( 4 ) ( 3 ) ( 2 ) ( 1 ), , , , ,m m m m m mB A A A A A 
, 

a

( )mY r ( )mK r

0r 
( 2 ) ( 4 ),m mA A

( , ) 0W a   ( 28 )



 

 

( , )
0

r a

W r

r









( 29 )

( 30 )

(1) (3)( ) ( ) 0m m m mA J a A I a    ( 31)

r

1

( )
( ) ( ) ( )m

m m m

dI r m
I r I r I r

dr r


   

    ( 32 )

1

( )
( ) ( ) ( )m

m m m

dJ r m
J r J r J r

dr r


   

    ( 33 )

(1)

(3)

( ) ( )
0

( ) ( )

m m m

m m m

J a I a A

J a I a A

 

 

  
      

( 34 )

( 35 )

1 1( ) ( ) ( ) ( ) 0m m m mI a J a J a I a        ( 36 )

  2 * 2 * 2 * 4

0, N , N , = , Kr r temp temp i W Wh D a N a D N a D e l a K a D      

2
 G GK K a D




2 2 4 4 4 44

2

a a a
a

    


2 2 4 4 4 44

2

a a a
a

    
 ( 37 )

( ) ( ) ( ) ( ) 0m m m mJ a I a I a J a     

(1) (3)( ) ( ) 0m m m mA J a A I a  



 

 

2 2 2

2 2

2 2 21

r temp G W

r temp G

N N K K
a

N N K

 

  

   

  

    
 

  

2
4 4

2 2 21

W

r temp G

K
a

N N K  



  

 
 

  
( 38 )

r a

( , ) 0W a   ( 39 )

2 2

2 2 2

( , ) ( , ) ( , )
0

r a

W r W r W r

r r r r

    




   
   

   
( 40 )

(2) (1)( ) ( ) 0m m m mC J a C I a   ( 41)

( 1 )

mC
( 2 )

mC

2
(1)

2
( ) ( ) ( )m

m
C J a J a J a

a a

 
     

2
(2)

2
( ) ( ) ( )m

m
C I a I a I a

a a

 
      ( 42 )

a b

r a r b

( , ) ( , ) 0
r a r b

W r W r 
 
  ( 43 )

( , ) ( , )
0

r a r b

dW r dW r

dr dr

 

 

  ( 44 )

( 1 ) ( 2 ) ( 3 )
, ,m m mA A A

( 4 )

mA

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

m m m m

m m m m

m m m m

m m m m

J a Y a I a K a

J a Y a I a K a

J b Y b I b K b

J b Y b I b K b

   

   

   

   

   


   

( , ) ( , ) 0
r a r b

W r W r 
 
  ( 46 )

2 2

2 2 2

( , ) ( , ) ( , )
0

r a

W r W r W r

r r r r

    




   
   

   
( 47 )

( 45 )



 

 

2 2

2 2 2

( , ) ( , ) ( , )
0

r b

W r W r W r

r r r r

    




   
   

   
( 48 )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0
( ) ( ) ( ) ( )

m m m m

J Y I Y

m m m m

m m m m

J Y I K

m m m m

J a Y a I a K a

C C C C

J b Y b I b K b

C C C C

   

   

   

   

 ( 49 )

2
( )

2
( ) ( ) ( )y

m

m
C y a y a y a

a a

 
       ( 50 )

2
( )

2
( ) ( ) ( )y

m

m
C y b y b y b

b b

 
       ( 51)

,  ,  ,  y J Y I K

1060 Gpa,E 
30.25,  = 2250  .kg m 

 6 11.6 10   K    
6 11.1 10   K    . 

 0m 



 

 

10 nma  20 nmL 

2 2L h D      L =2aL L

 

0e l  (nm)i



 

 



 

 

0.3 



 

 

  2

0, 20 , 0.5  e 1 nmia h D a nm b a l     
 

 KW, 

 KG 

 WK   GK  

 

 



 

 



 

 



 

 

                   
                                                  

                                                     



 

 



 

 



 

 

50 nma   0l  = 0ie

 0l  = 0ie



 

 

 

 



 

 

0  (nm)ie l

  2 , 20 a h D a nm   
 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

http://www.sciencedirect.com/science/journal/15671739
http://www.sciencedirect.com/science/article/pii/S0261306912003755
http://www.sciencedirect.com/science/article/pii/S0261306912003755
http://www.sciencedirect.com/science/article/pii/S0020722513000682
http://www.sciencedirect.com/science/article/pii/S0020722513000682
http://link.springer.com/journal/11012
http://www.sciencedirect.com/science/article/pii/S0375960110013642
http://www.sciencedirect.com/science/article/pii/S0375960110013642
http://iopscience.iop.org/0022-3727/
http://iopscience.iop.org/0022-3727/
http://www.sciencedirect.com/science/article/pii/S0927025613002279
http://www.sciencedirect.com/science/article/pii/S0927025613002279


 

 

http://www.sciencedirect.com/science/article/pii/S0307904X13003053
http://www.sciencedirect.com/science/article/pii/S0307904X13003053
http://dx.doi.org/10.1016/j.apm.2013.04.050067


 

 

http://www.sciencedirect.com/science/article/pii/S0921452611011872
http://www.sciencedirect.com/science/article/pii/S0921452611011872

