
 ORIGINAL ARTICLE 

 

Received December 08, 2025. In revised form March 21, 2026. Accepted April 07, 2026. Available online April 22, 2026. 
https://doi.org/10.1590/1679-7825/e8933 

 
Latin American Journal of Solids and Structures. ISSN 1679-7825. Copyright © 2026. This is an Open Access article distributed under the terms of the Creative 
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Latin American Journal of Solids and Structures, 2026, 23(6), e8933  1/23 

Nonlinear dynamic response of functionally graded half-cylinder 
sandwich shells with elastic boundary conditions subjected to 
explosive loading 
Ngoc Anh Vua , Truong Son Leb , Trung Thanh Tranb , TD Phamc , Quoc-Hoa Phamd , Nhan Thinh Hoange*  
aInstitute of Techniques for Special Engineering, Le Quy Don Technical University, Hanoi, Vietnam. Email: ngocanh.vu@lqdtu.edu.vn 
bFaculty of Mechanical Engineering, Le Quy Don Technical University, Hanoi, Vietnam. Email: letruongson01@gmail.com, 
tranthanh0212@gmail.com 
cFaculty of Aerospace Engineering, Le Quy Don Technical University, Hanoi, Vietnam. Email: pham.thanh-dong@lqdtu.edu.vn 
dFaculty of Mechanical Engineering, Tran Dai Nghia University, Ho Chi Minh City, Vietnam. Email: quochoavhp@gmail.com 
eInstitute of International Education, Nguyen Tat Thanh University, Ho Chi Minh City, Vietnam. Email: htnhan@ntt.edu.vn 

* Corresponding author 

https://doi.org/10.1590/1679-7825/e8933 

Abstract 
This study presents a nonlinear dynamic analysis of functionally graded half-cylinder sandwich (FGhCS) shells 
with elastic boundary conditions (EBCs) subjected to explosive loading (EL). An efficient finite element 
framework is developed based on a novel first-order shear deformation theory (n-FSDT) to account for both 
geometric and material nonlinearities. The governing equations are systematically derived from Hamilton’s 
principle, incorporating large deformation effects through von Kármán-type kinematics. The proposed model 
is validated against benchmark solutions, demonstrating high accuracy and improved computational 
efficiency. Parametric investigations are performed to assess the influences of geometric characteristics, 
material gradation, and boundary stiffness on the dynamic response. The results reveal that appropriate 
material distribution and elastic restraints can effectively mitigate the adverse effects of explosive loads, 
providing valuable insights for the optimal design of sandwich shell structures. 

Keywords 
Haft-hyperboloid shells; Elastic boundary conditions; MITC4; FGM; FEM. 

Graphical Abstract 

   

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0004-5759-3991
https://orcid.org/0000-0003-3019-4291
https://orcid.org/0000-0002-1730-0590
https://orcid.org/0000-0002-1089-9035
https://orcid.org/0000-0001-6316-3120
https://orcid.org/0000-0002-7405-5384


Nonlinear dynamic response of functionally graded half-cylinder sandwich shells with elastic boundary 
conditions subjected to explosive loading 

Ngoc Anh Vu et al. 

Latin American Journal of Solids and Structures, 2026, 23(6), e8933 2/23 

1 INTRODUCTION 

A sandwich structure generally comprises two thin, high-stiffness face sheets bonded to a comparatively thick and 
low-density core. This configuration provides excellent bending stiffness, low mass density, and superior acoustic and 
thermal insulation properties, making them highly attractive in aerospace, marine, and automotive applications. 
However, their structural integrity can be compromised by stress concentrations in load-bearing regions and interfacial 
delamination between layers caused by geometric or material discontinuities. As a result, a thorough understanding and 
precise modeling of the mechanical behavior of sandwich plates and shells are required for the safe and efficient design 
of advanced lightweight structures. 

During the last few decades, significant advancements have been made in the formulation of higher-order and 
refined deformation theories, with the primary objective of providing more precise and computationally efficient 
modeling frameworks for the analysis of sandwich structures. These include the first-order shear deformation theory 
(FSDT) (Do & Tran, 2024, 2026; Hosseini-Hashemi et al., 2010; Trai et al., 2025; Tran, 2026), higher-order shear 
deformation theory (HSDT) (Do et al., 2025; Le & Tran, 2024; Nguyen et al., 2022, 2024b; Reddy, 2000; Talha & Singh, 
2010; Zenkour, 2013b), nth-order shear deformation theory (Yaghoobi & Fereidoon, 2014), and quasi-3D theories 
(Le et al., 2026; Mantari & Soares, 2013), as well as several refined and hybrid models that account for transverse shear 
and normal deformation effects with improved accuracy. Numerous studies have employed these formulations to 
investigate the static, dynamic, and stability responses of FGM sandwich structures. For instance, Zenkour (2013a) 
presented a closed-form analytical solution for the static bending behavior of FGM sandwich plates, whereas, while Zarga 
(2019) proposed an exact quasi-3D formulation for thermo-mechanical bending analysis. Alibeigloo and Alizadeh (2015) 
analyzed static and free vibration responses of FGM sandwich plates using the state-space differential quadrature 
method (DQM) in conjunction with the third-order shear deformation theory (TSDT). Natarajan and Manickam (2012) 
conducted a comprehensive investigation on the bending and vibration characteristics of FGM sandwich plates using 
accurate higher-order plate models. Neves et al. (2017) further investigated buckling and static responses based on zig-
zag and warping-enhanced higher-order theories, emphasizing the role of interlaminar continuity. Liu and Jeffers (2017) 
integrated a layerwise displacement theory with isogeometric analysis (IGA) to enhance geometric representation and 
interfacial accuracy in laminated and sandwich plates. Later studies extended these concepts to shell configurations, such 
as the thermal buckling of FGM sandwich truncated conical shells by Duc et al. (2018) and the free vibration of FGM 
doubly-curved shallow shells by Chen et al. (2017). 

The vibration and dynamic behavior of shell structures have long been a central topic in structural mechanics. 
Foundational work by Leissa (1973) established theoretical frameworks for the dynamics of laminated composite shells, 
while numerous numerical approaches–including finite difference and Ritz methods (Chung, 1981), differential 
quadrature techniques (Loy et al., 1997; Shu & Du, 1997), and unified shell formulations (Jin et al., 2013)–have advanced 
their computational modeling. With the advent of functionally graded materials (FGMs), subsequent research focused 
on their influence on shell vibration and stability. Loy et al. (1999) and Pradhan et al. (2000) examined the vibration 
characteristics of FGM cylindrical shells under various boundary conditions, while Malekzadeh and Heydarpour (2012) 
accounted for thermal environments. More recent contributions have considered elastic foundations (Kim, 2015), porous 
distributions (Nguyen et al., 2023, 2024a; Pham et al., 2023; Wang & Wu, 2017), and rotating conditions (Dang et al., 
2022; Qin et al., 2019). The inclusion of stiffeners was also addressed by Tran et al. (2020); (Tu & Loi, 2016), highlighting 
the effect of structural reinforcement on vibrational behavior. 

In parallel, several studies explored nonlinear dynamic responses and failure mechanisms of shell structures under 
extreme environments. Gupta et al. (2008) and Li et al. (2021) examined buckling and dynamic failure of spherical shells, 
Yin et al. (2023) investigated blast responses of cylindrical shells, and Liu et al. (2018) analyzed collision-induced buckling 
of subsea shells. Karakoti et al. (2022) further reported nonlinear transient responses of porous FG sandwich panels 
under blast and thermal loading. These studies collectively underscore the evolution from classical laminated shells to 
modern FGM and sandwich shells, emphasizing the necessity for robust, efficient finite element formulations capable of 
handling nonlinear, multiphysics, and transient phenomena. 

Despite these advances, research on FGhCS shells remains limited–particularly concerning nonlinear dynamic 
responses subjected to EL and EBCs. Most existing studies focus on single-layer or fully graded shells, often neglecting 
the combined effects of material gradation, elastic supports, and extreme dynamic loads. Moreover, the coupling 
between geometric nonlinearity, material heterogeneity, and boundary flexibility remains an open challenge in 
predicting the true dynamic performance of such structures. 

To address these gaps, the paper proposes an efficient finite element framework for analyzing the nonlinear dynamic 
behavior of FGhCS shells supported by EBCs subjected to EL. The formulation is developed based on a n-FSDT incorporating 
von Kármán-type geometric nonlinearity, and the governing equations are systematically derived from Hamilton’s principle. 
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The proposed method is validated against existing benchmark solutions and subsequently employed in an extensive 
parametric study to evaluate the effects of geometric dimensions, gradation index, core thickness, and boundary stiffness 
on the nonlinear dynamic responses. 

Beyond its theoretical contributions, this work has significant practical implications in defense, aerospace, and 
nuclear engineering. The results provide fundamental insights for the design of blast-resistant sandwich shells used in 
protective casings, missile fuselages, armored vehicles, and containment structures in nuclear facilities. Understanding 
how FGhCS shells respond under explosive and transient loads enables the development of lightweight yet resilient 
structural systems capable of withstanding impact, shock, and thermal-radiative coupling in extreme operational 
environments. Therefore, the findings of this study not only advance computational mechanics but also contribute to the 
design optimization of next-generation defense and energy systems that demand high strength-to-weight ratios and 
superior dynamic resistance. 

2 MATHEMATICAL FORMULATION 

2.1 The FGhCS shell model 

The physical domain under consideration is a FGhCS shell subjected to EBCs applied along its longitudinal edges, as 
schematically illustrated in Figure 1. The shell has a length 𝐿𝐿, mean radius 𝑅𝑅, and total thickness ℎ. The wall thickness 
comprises three perfectly bonded layers: a bottom FGM face sheet of thickness ℎ1, a homogeneous ceramic core of 
thickness ℎ2, and a top FGM face sheet of thickness ℎ3, satisfying ℎ = ℎ1 + ℎ2 + ℎ3. The relative layer proportions are 
expressed by the thickness ratio ℎ1:ℎ2:ℎ3. 

 
Figure 1 Geometric models of the FGhCS shell with EBCs at edges 1 and 2. 

In the FGM face sheets, material properties vary smoothly through the thickness direction according to a power-law 
distribution of the ceramic and metallic constituents, whereas the ceramic core maintains uniform mechanical properties. 
The effective elastic modulus, mass density, and other mechanical parameters of the FGM layers are estimated using the 
rule of mixtures, ensuring a continuous transition of material properties across the interfaces. 

The volume fraction 𝑉𝑉𝑐𝑐
(𝑖𝑖) of the ceramic in each layer is determined by 

⎩
⎪
⎨

⎪
⎧𝑉𝑉𝑐𝑐

(1) = � 𝑧𝑧−𝑧𝑧1
𝑧𝑧2−𝑧𝑧1

�
𝑛𝑛

𝑧𝑧 ∈ [𝑧𝑧1; 𝑧𝑧2]

𝑉𝑉𝑐𝑐
(2) = 1 𝑧𝑧 ∈ (𝑧𝑧2; 𝑧𝑧3)

𝑉𝑉𝑐𝑐
(3) = � 𝑧𝑧−𝑧𝑧4

𝑧𝑧3−𝑧𝑧4
�
𝑛𝑛

𝑧𝑧 ∈ [𝑧𝑧3; 𝑧𝑧4]

  (1) 

The effective material properties of FGhCS shell are defined by 

𝑃𝑃(𝑖𝑖)(𝑧𝑧) = 𝑃𝑃𝑐𝑐𝑉𝑉𝑐𝑐
(𝑖𝑖) + 𝑃𝑃𝑚𝑚 �1 − 𝑉𝑉𝑐𝑐

(𝑖𝑖)� , 𝑖𝑖 = 1,2,3  (2) 

where 𝑃𝑃(𝑖𝑖)(𝑧𝑧) represents the material characteristics of each layer, including the elastic modulus, Poisson’s ratio, 
and mass density; 𝑛𝑛 is the power-law index. 
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The EBCs are modeled through a combination of translational and rotational springs uniformly distributed along the 
longitudinal circumferential edges of the half-cylinder. This formulation enables realistic representation of partially 
restrained or flexible supports, ranging from simply supported to clamped-like conditions, depending on the stiffness of 
the springs. Such an approach captures the mechanical flexibility encountered in practical assemblies, such as curved 
panels, fuselage sections, or protective shell components under explosive loading. 

2.2 Blast load model 

The external load applied to the FGhCS shell is an explosive overpressure pulse. The time-dependent pressure 
function is proposed by Lam et al. (2004): 

𝑝𝑝(𝑡𝑡) = 1.8𝑃𝑃𝑃𝑃max(1 − 𝑡𝑡/𝑇𝑇𝑠𝑠)𝑒𝑒−𝛼𝛼𝛼𝛼/𝑇𝑇𝑠𝑠   (3) 

In this equation, 𝑃𝑃𝑃𝑃max denotes the peak static overpressure (MPa), 𝛼𝛼 = 1.7 is a decay coefficient controlling the 
rate at which the pressure amplitude attenuates, and 𝑇𝑇𝑠𝑠 is the positive phase duration of the blast pulse. The pressure 
rises instantaneously to its peak value 1.8𝑃𝑃𝑃𝑃max at 𝑡𝑡 = 0 and then decays exponentially with time, reaching zero at 
approximately 𝑡𝑡 = 𝑇𝑇𝑠𝑠, as presented in Figure 2. This expression effectively captures the essential characteristics of a 
Friedlander-type blast wave, widely used to represent free-field or reflected explosions acting on structural surfaces. 

 
Figure 2 Explosive pressure function. 

2.3 The displacement field 

The displacement field according to the FSDT is defined by Reddy (2003): 

�
𝑢𝑢 (𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢0(𝑥𝑥,𝑦𝑦, 𝑡𝑡) + 𝑧𝑧𝜃𝜃𝑥𝑥(𝑥𝑥,𝑦𝑦, 𝑡𝑡)
𝑣𝑣 (𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑣𝑣0(𝑥𝑥,𝑦𝑦, 𝑡𝑡) + 𝑧𝑧𝑧𝑧𝑦𝑦(𝑥𝑥,𝑦𝑦, 𝑡𝑡)

𝑤𝑤 (𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤0(𝑥𝑥,𝑦𝑦, 𝑡𝑡)
  (4) 

where 𝑢𝑢0, 𝑣𝑣0, 𝑤𝑤0, 𝜃𝜃𝑥𝑥 and 𝜃𝜃𝑦𝑦 represent the displacement field variables. Specifically, 𝑢𝑢0, 𝑣𝑣0, and 𝑤𝑤0 denote the mid-
surface displacements in the x-, y- and z-directions, respectively, while 𝜃𝜃𝑥𝑥 and 𝜃𝜃𝑦𝑦 correspond to the rotations of the 
normal about the y- and x-axes. The adopted FSDT is well-suited for thin to moderately thick shells, providing a reliable 
balance between accuracy and computational efficiency. 

The normal strain based on the von Kármán assumption is expressed by Reddy (2015): 

𝜺𝜺 = �
𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀𝑦𝑦𝑦𝑦
𝛾𝛾𝑥𝑥𝑥𝑥

� =

⎩
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2
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⎪
⎬

⎪
⎫
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⎪
⎧
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  (5) 
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In matrix form: 

𝜺𝜺 = 𝜺𝜺𝑚𝑚 + 𝑧𝑧𝜿𝜿  (6) 

in which 

𝜺𝜺𝑚𝑚 = 𝜺𝜺𝑚𝑚𝐿𝐿 + 𝜺𝜺𝑚𝑚𝑁𝑁𝑁𝑁 =

⎩
⎪
⎨

⎪
⎧

𝜕𝜕𝑢𝑢0
𝜕𝜕𝜕𝜕
𝜕𝜕𝑣𝑣0
𝜕𝜕𝜕𝜕

𝜕𝜕𝑢𝑢0
𝜕𝜕𝜕𝜕
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𝜕𝜕𝜕𝜕 ⎭
⎪
⎬

⎪
⎫

+ 0.5

⎩
⎪
⎨

⎪
⎧ �𝜕𝜕𝑤𝑤0

𝜕𝜕𝜕𝜕
�
2

�𝜕𝜕𝑤𝑤0
𝜕𝜕𝜕𝜕
�
2

2 𝜕𝜕𝑤𝑤0
𝜕𝜕𝜕𝜕

𝜕𝜕𝑤𝑤0
𝜕𝜕𝜕𝜕 ⎭
⎪
⎬

⎪
⎫

  (7) 

with 𝜺𝜺𝑚𝑚𝐿𝐿  is the linear membrane strain and 𝜺𝜺𝑚𝑚𝑁𝑁𝑁𝑁 is the nonlinear membrane strain. 
The nonlinear membrane strain 𝜺𝜺𝑚𝑚𝑁𝑁𝑁𝑁 is rewritten by 

𝜺𝜺𝑚𝑚𝑁𝑁𝑁𝑁 = 0.5
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⎪
⎨

⎪
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⎪
⎬

⎪
⎫
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⎣
⎢
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⎢
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⎥
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�������
𝓗𝓗
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�
���

℧

  (8) 

The bending strain 𝜿𝜿 is determined by 

𝜿𝜿 = �
𝜅𝜅𝑥𝑥𝑥𝑥
𝜅𝜅𝑦𝑦𝑦𝑦
𝜅𝜅𝑥𝑥𝑥𝑥

� =

⎩
⎪
⎨

⎪
⎧

𝜕𝜕𝜃𝜃𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜃𝜃𝑦𝑦
𝜕𝜕𝜕𝜕

𝜕𝜕𝜃𝜃𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜃𝜃𝑦𝑦
𝜕𝜕𝜕𝜕 ⎭
⎪
⎬

⎪
⎫

  (9) 

The transverse shear strain 𝜸𝜸 in the n-FSDT is defined as: 

𝜸𝜸 = ℏ(𝑧𝑧)�
𝜕𝜕𝑤𝑤0
𝜕𝜕𝜕𝜕

+ 𝜃𝜃𝑥𝑥
𝜕𝜕𝑤𝑤0
𝜕𝜕𝜕𝜕

+ 𝜃𝜃𝑦𝑦
�  (10) 

where the shear strain distribution function is given by ℏ(𝑧𝑧) = 2√5
3

cos2 �𝜋𝜋𝜋𝜋
ℎ
�. Unlike the constant shear correction factor 

5/6 in classical FSDT, this distribution satisfies the physical boundary condition of zero transverse shear stress at the top 
and bottom surfaces �𝑧𝑧 = ± ℎ

2
�. Moreover, it ensures that the average transverse shear strain energy is equivalent to 

that obtained from the classical correction factor, while simultaneously providing a more realistic transverse shear stress 
distribution consistent with three-dimensional elasticity theory. Therefore, this formulation represents the so-called n-
FSDT, which improves the accuracy of the conventional FSDT without increasing the number of kinematic variables. 

It should be noted that the proposed shear strain distribution function also approximates the parabolic-type 
variation of transverse shear stresses predicted by three-dimensional elasticity solutions. In classical FSDT formulations, 
the assumption of constant transverse shear strain through the thickness leads to unrealistic shear stress distributions 
and requires an empirical shear correction factor to restore the correct shear energy. In contrast, the present function 
ℏ(𝑧𝑧) introduces a physically consistent thickness-wise variation that automatically satisfies the traction-free boundary 
conditions at the upper and lower surfaces while maintaining the correct global shear energy. Consequently, the 
proposed formulation provides a better approximation of the actual transverse shear behavior, particularly for 
moderately thick plates and sandwich shells where transverse shear effects are significant. 
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2.4 Constitutive relations 

The internal force result is: 

�𝐍𝐍𝐌𝐌� = 𝐃𝐃𝑚𝑚 �
𝜺𝜺𝑚𝑚𝐿𝐿 + 𝜺𝜺𝑚𝑚𝑁𝑁𝑁𝑁

𝛋𝛋
� ;𝐐𝐐 = 𝐃𝐃𝑠𝑠𝛄𝛄  (11) 

where 𝐍𝐍,𝐌𝐌,𝐐𝐐 denote the in-plane force, bending moment, and shear force vectors, respectively. 
The stiffness matrices are defined by 

𝐃𝐃𝑚𝑚 = �𝔸𝔸 𝔹𝔹
𝔹𝔹 𝕊𝕊�; 𝐃𝐃𝑠𝑠 = ∑ ∫ 𝐸𝐸(𝑖𝑖)(𝑧𝑧)

2(1+𝜈𝜈(𝑖𝑖)(𝑧𝑧))
�1 0
0 1�

ℎ𝑖𝑖+1
ℎ𝑖𝑖

𝑑𝑑𝑑𝑑3
𝑖𝑖=1   (12) 

where 𝔸𝔸,𝔹𝔹, and 𝕊𝕊 represent the extensional stiffness matrix, the bending–extensional coupling stiffness matrix, and the 
bending stiffness matrix, respectively: 

(𝔸𝔸,𝔹𝔹,𝕊𝕊) = ∑ ∫ 𝐸𝐸(𝑖𝑖)(𝑧𝑧)
1−𝜈𝜈(𝑖𝑖)(𝑧𝑧)2

�

1 𝜈𝜈(𝑖𝑖)(𝑧𝑧) 0
𝜈𝜈(𝑖𝑖)(𝑧𝑧) 1 0

0 0 1
2/(1−𝜈𝜈(𝑖𝑖)(𝑧𝑧))

� (1, 𝑧𝑧, 𝑧𝑧2ℎ𝑖𝑖+1
ℎ𝑖𝑖

)𝑑𝑑𝑑𝑑3
𝑖𝑖=1   (13) 

Hence, Eq. (11) can be rewritten in compact form: 

�
𝐍𝐍
𝐌𝐌
𝐐𝐐
� = �

𝔸𝔸 𝔹𝔹 0
𝔹𝔹 𝕊𝕊 0
0 0 𝐃𝐃𝑠𝑠

� �
𝜺𝜺𝑚𝑚𝐿𝐿 + 𝜺𝜺𝑚𝑚𝑁𝑁𝑁𝑁

𝛋𝛋
𝛄𝛄

�  (14) 

2.5 The governing equation 

Applying Hamilton’s principle (Reddy, 2003), the governing equation is determined by 

∫ (𝛿𝛿𝒰𝒰 + 𝛿𝛿𝛿𝛿 − 𝛿𝛿𝒦𝒦)d𝑡𝑡 = 0𝑡𝑡2
𝑡𝑡1

  (15) 

in which 
The strain energy 𝒰𝒰 is: 

𝒰𝒰 = 1
2 ∫ (𝜺𝜺𝑇𝑇𝑫𝑫𝑚𝑚𝜺𝜺 + 𝜸𝜸𝑇𝑇𝑫𝑫𝑠𝑠𝜸𝜸)d𝑆𝑆𝑆𝑆   (16) 

The work done of the external load 𝑊𝑊 is: 

𝑊𝑊 = ∫ 𝑞𝑞(𝑥𝑥,𝑦𝑦, 𝑡𝑡)𝑤𝑤0d𝑆𝑆𝑆𝑆   (17) 

The kinetic energy 𝒦𝒦 is: 

𝒦𝒦 = 1
2 ∫ 𝒖̇𝒖𝑇𝑇𝓶𝓶𝒖̇𝒖d𝑆𝑆𝑆𝑆   (18) 

with generalized displacement vector 𝒖𝒖 and inertial matrix 𝓶𝓶 are determined by 

𝒖𝒖𝑇𝑇 = {𝑢𝑢0 𝑣𝑣0 𝑤𝑤 𝜃𝜃𝑥𝑥 𝜃𝜃𝑦𝑦}  (19a) 
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𝓶𝓶 =

⎣
⎢
⎢
⎢
⎡
𝑚𝑚1 0 0 𝑚𝑚2 0

𝑚𝑚1 0 0 𝑚𝑚2
𝑚𝑚1 0 0

𝑚𝑚3 0
𝑠𝑠𝑠𝑠𝑠𝑠 𝑚𝑚3⎦

⎥
⎥
⎥
⎤

  (19b) 

where (𝑚𝑚1,𝑚𝑚2,𝑚𝑚3) = ∑ ∫ 𝜌𝜌(𝑖𝑖)(𝑧𝑧)ℎ𝑖𝑖+1
ℎ𝑖𝑖

(1, 𝑧𝑧, 𝑧𝑧2)d𝑧𝑧3
𝑖𝑖=1 . 

By substituting Eqs. (16-18) into Eq. (15), the weak form governing the vibration analysis of shells can be formally 
expressed as follows: 

∫ 𝛿𝛿𝜺𝜺𝑇𝑇𝑫𝑫𝑚𝑚𝜺𝜺d𝑆𝑆 + ∫ 𝛿𝛿𝜸𝜸𝑇𝑇𝑫𝑫𝑠𝑠𝜸𝜸d𝑆𝑆 + ∫ 𝒖𝒖𝑇𝑇𝓶𝓶𝒖̈𝒖d𝑆𝑆𝑆𝑆 = ∫ 𝑞𝑞(𝑥𝑥,𝑦𝑦, 𝑡𝑡)𝛿𝛿𝑤𝑤0d𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆   (20) 

2.6 Finite element procedure 

For the Q4 element, the nodal displacement vector is (Reddy, 2003): 

𝐪𝐪 = {𝑞𝑞1𝑇𝑇 𝑞𝑞2𝑇𝑇 𝑞𝑞3𝑇𝑇 𝑞𝑞4𝑇𝑇}𝑇𝑇  (21) 

with nodal degrees of freedom: 

𝑞𝑞𝑖𝑖 =

⎩
⎪
⎨

⎪
⎧
𝑢𝑢0𝑖𝑖
𝑣𝑣0𝑖𝑖
𝑤𝑤0𝑖𝑖
𝜑𝜑𝑥𝑥𝑥𝑥
𝜑𝜑𝑦𝑦𝑦𝑦⎭

⎪
⎬

⎪
⎫

, 𝑖𝑖 = 1, … ,4  (22) 

The nonlinear motion equation of shells can be defined by (Reddy, 2000): 

𝑴𝑴𝒒̈𝒒 + 𝑪𝑪𝒒̇𝒒 + (𝑲𝑲𝐿𝐿 + 𝑲𝑲𝑁𝑁𝑁𝑁 + 𝑲𝑲𝐺𝐺)𝒒𝒒 = 𝑭𝑭(𝑡𝑡)  (23) 

where 𝑲𝑲𝐿𝐿 = ∑ 𝑲𝑲𝐿𝐿
𝑒𝑒𝑛𝑛𝑛𝑛

1 , 𝑲𝑲𝑁𝑁𝑁𝑁 = ∑ 𝑲𝑲𝑁𝑁𝑁𝑁
𝑒𝑒𝑛𝑛𝑛𝑛

1 , and 𝑲𝑲𝐺𝐺 = ∑ 𝑲𝑲𝐺𝐺
𝑒𝑒𝑛𝑛𝑛𝑛

1  denote the global linear stiffness matrix, nonlinear stiffness 
matrix, and geometric stiffness matrix, respectively. The global mass matrix is given by 𝑴𝑴 = ∑ 𝑴𝑴𝑒𝑒𝑛𝑛𝑛𝑛

1 , and the global load 
vector is defined as 𝑭𝑭(𝑡𝑡) = ∑ 𝑭𝑭𝑒𝑒(𝑡𝑡)𝑛𝑛𝑛𝑛

1 , where 𝑛𝑛𝑛𝑛 is the total of elements. 𝑪𝑪 is synthesized from the mass matrix 𝑴𝑴 and 
the linear stiffness matrix 𝑲𝑲𝐿𝐿 through the damping ratio 𝜁𝜁 and the first two frequencies 𝜔𝜔1 and 𝜔𝜔2 (Reddy, 2015). 

The element linear stiffness matrix is: 

𝑲𝑲𝐿𝐿
𝑒𝑒 = 𝕋𝕋𝑒𝑒 �∫ (𝐁𝐁𝐿𝐿)𝑇𝑇ℂ�𝐁𝐁𝐿𝐿𝑆𝑆𝑒𝑒

d𝑆𝑆�𝕋𝕋𝑒𝑒′  ;  (24) 

The element nonlinear stiffness matrix is: 

𝑲𝑲𝑁𝑁𝑁𝑁
𝑒𝑒 = 𝕋𝕋𝑒𝑒 �∫ �1

2
(𝐁𝐁𝐿𝐿)𝑇𝑇ℂ�𝐁𝐁𝑁𝑁𝑁𝑁 + (𝐁𝐁𝑁𝑁𝑁𝑁)𝑇𝑇ℂ�𝐁𝐁𝐿𝐿 + 1

2 ∫ (𝐁𝐁𝑁𝑁𝑁𝑁)𝑇𝑇ℂ�𝐁𝐁𝑁𝑁𝑁𝑁𝑆𝑆𝑒𝑒
�𝑆𝑆𝑒𝑒

d𝑆𝑆�𝕋𝕋𝑒𝑒′   (25) 

in which 

ℂ� = �𝑫𝑫𝑚𝑚 𝟎𝟎
𝟎𝟎 𝑫𝑫𝑠𝑠

�; 𝐁𝐁𝐿𝐿 = [ℬ0𝐿𝐿 ℬ𝑏𝑏 ℬ𝑠𝑠]𝑇𝑇; 𝐁𝐁𝑁𝑁𝑁𝑁 = [ℬ0𝑁𝑁𝑁𝑁 𝟎𝟎]𝑇𝑇;  (26a) 

𝐁𝐁0𝑁𝑁𝑁𝑁 = 𝓗𝓗℧� with ℧� = ∑ �
0 0 𝑁𝑁𝑖𝑖,𝑥𝑥 0 0
0 0 𝑁𝑁𝑖𝑖,𝑦𝑦 0 0�

4
𝑖𝑖=1   (26b) 

The strain–displacement matrices ℬ0𝐿𝐿, ℬ𝑏𝑏, and ℬ𝑠𝑠 are listed in Dvorkin and Bathe (1984). 𝕋𝕋𝑒𝑒 represents the 
transformation from the local coordinate system (𝑂𝑂′𝑥𝑥′𝑦𝑦′𝑧𝑧′) of the flat element to the global coordinate system (𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂). 
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The element geometry stiffness matrix is: 

𝑲𝑲𝐺𝐺
𝑒𝑒 = 𝕋𝕋𝑒𝑒 �∫ ( ℧�)𝑇𝑇𝑆𝑆𝑒𝑒

ℝ ℧�d𝑆𝑆�𝕋𝕋𝑒𝑒′ ;  (27) 

where 

ℝ = �
𝑁𝑁𝑥𝑥 𝑁𝑁𝑥𝑥𝑥𝑥
𝑁𝑁𝑥𝑥𝑥𝑥 𝑁𝑁𝑦𝑦

� with �𝑁𝑁𝑥𝑥 ,𝑁𝑁𝑦𝑦 ,𝑁𝑁𝑥𝑥𝑥𝑥� = ∫ �𝜎𝜎𝑥𝑥,𝜎𝜎𝑦𝑦 ,𝜎𝜎𝑥𝑥𝑥𝑥�
h/2
−h/2 𝑑𝑑z  (28) 

The element mass matrix is: 

𝑴𝑴𝑒𝑒 = 𝕋𝕋𝑒𝑒 �∫ ℕ𝑇𝑇𝓶𝓶ℕ𝑆𝑆𝑒𝑒
d𝑆𝑆�𝕋𝕋𝑒𝑒′ ;  (29) 

in which 

ℕ = ∑

⎣
⎢
⎢
⎢
⎢
⎡
𝑁𝑁𝑖𝑖 0 0 0 0

𝑁𝑁𝑖𝑖 0 0 0
𝑁𝑁𝑖𝑖 0 0

𝑁𝑁𝑖𝑖 0
sym 𝑁𝑁𝑖𝑖⎦

⎥
⎥
⎥
⎥
⎤

4
𝑖𝑖=1 ;  (30) 

with 𝑁𝑁𝑖𝑖(𝑟𝑟, 𝑠𝑠) is Lagrange shape functions in the natural coordinate system (𝑟𝑟, 𝑠𝑠) (Reddy, 2003). 
The element loading vector is: 

𝑭𝑭 = �∫ ℕ𝑤𝑤
𝑇𝑇

𝑆𝑆𝑒𝑒
𝑝𝑝(𝑡𝑡)𝑑𝑑𝑑𝑑�𝕋𝕋𝑒𝑒′ ;  (31) 

where ℕ𝑤𝑤 is expressed by 

ℕ𝑤𝑤 = ∑ {0 0 𝑁𝑁𝑖𝑖 0 0}4
𝑖𝑖=1 .  (32) 

After imposing the boundary conditions listed in Table 1, Eq. (21) is numerically integrated using the Newmark-β 
method in conjunction with the Newton–Raphson iterative algorithm (Reddy, 2015). 

The EBCs are implemented by attaching elastic springs with finite stiffness 𝑘𝑘 to the corresponding degrees of 
freedom (DOFs) in the finite element model. The stiffness of these springs is incorporated into the global stiffness matrix 
as additional diagonal terms, which constrain the boundary displacements proportionally to the assigned stiffness 𝑘𝑘. This 
modeling technique enables a smooth transition between boundary types: 𝑘𝑘 → ∞ corresponds to Dirichlet boundary; 
𝑘𝑘 = 0 represents the free condition; and finite 𝑘𝑘 values simulate semi-rigid or elastic supports. Therefore, the EBC 
formulation provides a unified and flexible framework for simulating a wide range of practical BCs in sandwich structures. 
The stiffness values of the boundary springs are selected based on the relative stiffness between the elastic supports and 
the FG sandwich shell. Considering that the ceramic core (Si3N4) and the metallic constituent (SUS304) exhibit high 
elastic moduli, very large spring stiffness values (1014) are used to approximate Dirichlet boundary, whereas finite 
stiffness values (109) are employed to simulate elastic supports. 

Table 1 Boundary conditions at edges 1 and 2 of shells. 

Boundary type At edge 𝒊𝒊 (𝒊𝒊 = 𝟏𝟏,𝟐𝟐) 

Simply supported (SS) 𝑘𝑘𝑣𝑣(𝑖𝑖) = 𝑘𝑘𝑤𝑤(𝑖𝑖) = 1014N/m; 𝑘𝑘𝜃𝜃𝜃𝜃(𝑖𝑖) = 1014Nm/rad 

Clamped (CC) 𝑘𝑘𝑢𝑢(𝑖𝑖) = 𝑘𝑘𝑣𝑣(𝑖𝑖) = 𝑘𝑘𝑤𝑤(𝑖𝑖) = 1014N/m;𝑘𝑘𝜃𝜃𝜃𝜃(𝑖𝑖) = 𝑘𝑘𝜃𝜃𝜃𝜃(𝑖𝑖) = 1014Nm/rad 

Elastic simply supported (E-SS) 𝑘𝑘𝑣𝑣(𝑖𝑖) = 𝑘𝑘𝑤𝑤(𝑖𝑖) = 109N/m; 𝑘𝑘𝜃𝜃𝜃𝜃(𝑖𝑖) = 109Nm/rad 

Elastic clamped (E-CC) 𝑘𝑘𝑢𝑢(𝑖𝑖) = 𝑘𝑘𝑣𝑣(𝑖𝑖) = 𝑘𝑘𝑤𝑤(𝑖𝑖) = 109N/m; 𝑘𝑘𝜃𝜃𝜃𝜃(𝑖𝑖) = 𝑘𝑘𝜃𝜃𝜃𝜃(𝑖𝑖) = 109Nm/rad 
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3 NUMERICAL RESULTS 

In this section, numerical simulations are conducted to verify the accuracy and efficiency of the proposed 
formulation, followed by a comprehensive parametric investigation. The verification examples are performed by 
comparing the present results with available benchmark solutions reported in the literature, thereby demonstrating the 
reliability and robustness of the developed finite element model. Subsequently, extensive numerical analyses are carried 
out to explore the influence of various input parameters–including the gradient index, geometrical ratios, and boundary 
stiffness–on the dynamic response of FGhCS shells with EBCs subjected to EL. The material properties of the constituent 
layers used in all simulations are summarized in Table 2. 

Table 2 The mechanical properties of component materials. 

Materials Elastic modulus (GPa) Density (kg/m3) Poisson’s ratio 

SUS304 (metal) 201.04 8166 0.3 
Si3N4 (ceramic) 348.43 2370 0.3 

3.1. Verification 

Firstly, to validate the accuracy of the proposed cylindrical shell formulation under various BCs, the dimensionless 

frequency parameter 𝜔𝜔‾ = 𝜔𝜔𝜔𝜔�(1−𝜈𝜈𝑠𝑠2)𝜌𝜌
𝐸𝐸

 of an isotropic and homogeneous cylindrical shell is compared with the 

benchmark results reported by Loy et al. (1997). The reference shell is analyzed under several boundary conditions, 
including SS, CS (clamped- simply supported), and CC at the two circumferential edges, with the geometric parameters 
𝐿𝐿/𝑅𝑅 = 20, ℎ/𝑅𝑅 = 0.01, and 𝑅𝑅 = 1. The adopted material properties are 𝜌𝜌 = 7850 kg/m3, 𝐸𝐸 = 200 GPa, and 𝜈𝜈 = 0.3. 
The present results obtained using the MITC4 element based on the proposed n-FSDT show better agreement than those 
obtained using the conventional MITC4–FSDT formulation. Moreover, they exhibit excellent agreement with the results 
reported by Loy et al. (1997), who employed classical shell theory in conjunction with the generalized differential 
quadrature (GDQ) method, as shown in Table 3. Note that the superscripts "*" and "**" respectively represent the MITC4 
results based on classical FSDT and n-FSDT, respectively. 

Next, supplementary analyses were conducted using ANSYS Mechanical APDL 2021 R2 with the SHELL181 element, 
which is a four-node shell element possessing six DOFs per node. The cylindrical shell was discretized using 40 elements 
along the circumferential direction and 200 elements along the axial direction to ensure mesh convergence. The results 
obtained from ANSYS are nearly identical to those of the proposed MITC4-based formulation and the reference data by 
Loy et al. (1997) as summarized in Table 4. These findings demonstrate the reliability and precision of the developed 
model in capturing the free vibration of cylindrical shells. 

Finally, a fully simply supported (SSSS) isotropic rectangular plate is considered. The plate dimensions are 𝑎𝑎 = 𝑏𝑏 =
2.438 m and ℎ = 6.35 mm, while the material properties are 𝐸𝐸 = 70GPa, 𝜌𝜌 = 2547kg/m3, and í = 0.25. The plate is 
subjected to a suddenly applied constant uniform pressure 𝑝𝑝(𝑡𝑡) = 48.82Pa at 𝑡𝑡 = 0, which lasts for 0.2s. The nonlinear 
central deflection response obtained from the present finite element formulation is compared with the benchmark 
results of Shen et al. (2019) employing the quadrature element method. As depicted in Figure 3, the present results 
exhibit excellent agreement with the reference data, both in terms of the peak deflection and the overall transient 
response trend. This close correspondence demonstrates the accuracy, robustness, and numerical stability of the 
developed formulation in capturing the nonlinear dynamic behavior. The successful validation against the results of QEM 
further confirms the reliability of the proposed method. 

Table 3 Comparison of fundamental frequencies (𝜔𝜔‾ ) of isotropic cylindrical shells via BCs. 

Modes 

Boundary conditions 

SS SC CC 

Present Loy et al. (1997) Present Loy et al. (1997) Present Loy et al. (1997) 

1 0.01621* 0.01625** 0.016101 0.02419* 0.02422** 0.023974 0.033112* 0.033116** 0.032885 
2 0.01102* 0.01112** 0.009382 0.01202* 0.01208** 0.011225 0.141024* 0.141027** 0.013932 
3 0.02313* 0.02318** 0.022105 0.02313* 0.02316** 0.02231 0.02316* 0.02319** 0.022672 
4 0.04376* 0.04380** 0.042095 0.04322* 0.04327** 0.042139 0.043125* 0.043128** 0.042208 



Nonlinear dynamic response of functionally graded half-cylinder sandwich shells with elastic boundary 
conditions subjected to explosive loading 

Ngoc Anh Vu et al. 

Latin American Journal of Solids and Structures, 2026, 23(6), e8933 10/23 

Table 4 Comparison of fundamental frequency (𝜔𝜔‾ ) of isotropic cylindrical shells with ANSYS software. 

Modes ANSYS (shell181) SS ANSYS (shell181) CC Loy et al. (1997) SS/CC MITC4 SS/CC 

1 0.01622 0.03311 0.01610/0.03289 0.01621/0.03311 
2 0.01101 0.01410 0.00938/0.01393 0.01102/0.01410 
3 0.02313 0.02316 0.02211/0.02267 0.02313/0.02316 
4 0.04377 0.04313 0.04210/0.04221 0.04376/0.04312 

 
Figure 3 The nonlinear center deflection response of the plate. 

3.2. Free vibration problem 

Figure 4 illustrates the first six mode shapes of the E–CC FGhCS shell, providing fundamental insights into its vibration 
behavior governed by the nonuniform material distribution. The variation of stiffness and the shift of the neutral surface 
through the thickness strongly influence the deformation mechanisms. The lower modes are primarily dominated by global 
bending and overall ovalization, reflecting the structural flexibility of the shell, whereas the higher modes reveal more 
localized, intricate deformation patterns associated with shear and circumferential distortions. The inherent material 
asymmetry introduced by the functional gradation leads to a discernible deviation of the mode shapes compared with those 
of homogeneous counterparts, highlighting the coupling between extensional and bending responses. 

Table 5 summarizes the evolution of the fundamental frequencies of FGhCS shells with variations in the material 
properties and geometric parameters. A clear and monotonic decrease in frequency is observed with increasing power-law 
index 𝑛𝑛. This trend reflects the intrinsic softening effect induced by the gradation: as 𝑛𝑛 increases, the ceramic volume 
fraction decreases while the metal-rich content dominates, resulting in a lower effective modulus and enhanced overall 
rigidity. Consequently, the structure exhibits greater resistance to dynamic deformation and stores more vibrational energy 
per unit displacement. In contrast, an increase in the thickness of the ceramic core–particularly in the 2:1:2, 2:1:1, and 1:2:1 
configurations–leads to a pronounced increase in the natural frequencies. The addition of ceramic layers increases the 
effective stiffness and decreases structural inertia, thus increasing the mass–stiffness ratio and yielding a stiffer dynamic 
response. Among these configurations, the 2:1:1 arrangement stands out due to its asymmetric layering, which induces a 
strong flexural–membrane coupling. This coupling modifies the modal characteristics and redistributes the vibration modes 
compared with symmetric configurations. Such asymmetry-driven coupling plays a crucial role in realistic FGM sandwich 
structures and must be explicitly considered in predictive vibration models for hierarchical composites. 

The geometric parameter 𝐿𝐿/𝑅𝑅 (length-to-radius ratio) further governs the dynamic stiffness. Shells with larger 𝐿𝐿/𝑅𝑅 
ratios exhibit reduced lateral rigidity, making them more susceptible to low-frequency global oscillations, especially 
under elastic boundary supports. Conversely, Dirichlet-type boundaries restrict both translational and rotational motion, 
thereby elevating the natural frequencies. The observed frequency reduction under elastic supports arises from partial 
edge compliance, which allows localized energy dissipation and modal concentration near the boundaries. 
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Generally, these results underscore the intricate coupling among material gradation, geometric parameters, and 
boundary flexibility in governing the free vibration of FGhCS shells. Accurate incorporation of these coupled effects is 
essential for high-fidelity modeling and for optimizing the dynamic performance of lightweight aerospace, marine, and 
multifunctional energy-harvesting structures, where stiffness-to-weight and damping-to-frequency ratios are critical 
design metrics. 

 

 
Figure 4 The first six mode shapes of the E-CC FGhCS shell (1:2:1) with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, 𝑛𝑛 = 1. 
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Table 5 The fundamental frequencies of FGhCS shell with 𝑅𝑅 = 2 m and ℎ = 𝑅𝑅/15. 

BCs Thickness ratio n 
The fundamental frequency (Hz) 

𝑳𝑳/𝑹𝑹 = 𝟖𝟖 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏 𝟏𝟏𝟏𝟏 
E-SS 2:1:2 0 84.1386 78.7038 74.0749 70.0916 66.6269 63.5833 

1 55.056 52.1387 49.5526 47.2535 45.2002 43.3568 
2 49.6357 47.1724 44.9642 42.9821 41.1973 39.5839 
4 46.225 44.0249 42.0393 40.2466 38.6242 37.1511 
9 44.1296 42.0729 40.2107 38.5246 36.9947 35.6026 

2:1:1 0 84.1386 78.7038 74.0749 70.0916 66.6269 63.5833 
1 56.1585 53.1607 50.5075 48.1518 46.0502 44.1651 
2 50.8285 48.2767 45.9942 43.9494 42.111 40.4513 
4 47.4615 45.1691 43.1057 41.2472 39.5684 38.0467 
9 45.3979 43.247 41.3051 39.5512 37.9634 36.5211 

1:2:1 0 84.1386 78.7038 74.0749 70.0916 66.6269 63.5833 
1 62.545 59.0365 55.959 53.2472 50.8431 48.6982 
2 57.749 54.6692 51.9422 49.5204 47.3594 45.4208 
4 54.538 51.7361 49.2389 47.0089 45.0095 43.2087 
9 52.5099 49.8748 47.5169 45.4041 43.5043 41.789 

E-CC 2:1:2 0 88.69 82.4012 77.148 72.6975 68.8753 65.5525 
1 58.65 55.1652 52.1304 49.4747 47.1356 45.0611 
2 53.0271 50.0613 47.4463 45.1347 43.0817 41.2485 
4 49.4649 46.8042 44.4405 42.3379 40.4607 38.7772 
9 47.2575 44.7653 42.5433 40.5604 38.7854 37.1901 

2:1:1 0 88.69 82.4012 77.148 72.6975 68.8753 65.5525 
1 59.8146 56.2373 53.1268 50.4084 48.0164 45.8966 
2 54.2883 51.22 48.521 46.1396 44.0278 42.1445 
4 50.773 48.005 45.553 43.3769 41.4378 39.7015 
9 48.5997 45.9977 43.6848 41.6263 39.7875 38.1377 

1:2:1 0 88.69 82.4012 77.148 72.6975 68.8753 65.5525 
1 66.4495 62.291 58.7103 55.6055 52.8907 50.4971 
2 61.5047 57.8283 54.6307 51.8357 49.376 47.1961 
4 58.1837 54.8231 51.8791 49.2908 47.0022 44.9661 
9 56.0769 52.9075 50.1189 47.6582 45.476 43.5299 

SS 2:1:2 0 117.7969 117.8514 117.8847 117.9069 117.9227 117.9344 
1 70.8173 70.8484 70.8675 70.8801 70.8892 70.8958 
2 62.5219 62.5492 62.5658 62.5769 62.5848 62.5906 
4 57.5287 57.5538 57.5691 57.5793 57.5866 57.5919 
9 54.6086 54.6325 54.6472 54.6569 54.6639 54.669 

2:1:1 0 117.7969 117.8514 117.8847 117.9069 117.9227 117.9344 
1 72.4418 72.4737 72.4931 72.5061 72.5154 72.5222 
2 64.2735 64.3015 64.3187 64.3301 64.3382 64.3442 
4 59.3352 59.3611 59.3769 59.3874 59.3949 59.4004 
9 56.4514 56.4762 56.4913 56.5014 56.5086 56.5139 

1:2:1 0 117.7969 117.8514 117.8847 117.9069 117.9227 117.9344 
1 82.122 82.1583 82.1805 82.1952 82.2058 82.2135 
2 74.4428 74.4752 74.4951 74.5083 74.5177 74.5246 
4 69.4346 69.4646 69.483 69.4952 69.5039 69.5103 
9 66.3626 66.3912 66.4087 66.4203 66.4286 66.4347 

CC 2:1:2 0 129.874 129.9296 129.9639 129.9868 130.0031 130.0152 
1 78.1332 78.1652 78.1848 78.1979 78.2072 78.2141 
2 68.9898 69.0177 69.0349 69.0464 69.0546 69.0606 
4 63.4813 63.507 63.5228 63.5334 63.5409 63.5465 
9 60.2555 60.2801 60.2951 60.3052 60.3124 60.3178 

2:1:1 0 129.874 129.9296 129.9639 129.9868 130.0031 130.0152 
1 79.9291 79.9619 79.9819 79.9954 80.005 80.0121 
2 70.9293 70.9581 70.9758 70.9876 70.996 71.0023 
4 65.4834 65.5099 65.5263 65.5372 65.545 65.5507 
9 62.2986 62.324 62.3396 62.3501 62.3576 62.363 

1:2:1 0 129.874 129.9296 129.9639 129.9868 130.0031 130.0152 
1 90.5972 90.6344 90.6572 90.6725 90.6834 90.6915 
2 82.1391 82.1724 82.1928 82.2065 82.2163 82.2235 
4 76.6211 76.6518 76.6708 76.6834 76.6925 76.6992 
9 73.2348 73.2642 73.2822 73.2942 73.3028 73.3092 
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3.3. Nonlinear dynamic response problem 

Figure 5 presents the nonlinear dynamic responses of the E–SS FGhCS shell subjected to EL with various thickness 
ratios ℎ1:ℎ2:ℎ3. The results clearly demonstrate a pronounced stiffening effect as the ceramic core layer becomes 
thicker. Specifically, an increase in the core thickness significantly enhances the overall flexural rigidity of the shell, as 
observed in the configurations 2:1:2, 1:1:1, 1:2:1, 1:4:1, and 1:8:1. However, a notable deviation from this general trend 
occurs when the shell is elastically restrained along its longitudinal edges. In this scenario, a higher material stiffness does 
not necessarily correspond to a smaller overall deflection. As the structure stiffens, the strain energy becomes unevenly 
distributed, being partially redirected toward the compliant edges. The elastic supports, which allow limited translational 
and rotational motions, act as flexible energy sinks that deform more noticeably as the stiffened shell core resists 
bending. Consequently, the ceramic-rich configurations induce larger reaction forces at the boundaries, amplifying local 
edge displacements and thereby increasing the global deflection (Figure 5(a)), velocity (Figure 5(b)), and normal stress 
responses (Figure 5(c)). This counterintuitive phenomenon highlights the complex coupling between material gradation 
and boundary flexibility. Enhanced stiffness modifies the internal energy transmission pathways within the shell, such 
that ceramic enrichment, while improving rigidity, may simultaneously intensify deformation near elastic supports. 
Therefore, precise modeling of boundary compliance is essential for the optimal design of FGhCS shells under EL, ensuring 
a balanced trade-off between stiffness enhancement and deformation control. In addition, the transverse shear stress 
exhibits a parabolic variation across the thickness and vanishes at both the top and bottom surfaces of the shell 
(Figure 5(d)). The corresponding phase orbit (Fig.5(f)) forms an open spiral that gradually converges to the equilibrium 
state due to damping-induced energy dissipation. 

Figure 6 illustrates the nonlinear dynamic responses of the SS FGhCS shell subjected to EL for different thickness ratios 
ℎ1:ℎ2:ℎ3. Under Dirichlet boundary conditions, an increase in the ceramic-core thickness leads to a substantial 
enhancement in the overall stiffness of the shell. As the ceramic layer thickens, the bending rigidity of the structure increases 
correspondingly, effectively constraining deformation and yielding smaller deflection amplitudes. This trend aligns with the 
expected mechanical behavior, as ceramic-rich configurations possess higher elastic moduli and, consequently, greater 
resistance to external excitation. The temporal variations of deflection, velocity, and normal stress are presented in Figures 
6(a–c), while the corresponding stress distributions through the shell thickness are depicted in Figures 6(d, e). The phase 
orbit shown in Figure 6(f) exhibits a gradually converging spiral pattern, indicating a stable damped dynamic response. 

Figure 7 presents the nonlinear dynamic responses of the E–CC FGhCS shell subjected to EL for various power-law 
indices 𝑛𝑛. The results reveal that the power-law index exerts a decisive influence on the stiffness and deformation 
characteristics of the functionally graded shell. As 𝑛𝑛 increases, the ceramic volume fraction decreases while the metallic 
constituent becomes more dominant, resulting in a significant reduction in the effective elastic modulus and bending 
rigidity. Consequently, the shell exhibits greater compliance, leading to larger deflection amplitudes and broader phase 
orbits under identical excitation conditions. Conversely, smaller values of 𝑛𝑛 correspond to ceramic-rich configurations 
with higher stiffness, which effectively suppress nonlinear deformation and facilitate faster vibration recovery. When the 
longitudinal edges are elastically constrained, this material-dependent behavior becomes even more pronounced. The 
softening effect associated with larger 𝑛𝑛 values allows a greater portion of strain energy to be absorbed by the compliant 
boundaries, intensifying local edge deformation and amplifying the overall deflection, as shown in Figure 7(a). This finding 
underscores the strong coupling between material gradation and boundary flexibility, where reduced stiffness due to 
increased metallic content magnifies the role of elastic edge compliance in shaping the global dynamic response. The 
corresponding velocity and normal stress evolutions are displayed in Figures 7(b–c), while the through-thickness stress 
distributions are depicted in Figures 7(d–e) and the phase orbit shown in Figures 7(f). Conversely, under Dirichlet 
boundary conditions (Figure 8), lateral motion is effectively restrained, and increasing the power-law index 𝑛𝑛 consistently 
results in larger deflection amplitudes due to the reduced load-bearing capacity of the shell. This behavior reflects the 
pronounced influence of the power-law index on the shell’s mechanical response, where the dominance of the metallic 
phase at higher 𝑛𝑛 values leads to a softer and more deformable structure. Overall, these results confirm that the power-
law index 𝑛𝑛 governs the fundamental trade-off between stiffness and flexibility in FGhCS shells. A higher 𝑛𝑛 enhances 
deformability and energy absorption but compromises structural stability, whereas a lower 𝑛𝑛 improves rigidity at the 
expense of increased brittleness. Therefore, precise tailoring of the gradation profile is crucial to achieve an optimal 
balance between mechanical strength and flexibility, ensuring reliable dynamic performance of FGM-based shell 
structures under realistic boundary and loading conditions. 

Finally, Figures 9 and 10 illustrate the influence of the geometric slenderness ratio 𝐿𝐿/𝑅𝑅 on the nonlinear dynamic 
behavior of the FGhCS shell. The results demonstrate that 𝐿𝐿/𝑅𝑅 plays a decisive role in governing both the effective 
stiffness and the overall deformation characteristics of the structure. As 𝐿𝐿/𝑅𝑅 increases, the shell becomes thinner relative 
to its curvature radius, leading to a pronounced reduction in effective bending stiffness and global stability. 
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Consequently, the shell exhibits larger deflection amplitudes and stronger nonlinear responses under identical loading 
conditions. This tendency is clearly observed in Figures 9(a)–10(a), where shells with higher 𝐿𝐿/𝑅𝑅 ratios experience 
amplified displacements and slower vibration recovery. From a physical standpoint, an increase in 𝐿𝐿/𝑅𝑅 reduces the 
curvature-induced membrane restraint, rendering the shell more susceptible to bending deformation and dynamic 
instability. The associated reduction in geometric stiffness weakens the coupling between membrane and bending 
modes, thereby allowing greater mid-surface stretching and larger out-of-plane deflections. Conversely, shells with 
smaller 𝐿𝐿/𝑅𝑅 ratios exhibit higher curvature and stronger in-plane constraints, which enhance their load-carrying capacity 
and effectively suppress large-amplitude vibrations. These findings confirm that the geometric slenderness ratio 𝐿𝐿/𝑅𝑅 
fundamentally governs the stiffness–stability balance of FGhCS shells and must be judiciously optimized during the design 
phase to ensure desirable dynamic performance and structural reliability. 

In the above examples, the damping ratio is chosen as 𝜁𝜁 = 0.1. The normal stress 𝜎𝜎𝑥𝑥𝑥𝑥 presented in the 
numerical results is evaluated from the constitutive relations based on the strain field obtained from the finite 
element solution. Since the present formulation employs flat four-noded MITC4 elements, the stress components 
are computed in an approximate manner at selected sampling locations within each element. In this study, the 
stresses are evaluated at quarter-point locations to improve numerical stability and reduce spurious oscillations 
that may arise from direct nodal stress evaluation. It should be noted that these stresses represent an approximate 
distribution intended to illustrate the overall stress variation through the structure rather than highly localized 
stress concentrations. 

4. CONCLUSION 

This study presented an effective numerical framework for analyzing the nonlinear dynamic of FGhCS shells with 
elastic boundary conditions subjected to explosive loading. The governing equations were derived based on the MITC4 
finite element formulation, and a MATLAB code was developed to efficiently capture the nonlinear dynamic response of 
FGhCS shells. The proposed approach effectively eliminates shear-locking effects, satisfies the shell boundary zero shear 
stress condition, and achieving high computational efficiency without compromising accuracy. 

The parametric investigations revealed that both material properties and geometric configuration critically 
influence the nonlinear dynamic behavior of FGhCS shells, while elastic boundary stiffness plays an equally decisive 
role in governing their dynamic response. An increase in the power-law index 𝑛𝑛 enhances the ceramic content, 
leading to higher stiffness and natural frequencies, whereas thicker metallic cores reduce overall rigidity and 
frequency. The thickness ratio ℎ1: ℎ2: ℎ3 and geometric slenderness 𝐿𝐿/𝑅𝑅 significantly affect nonlinear deformation 
and stability–larger 𝐿𝐿/𝑅𝑅 values diminish curvature-induced stiffness, resulting in greater deflection amplitudes. 
Furthermore, the study demonstrates that elastic supports fundamentally modify the deformation mechanism 
compared with idealized fixed or simply supported edges. The boundary stiffness directly governs load transfer and 
strain-energy distribution along the edges, allowing partial compliance that can either amplify or suppress 
deflection depending on the geometric configuration. These findings emphasize that realistic boundary modeling is 
indispensable for accurately capturing the true mechanical behavior of FGhCS shells operating in complex service 
environments. 

Overall, the interplay among material properties, geometric parameters, and boundary flexibility defines the global 
stiffness–stability balance of FGhCS structures. Optimizing these parameters enables the design of lightweight, thermally 
robust, and vibration-controlled FGM sandwich shells suitable for aerospace and marine applications. The present 
MITC4-based formulation has been rigorously validated against benchmark solutions, confirming its reliability for 
moderately thick FGhCS shells. 

Despite the advantages of the proposed formulation, several limitations should be noted. First, the present 
model employs flat four-noded MITC4 elements, which are most suitable for shallow shell geometries with relatively 
large curvature radii. For highly curved shells, the accuracy may be affected by the geometric approximation 
inherent in flat elements. Second, the formulation is developed within the framework of the FSDT; therefore, its 
applicability is mainly limited to moderately thick shells, while extremely thick structures may require higher-order 
theories. In addition, the normal stresses presented in the numerical results are evaluated approximately at 
selected sampling locations within the elements, and thus they mainly reflect the overall stress trends rather than 
highly localized stress concentrations. These aspects may be addressed in future work by considering higher-order 
shell theories and curved shell finite elements. Experimental validation under realistic loading conditions–such as 
thermal gradients, impact, and shock excitations–will further consolidate the applicability of the proposed approach 
to advanced structural systems. 
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Figure 5 The nonlinear response of E-SS FGhCS shells under EL versus thickness ratio with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, and 𝑛𝑛 = 1. 
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Figure 6 The nonlinear response of SS FGhCS shells under EL versus thickness ratio with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, and 𝑛𝑛 = 1. 
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Figure 7 The nonlinear response of E-CC FGhCS shells (1:2:1) under EL versus 𝑛𝑛 with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, and 𝑛𝑛 = 1. 
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Figure 8 The nonlinear response of CC FGhCS shells (1:2:1) under EL versus 𝑛𝑛 with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, and 𝑛𝑛 = 1. 
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Figure 9 The nonlinear response of E-CC FGhCS shells (1:1:1) under EL versus 𝐿𝐿/𝑅𝑅 ratio with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, and 𝑛𝑛 = 2. 
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Figure 10 The nonlinear response of CC FGhCS shells (1:1:1) under EL versus 𝐻𝐻/𝑅𝑅 ratio with 𝑅𝑅 = 2 m, 𝐿𝐿 = 10𝑅𝑅, ℎ = 𝑅𝑅/10, and 𝑛𝑛 = 2. 
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