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Abstract 
Tower sprayers play a vital role in agriculture, being designed to apply pesticides and fertilizers effectively. 
The dynamics of this equipment, especially the vibration of the tower, play a crucial role in the success of 
agricultural operations. Analyzing and understanding this vibration is critical to ensuring application accuracy 
while minimizing variations in chemical distribution. This understanding directly contributes to uniform plant 
coverage, improving spraying efficiency and reducing input losses. In addition, practical vibration analysis 
extends the life of tower components, optimizes operational safety, and promotes energy efficiency by 
reducing fuel consumption. Tower stability becomes crucial to prevent spills and ensure efficient use of 
available resources. In short, dynamics and vibration analysis in tower sprayers are critical elements for the 
precise, efficient, and safe application of agricultural inputs. This approach promotes sustainable practices 
and contributes significantly to the success of farming operations. As a result of this study, a 23.68% reduction 
in trailer vibration amplitude was achieved. 
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1 INTRODUCTION 

Vibration reduction and dynamic analysis in tower sprayers in contemporary agriculture are fundamental to 
improving operational efficiency and ensuring the precise application of agricultural inputs. Minimizing vibration plays a 
crucial role in ensuring the precision of the spraying process, avoiding variations in the distribution of pesticides and 
fertilizers that could compromise the effectiveness of the treatment on the plants. In the studies listed below, we can 
see the concern to optimize the application of chemical products in orchards. 

The research in (Garcerá et. al, 2017) revealed that only 45% of the pesticides applied to Mediterranean citrus 
plantations reached the target trees, representing an environmental risk for nearby areas. This highlights the need to 
improve spraying efficiency through new technologies and sprayer designs, considering climatic conditions and the stage 
of fruit growth. The data can be used to create a system for classifying spraying technologies based on their 
environmental impact, facilitating the authorization of pesticides. 

This study (Ma et al., 2021) presents the development of a jet-controlled remote sprayer to solve the problems of 
low air supply and poor target accuracy in orchards. This tool is more suitable for crops in mountainous areas and 
improves the uniformity of pesticide application, which can be applied to adjacent fields. This study provides essential 
information on jet spraying operation and automatic spraying design. 

According to (Ozkan, 2022), the choice of suitable equipment is crucial for effectively applying pesticides in 
vineyards and orchards due to variations in canopy structure and plantation characteristics. The main factors to consider 
when selecting a sprayer are its ability to deliver the required application rate, spray droplets of the appropriate size 
uniformly on the target and minimize spray losses to the ground and air. 

On the other hand, assessing spray drift in the air (Arvidsson et al., 2014) is a challenge that requires the improvement of 
methods to ensure reliable spray mass balances. It is essential to employ well-documented and validated methods for all spray 
fractions, including airborne drift. In addition, the height of the sampling masts is crucial, with a minimum height of 4m being 
required in weed crops and 6m in crops treated with orchard sprayers to accurately quantify the airborne drift fraction. 

The Orchard Sprayer Evaluation Process (Dekeyser et al., 2013) using laboratory experiments and computational fluid 
dynamics modeling is a reality, where the CFD simulation model used was developed to predict the exit velocity profile of the 
three sprayers at different distances from their exit and the vertical distribution of the spray along the height of a standardizer 
wall. The study of orchard sprayer evaluation has important implications for agriculture. It provides valuable information on 
the factors that influence the performance of this equipment, such as airflow patterns and the architecture of the air discharge 
unit. This information can be applied to improve the performance of sprayers, optimizing the efficiency of pesticide application 
in orchards. By enhancing this efficiency, sprayers can maximize the amount of pesticide needed to achieve the desired pest 
control, thus reducing the environmental impact of pesticide use in agriculture(Miranda-Fuentes et al., 2015). 

According to (Kasner et al., 2020), the results of spray tests comparing old and new spraying technologies showed 
that air blast tower sprayers, specifically the directed air tower (DAT) and the multi-ventilator tower (MFT), showed 
reduced drift levels compared to the conventional axial air blast sprayer (AFA). The MFT significantly reduced drift levels 
by 35%, while the TAD showed a 7% reduction without statistical significance. These results suggest that tower sprayers 
are promising for reducing drift levels in modern orchards. For example, Figure 1 illustrates two fans. 

Uniform spray coverage (Xun et al., 2022) is crucial to achieving effective pest and disease control in citrus groves. 
According to the study by (van Zyl et al., 2014), the use of organosilicon adjuvants, such as Break-Thru S240 and Break-
Thru Union, can improve spray penetration into the citrus canopy, resulting in better coverage and penetration of 
pesticides, which in turn enhances pest and disease control. 

The search for more sustainable and efficient agricultural practices has driven innovation in this sector, with ongoing 
efforts to improve application precision, reduce waste, and minimize environmental impact. It is recommended to 
consult specialized sources and manufacturers for more detailed information on this agricultural equipment's current 
scenario and future trends (Jacto S/A., 2024a). 

This investigation by (McCoy et al., 2023) revealed important information about the use and calibration of canopy 
sprinklers in the PNW region. Despite the small sample size, this data can help grape growers select more appropriate spraying 
options and improve spraying practices. They understand sprinklers' basic form and function of sprinklers to minimize 
malfunction and maximize efficiency. Optimizing the use of pesticides through spraying is essential for crop efficiency and 
economy. The agricultural workforce must understand how sprinklers work, and agricultural extension can help fill the 
knowledge gap. It is necessary to update knowledge about the different models and techniques for spraying vineyards. 

The study (Kira et al., 2018) highlights the effectiveness of the OP-FTIR technique for measuring spray drift and 
comparing the performance of agricultural sprayers. It emphasizes the importance of additional measures to better 
characterize spray drift, including longer distances and different types of sprays. Furthermore, it suggests that the 
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implementation of real-time tools to estimate droplet size distribution or the development of inverse modeling methods 
could enhance the use of the OP-FTIR technique. 

 
Figure 1: Simplified tower sprayer structure. 

The results found by (Li et al., 2022), are based on years of research dedicated to improving spray performance on 
the abaxial side of leaves in orchards, by adjusting application parameters and improving the spray system. However, 
more research is still needed to fully understand the correlations between airflow speed and direction and the 
distribution of spray deposits. In addition, the dynamic behavior of droplets and leaves in the airflow will be further 
investigated to improve the understanding of air-assisted spraying. In short, the conclusion indicates the importance of 
adapting spraying methods according to the specific characteristics of fruit orchards to obtain an effective distribution 
of pesticides and optimize crop protection. 

This research focused on spray drift in poplar plantations using pneumatic sprayers. It found that drift is lower in 
mature plantations than in young plantations due to the lower density of the canopy and the greater spacing between trees. 
It is recommended to use a spraying system that activates the spray nozzle only when necessary to minimize drift. The study 
emphasizes the importance of developing specific reference curves for poplar cultivation at different growth stages. 

It presents research projects on developing variable air assist (VAA) systems for conventional fruit spraying. The VAA 
system can control the amount of air immediately and continuously and includes a spraying system on both sides of the 
sprayer. VAA with a double axial fan system produces high air volumes (20,000 m3/hour) and low energy consumption 
(10 kW), suitable for fruit of specific sizes. It was concluded that the VAA is a valid example for future variable dose 
technologies and intelligent spraying for fruit. This article describes an innovative solution for agricultural sprays used in 
gardens to reduce application losses and save energy (Hołownicki et al., 2017). 

According to (Grella et al., 2017), the ISO22866:2005 protocol helps determine spray pressure values in natural 
conditions, but it is challenging to simulate the flow problem of different spray configurations. Small changes in wind 
direction can impact ground spraying, while higher wind speeds can cause the aircraft to drift even more. Therefore, the 
ISO22866 protocol may not be suitable for comparing the risk assessment between different spray configurations. 

Author (Patil et al., 2023) highlights the importance of reducing pesticide use and environmental pollution in 
orchards, suggesting the use of variable-rate spray treatments. This approach allows pesticides to be applied only where 
necessary, in a more economical and environmentally friendly way. The introduction of automatic sprayers, with 
adjustments based on the size and shape of orchards, is highlighted as a promising solution, with the application of 
technologies such as Artificial Intelligence and Machine Learning. The study aims to increase spraying efficiency by 
reducing soil losses and off-target drift. In short, exploring variable rate spraying techniques in orchards could reduce the 
excessive use of pesticides, with environmental and economic benefits. 

In (Grella et al., 2017), the authors make a detailed analysis of the dynamics of the tower sprayer, which is an essential 
component in understanding its behavior during operation. This not only contributes to identifying potential structural 
failure points but also guarantees the integrity of the equipment, promoting excellent durability and operational safety. 

Reducing vibration improves application efficiency, minimizes input waste, and plays a significant role in 
environmental sustainability. Optimizing the use of chemical products contributes to more responsible farming practices 
in line with the growing demands for sustainable agriculture. In addition, reducing vibration positively impacts operator 
comfort, creating a safer and more pleasant working environment. This holistic approach to optimizing dynamics in tower 
sprayers reflects the search for efficient, precise, and environmentally conscious farming practices essential to meeting 
the challenges of modern agricultural production (Mahmud et al., 2021). 
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The magneto-rheological (MR) shock absorber (Abdul Aziz et al., 2022; Ahamed et al., 2018; Cruze et al., 2018; 
Khedkar et al., 2019; Kumar et al., 2019; Oh & Choi, 2019) is used in vehicle suspension systems, employing magneto-
rheological fluids to adjust its stiffness dynamically in real-time. When exposed to a magnetic field, these fluids contain 
magnetic particles that align with each other, modifying the fluid's properties. This allows continuous adaptation to 
driving conditions, balancing comfort, and performance. The magneto-rheological shock absorber offers quick response, 
versatility, comfort, and greater vehicle efficiency. This technology is widely used in the automotive industry to improve 
ride quality and safety and reduce vibration. 

MR fluids continue to be the subject of research and application due to their versatility, controllability, and greater 
predictability of behavior in different operating modes (Kumar et al., 2019). These attributes are exploited through various 
methods, including non-linear models, across multiple application areas (Khedkar et al., 2019; Kumar et al., 2019), such as 
automotive, aerospace, human prosthetics, and other medical and industrial fields. MR is a valuable solution in these 
applications due to its adaptable properties: viscosity constant, shear rate, controllable flow stress of the MR fluid and 
magnetic flux density, and the ability to meet specific requirements in different domains (Abdul Aziz et al., 2022; 
Ahamed et al., 2018; Cruze et al., 2018). Thus, the objective of this work is to mathematically model an orchard tower 
structure considering tire, motor, and shock absorber, in addition to considering the rheological magnet (MR) to reduce 
vibration and hysteresis; for our results, we used the phase maps and the FFT (Fast Fourier Transform), and we observed 
that the application of MR in the structure reduced the vibration frequencies of the non-linear dynamic system obtained. 

A vertical dynamic model with four degrees of freedom was developed for the sprayer, which included liquid flow 
from the tank but did not consider overflow. Increasing frame deflection results in less smooth spraying. By examining 
the vertical dynamic characteristics at different tank liquid levels, it is confirmed that the impact of liquid splashing on 
smoothness gradually increases with increasing liquid volume (Lu et al., 2024). 

Our manuscript is organized as follows: Section 1 is the mathematical model, where we describe the entire formalism 
of the equations of motion of the sprayer considered; Section 2 is the methodology applied to obtain the results; Section 3 
is the results obtained and their discussions; and finally, the presentation of the conclusions and bibliographical references. 

2 MATERIALS AND METHODS 

2.1 Discussion of the mathematical model 
For the description and discussion of the mathematical model (Cézar, 2014; Sartori, 2008), the diagram in Figure 2 will 

be considered, which is a description of the mathematical model considering only one of the wheels of the structure 
represented in the simplified mechanical diagram in Figure 2 (Cunha Jr et al., 2015; Cunha et al., 2017; Sartori et al., 2007). 

 
Figure 2: Theoretical diagram of the sprayer analyzed, where 𝑥𝑥1 is the horizontal displacement of the trailer, 𝑥𝑥2 is the horizontal displacement of the 

trailer, 𝑦𝑦1 is the vertical displacement of the trailer, 𝑦𝑦2 is the vertical displacement of the tower, 𝑦𝑦3 is the vertical displacement of the tower and trailer 
assembly, 𝑦𝑦𝑦𝑦1 is the vertical displacement of the tire, 𝐾𝐾1 is the elastic stiffness constant of the tire, 𝑘𝑘2 is the elastic stiffness constant of the suspension, 
𝐾𝐾𝑡𝑡 is the stiffness of the torsional joint, 𝐿𝐿1 is the distance from the CG of the trailer to the “P” junction, 𝐿𝐿2 distance from the intersection at point “P” to 
the tower's center of gravity, 𝑚𝑚0 unbalanced mass of the engine, m1mass of the wheel, 𝑚𝑚2 mass of the trailer, 𝑚𝑚3 concentrated mass of the fans and 
engine, ϕ1 angular displacement of the tower, ϕ2 angular displacement of the unbalanced engine, r radius of the engine, C damping of the tires, 𝐶𝐶𝑇𝑇 

damping of the torsional joint, F damping force, P articulation point of the tower (Cézar, 2014; Sartori, 2008) . 
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Table 1 shows the structural parameters for mathematical modeling, as shown in Figure 2. 

Table 1 Structural parameters considered in the mathematical modeling. 

Parameter Meaning 

𝜙𝜙1 Trailer angular displacement 

�̇�𝜙1 Angular speed of the trailer 
�̈�𝜙1 Angular acceleration of the trailer 

𝜙𝜙2 Angular displacement of the tower 

∅̇2 Angular speed of the tower 
�̈�𝜙2 Angular acceleration of the tower 

𝑥𝑥1 Horizontal displacement of the trailer 

𝑥𝑥2 Horizontal displacement of the trailer 

𝑦𝑦1 Trailer vertical displacement 

�̇�𝑦1 Trailer vertical speed 
�̈�𝑦1 Trailer vertical acceleration 

𝑦𝑦2 Vertical displacement of the tower 

𝑦𝑦𝑦𝑦1 Vertical displacement of the tire 

�̇�𝑦𝑦𝑦1 Vertical speed of the tire 

2.2 Mathematical model 

For the mathematical modeling, we consider the kinetic energy (𝑇𝑇𝑇𝑇) and the total potential energy (𝑉𝑉𝑇𝑇) of the system as: 

𝑇𝑇𝑇𝑇 =
1
2

(𝑚𝑚2 + 𝑚𝑚3 + 𝑚𝑚0)�̇�𝑦22 − (𝑚𝑚3 + 𝑚𝑚0)𝐿𝐿2�̇�𝑦2�̇�𝜙1𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙1 + 𝑚𝑚3𝐿𝐿22�̇�𝜙12+𝑚𝑚0𝑟𝑟2�̇�𝜙22 + 

𝑚𝑚0�̇�𝑦2�̇�𝜙2𝑟𝑟𝑟𝑟𝑟𝑟𝑠𝑠𝜙𝜙2 − 𝑚𝑚0𝑟𝑟�̇�𝜙1�̇�𝜙2𝐿𝐿2𝑟𝑟𝑟𝑟𝑠𝑠 (𝜙𝜙2 − 𝜙𝜙1)  + 1
2
𝑚𝑚1�̇�𝑦12 + 1

2
𝑚𝑚0𝐿𝐿22�̇�𝜙12 (1) 

𝑉𝑉𝑇𝑇 = 1
2
𝐾𝐾1(𝑦𝑦12 − 2𝑦𝑦1𝑦𝑦𝑒𝑒1 + 𝑦𝑦𝑒𝑒12 )2 + 1

2
𝐾𝐾2(𝑦𝑦12 − 2𝑦𝑦1𝑦𝑦2 + 𝑦𝑦12)2 + 1

2
𝐾𝐾𝑇𝑇𝜙𝜙12 (2) 

The use of the Lagrangian is essential to obtain the equations governing the movement of the system based on 
Hamilton's principle, providing an efficient way to study and represent intricate dynamic systems. With the Lagrangian, 
it is possible to obtain the Euler-Lagrange equations, which explain the dynamic behaviour of the system in relation to 
its generalized coordinates (Silva et al., 2022). 

Thus, the total Lagrangian of the system can be expressed as the difference between the total kinetic energy and 
the total potential energy: 𝐿𝐿 = 𝑇𝑇𝑇𝑇 − 𝑉𝑉𝑇𝑇  

𝐿𝐿 =
1
2

(𝑚𝑚2 + 𝑚𝑚3 + 𝑚𝑚0)�̇�𝑦22 − (𝑚𝑚3 + 𝑚𝑚0)𝐿𝐿2�̇�𝑦2�̇�𝜙1 𝑠𝑠𝑠𝑠𝑠𝑠  (𝜙𝜙1)  + 𝑚𝑚3𝐿𝐿22�̇�𝜙12 + 𝑚𝑚0𝑟𝑟2�̇�𝜙22 + 𝑚𝑚0�̇�𝑦2�̇�𝜙2𝑟𝑟𝑟𝑟𝑟𝑟𝑠𝑠(𝜙𝜙2) −𝑚𝑚0𝑟𝑟�̇�𝜙1 

�̇�𝜙2𝐿𝐿2 cos(𝜙𝜙2 − 𝜙𝜙1) + 1
2
𝑚𝑚1�̇�𝑦12 + 1

2
𝑚𝑚0𝐿𝐿22�̇�𝜙12 −  1

2
𝐾𝐾1(𝑦𝑦12 − 2𝑦𝑦1𝑦𝑦𝑒𝑒1 + 𝑦𝑦𝑒𝑒12 )2 − 1

2
𝐾𝐾2(𝑦𝑦12 − 2𝑦𝑦1𝑦𝑦𝑒𝑒1 + 𝑦𝑦𝑒𝑒12 )2 − 1

2
𝐾𝐾𝑇𝑇𝜙𝜙12 (3) 

Therefore, to determine the equations of motion of the structure defined by Figure (2), we consider the Euler-
Lagrange equation defined as: 

𝑑𝑑
𝑑𝑑𝑡𝑡
� 𝜕𝜕𝜕𝜕
𝜕𝜕�̇�𝑞𝑗𝑗
� − 𝜕𝜕𝜕𝜕

𝜕𝜕𝑞𝑞𝑗𝑗
= 𝑄𝑄𝑗𝑗  (4) 

Since 𝑄𝑄𝑗𝑗  is the work of all non-conservative forces and is the generalized coordinates (4). 𝑞𝑞𝑗𝑗 (𝑗𝑗 = 1, 2, 3,4) 
However, for the non-conservative forces we consider the suspension damping (𝐹𝐹𝑐𝑐), the torsional joint damping 

(𝐹𝐹𝐶𝐶𝑇𝑇), the dissipative energy of the Magneto-Rheological damper (MR), therefore: 
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𝑄𝑄1 = 𝐶𝐶(𝑦𝑦2̇ − 𝑦𝑦1̇) − 𝛿𝛿𝛿𝛿 (5) 

𝑄𝑄2 = 𝐶𝐶(𝑦𝑦2̇ − 𝑦𝑦1̇) + 𝛿𝛿𝛿𝛿 (6) 

𝑄𝑄3 = −𝐶𝐶𝑇𝑇 𝜙𝜙1̇ (7) 

Where 𝐶𝐶 are tire damping, 𝛿𝛿 Magneto Rheological damping coupling, and 𝐶𝐶𝑇𝑇 torsional joint damping. 
However, 𝑄𝑄4 describe the sprayer motor's non-conservative force, we consider a description of a DC motor. 

According to (Cveticanin et al., 2018) the interactions between the tower and the DC motor can be simplified by 
considering the motor's torque, which is expressed as: 𝑀𝑀𝑚𝑚 = 𝑎𝑎 − 𝑏𝑏�̇�𝜙2. Where a is related to the electrical voltage applied 
to the DC motor and b is related to the type of motor. Both are defined by 𝑎𝑎 = 𝑘𝑘𝑚𝑚𝑉𝑉𝑎𝑎

𝑅𝑅𝑎𝑎
 e 𝑏𝑏 = 𝑘𝑘𝑚𝑚𝑘𝑘𝑏𝑏

𝑅𝑅𝑎𝑎
, where 𝑅𝑅𝑎𝑎 is the motor's 

electrical resistance, 𝑘𝑘𝑏𝑏 is the motor's electrical voltage constant, 𝑉𝑉𝑎𝑎 is the input voltage applied to the motor's armature 
and 𝑘𝑘𝑚𝑚 is the motor's torque constant (Orbolato, 2012). We can therefore write them: 𝑄𝑄4 as: 

𝑄𝑄4 = 𝑎𝑎 − 𝑏𝑏�̇�𝜙2  (8) 

The Sprayer (Cézar, 2014; Sartori, 2008) Constant feed with a fan motor is a system consisting of a motor, a fan and 
a spray mechanism. The motor maintains a constant supply to the sprayer, while the fan, driven by the motor, generates 
the pressure or flow required to atomize the liquid in the sprayer. The expression mechanism suggests that it may be 
operating efficiently, which can affect the overall performance of the system. 

The modeling of Equation 8 that we used for the motor does not use the ideal voltage, it uses it as a fan to spread 
the liquid used for spraying. 

Thus, by substituting Equations (1)-(3) and Equations (5)-(8) into Equation (4), we will have the set of differential 
equations that describe the movement of the mechanical system. These equations represent Newton's Laws for the 
bodies in the system, considering external forces, damping and the stiffness of the springs. 

For 𝑦𝑦1, the vertical displacement of the tire: sprayer. The expression engine suggests that it may be operating 
efficiently, which could affect the overall performance of the system. 

The modeling of Equation 8 that we used for the motor does not use the ideal voltage, it uses it as a fan to spread 
the liquid used for spraying (Cunha Jr et al., 2015; Sartori et al., 2007; Silva et al., 2022). 

Thus, by substituting Equations (1)-(3) and Equations (5)-(8) into Equation (4), we will have the set of differential 
equations that describe the movement of the mechanical system. These equations represent Newton's Laws for the 
bodies in the system, considering the external forces, the damping and the stiffness of the springs. 

For 𝑦𝑦1, the vertical displacement of the tire: 

𝑚𝑚1�̈�𝑦1 = −𝐾𝐾1(𝑦𝑦1 − 𝑦𝑦𝑒𝑒1) + 𝐾𝐾2(𝑦𝑦2 − 𝑦𝑦1) + 𝐶𝐶(�̇�𝑦2 − �̇�𝑦1) − 𝛿𝛿𝛿𝛿 (9) 

For 𝑦𝑦2,the vertical position of the chassis: 

(𝑚𝑚2 + 𝑚𝑚3 + 𝑚𝑚0)�̈�𝑦2 − (𝑚𝑚3 + 𝑚𝑚0)𝐿𝐿2�̈�𝜙1sin (𝜙𝜙1) + 𝑚𝑚0𝑟𝑟�̈�𝜙2𝑟𝑟𝑟𝑟𝑠𝑠𝜙𝜙2= 

(𝑚𝑚3 + 𝑚𝑚0)𝐿𝐿2�̇�𝜙12 + 𝑚𝑚0𝑟𝑟�̇�𝜙22𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙2+𝐾𝐾2(𝑦𝑦2 − 𝑦𝑦1) + 𝐶𝐶(�̇�𝑦1 − �̇�𝑦2) − 𝛿𝛿𝛿𝛿 (10) 

For 𝜙𝜙1, the angle of inclination of the tower: 

−(𝑚𝑚3 + 𝑚𝑚0)�̈�𝑦2𝐿𝐿2𝜙𝜙1+2𝑚𝑚3𝐿𝐿22�̈�𝜙1 + 𝑚𝑚0𝐿𝐿22�̈�𝜙1 − 𝑚𝑚0𝑟𝑟𝐿𝐿2�̈�𝜙2 𝑟𝑟𝑟𝑟𝑠𝑠  (𝜙𝜙2 − 𝜙𝜙1)  = −𝑚𝑚0 

𝑟𝑟𝐿𝐿2�̇�𝜙2 𝑠𝑠𝑠𝑠𝑠𝑠  (𝜙𝜙2 − 𝜙𝜙1) ��̇�𝜙2 − �̇�𝜙1� −  𝑚𝑚0𝑟𝑟𝐿𝐿2�̇�𝜙2�̇�𝜙1𝑠𝑠𝑠𝑠𝑠𝑠 (𝜙𝜙2 − 𝜙𝜙1) −𝐾𝐾𝑇𝑇𝜙𝜙1 − 𝐶𝐶𝑇𝑇�̇�𝜙1 (11) 

For𝜙𝜙2, angle of inclination of the motor: 
2𝑚𝑚0𝑟𝑟2�̈�𝜙2 + 𝑚𝑚0𝑟𝑟�̈�𝑦2𝑟𝑟𝑟𝑟𝑠𝑠𝜙𝜙2 − 𝑚𝑚0𝑟𝑟𝐿𝐿2�̈�𝜙1𝑟𝑟𝑟𝑟𝑠𝑠(𝜙𝜙2 − 𝜙𝜙1) = −𝑚𝑚0𝑟𝑟𝐿𝐿2�̇�𝜙1sin (𝜙𝜙2 − 𝜙𝜙1)��̇�𝜙2 − �̇�𝜙1�  + 𝑚𝑚0𝑟𝑟𝐿𝐿2�̇�𝜙1�̇�𝜙2 
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𝑠𝑠𝑠𝑠𝑠𝑠  (𝜙𝜙2 − 𝜙𝜙1)  + (𝑎𝑎� − 𝑏𝑏��̇�𝜙2) (12) 

The Bouc-Wen model is extremely versatile and can exhibit a wide variety of hysteretic behavior. It contains viscous 
damper components, a spring, and a hysteretic component (Ribeiro et al., 2022). To evaluate the performance of MR 
dampers in vibration control applications, many researchers adopt the Bouc-Wen model (Ambhore et al., 2013; 
Parlak et al., 2022). 

To describe the behavior of Magneto Rheological (MR), we consider the following Equation (13): 

�̇�𝛿 = −𝛾𝛾|�̇�𝑦2 − �̇�𝑦1|z|z(𝑛𝑛−1) − 𝛽𝛽(�̇�𝑦2 − �̇�𝑦1)|z|𝑛𝑛 +⋋ (�̇�𝑦2 − �̇�𝑦1) (13) 

Where 𝛾𝛾, 𝛽𝛽, n and ⋋are parameters relating to the shape and size of the hysteresis curve formed by the MR, which are 
related to the MR's damping capacity and stiffness. 

The equations provided describe a non-linear dynamic system for the movement of our structure. So, we can rewrite 
the system of equations considering �̇�𝑥1 = 𝑥𝑥2, �̇�𝑥2 = 𝑥𝑥3, �̇�𝑥3 = 𝑥𝑥4, �̇�𝑥4 = 𝑥𝑥5, �̇�𝑥5 = 𝑥𝑥6, �̇�𝑥6 = 𝑥𝑥7, �̇�𝑥7 = 𝑥𝑥8, �̇�𝑥8 = 𝑥𝑥9. Next: 
 �̇�𝑥1 = 𝑥𝑥2 

 �̇�𝑥2 = −
𝐾𝐾1
𝑚𝑚1

(𝑥𝑥1 − 𝑦𝑦𝑒𝑒1) +
𝐾𝐾2
𝑚𝑚1

(𝑥𝑥3 − 𝑥𝑥1) +
𝐶𝐶
𝑚𝑚1

(𝑥𝑥4 − 𝑥𝑥2) − 𝛿𝛿𝑥𝑥9 

 �̇�𝑥3 = 𝑥𝑥4 
 �̇�𝑥4 = 1

𝑚𝑚2+𝑚𝑚3+𝑚𝑚0
[(𝑚𝑚3 + 𝑚𝑚0)𝐿𝐿2𝑥𝑥62𝑟𝑟𝑟𝑟𝑠𝑠 (𝑥𝑥5) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝑥𝑥5)  + (𝑚𝑚0𝑟𝑟𝑥𝑥82𝑠𝑠𝑠𝑠𝑠𝑠 (𝑥𝑥7)  + 𝐾𝐾2(𝑥𝑥3 − 𝑥𝑥1) +  𝐶𝐶(𝑥𝑥2 − 𝑥𝑥4) −  𝛿𝛿𝑥𝑥9  ] 

 �̇�𝑥5 = 𝑥𝑥6 

�̇�𝑥6 = − (𝑚𝑚3+𝑚𝑚0)𝜕𝜕2
2𝑚𝑚3𝜕𝜕2

𝑥𝑥4𝑥𝑥5𝑟𝑟𝑟𝑟𝑠𝑠 (𝑥𝑥5) 𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥5) + (2𝑚𝑚3𝜕𝜕22)(2𝑚𝑚3𝜕𝜕22)
𝑚𝑚0

𝑥𝑥6 −
𝑚𝑚0𝑟𝑟𝜕𝜕2
2𝑚𝑚3𝜕𝜕2

− 𝑟𝑟𝑟𝑟𝑠𝑠 (𝑥𝑥7 − 𝑥𝑥5) + 𝑚𝑚0𝜕𝜕22

2𝑚𝑚3
𝑥𝑥6 −

𝑚𝑚0𝑟𝑟𝜕𝜕2
2𝑚𝑚3𝜕𝜕2

 𝑥𝑥8 𝑠𝑠𝑠𝑠𝑠𝑠 (𝑥𝑥7 −

𝑥𝑥5)  + 𝐾𝐾𝑇𝑇
𝑚𝑚3𝜕𝜕22

𝑥𝑥5 −
𝐶𝐶𝑇𝑇

𝑚𝑚3𝜕𝜕22
𝑥𝑥6 

 �̇�𝑥7 = 𝑥𝑥8 

 �̇�𝑥8 =
1

2𝑚𝑚0𝑟𝑟
(𝑥𝑥8)  −𝑚𝑚0𝑟𝑟𝐿𝐿2𝑟𝑟𝑟𝑟𝑠𝑠 (𝑥𝑥7 − 𝑥𝑥5)𝑥𝑥6𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥8))

𝑚𝑚0𝑟𝑟𝐿𝐿2𝑥𝑥6𝑥𝑥8𝑠𝑠𝑠𝑠𝑠𝑠 (𝑥𝑥7 − 𝑥𝑥5) 
2𝑚𝑚0𝑟𝑟2

+
𝑎𝑎2 − 𝑏𝑏2𝑥𝑥8

2𝑚𝑚0𝑟𝑟2
 

 �̇�𝑥9 = −𝛾𝛾|𝑥𝑥4 − 𝑥𝑥2|𝑥𝑥9|𝑥𝑥9|(𝑛𝑛−1) − 𝛽𝛽(𝑥𝑥4 − 𝑥𝑥2)|𝑥𝑥9|𝑛𝑛 +⋋ (𝑥𝑥4 − 𝑥𝑥2)                                                                                      (14) 
 

For better clarification, Figures 3 and 4 show the description of the structural parameters and their interferences in 
the movement of the sprayer. 

 
Figure 3: Structural parameters and their influence on sprayer movement. 
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Figure 4: Parameters of the non-conservative forces and their influence on the sprayer's movement. 

3 NUMERICAL ANALYSIS AND RESULTS 

To analyze the mathematical model proposed by Equations (14), a numerical analysis was carried out to determine 
the behavior of the time series and phase maps. The time series describes the behavior of the displacements described 
by equations (14) over time, and the phase maps illustrate the behavior of the trajectories of these time series. To obtain 
these results, we used the 4th-order Runge and Kutta (RK) method (Lin et al., 2010) with an integration step of h=0.001 
and a total computer simulation time of 106[s] so that we could respect the convergence of the method. The (RK) method 
is widely used for integrating non-linear differential equations such as those described in our manuscript's mathematical 
model (Silva et al., 2022). 

With these results, the fast Fourier transform (FFT) was used for frequency analysis. FFT is in line with 
(Harčarik et al., 2012). It is a powerful tool that allows us to express any periodic signal or function as a combination of 
more straightforward trigonometric functions, such as sines and cosines. The great advantage of the Fourier method lies 
in its ability to break down a complex function into more basic and understandable components. In mechanical 
engineering, the Fast Fourier Transform (FFT) is often used to convert digital signals from the time domain to the 
frequency domain. This approach is precious for identifying the modal vibration parameters in mechanical systems. If 
noise is generated during system vibration, it is possible to record it in a digital wave file. This data can then be processed 
for further analysis and understanding of the system's behavior. 

Table (2) describes the parameters used for the computer simulations of the mathematical model proposed by 
Equations (9-13). 

Where, 𝐾𝐾𝑇𝑇 and 𝐶𝐶𝑇𝑇 represents the spring and damping parameters of the rotational system. This system of first-
order differential equations is now in the form of a state space, where x is the state vector and u is the input vector. 

Figure 5 shows how the manuscript was created, starting with the description of the parameters and ending with 
the analysis and simulation of the mathematical model. 

The parameters described in table 2 were used for the simulation. In this way, we analyzed two cases: the first is 
without applying MR to the structure (𝛿𝛿 = 0). We can see that there is a frequency peak in the FFT as shown in Figure 
(6) (d), the largest peak represents the dominant frequency of the system which is 0.1445 Hz and three smaller frequency 
peaks 0.1747 Hz, 0.1125 Hz and 0.02603 Hz. Figures (6) (a) show the phase space behavior of the trailer structure in 
which the parameters are described in Table 2, i.e. without damping. And Figures (6)(b) and (c) show the time series of 
𝑥𝑥3 e 𝑥𝑥4, respectively. 
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Table 2 Parameters used for the computer simulations of the mathematical model. Adapted from 
Description Parameter Value Unit 

Constant elastic stiffness of the tire 𝑲𝑲𝟏𝟏 46500 N/m 
Constant elastic stiffness of the suspension 𝑲𝑲𝟐𝟐 3610 N/m 

Torsional joint stiffness 𝑲𝑲𝑻𝑻 5000 Nm/rad 
Damping of the tires 𝑪𝑪 784 Ns/m 

Torsional joint damping 𝑪𝑪𝑻𝑻 1000 Nms/rad 
Engine mass imbalance 𝒎𝒎𝟎𝟎 2.5 Kg 

Wheel mass 𝒎𝒎𝟏𝟏 600 Kg 
Trailer mass 𝒎𝒎𝟐𝟐 3250 Kg 
Engine mass 𝒎𝒎 2.0 Kg 

Concentrated fan mass 𝒎𝒎𝟑𝟑 800 800 Kg 
Magneto-Rheological Damping Coupling 𝜹𝜹 300000 N/m 

Engine radius 𝒓𝒓 0,6 m 
Distance from Trailer CG to junction “P” 𝑳𝑳𝟏𝟏 0,2 m 

Distance from junction “P” to center of gravity 𝑳𝑳𝟐𝟐 2,4 m 
Related to the electrical voltage applied to the DC motor 𝒂𝒂 3.0 V 

Related to the type of motor used 𝒃𝒃 1.0 - 
Parameter dependent on damper characteristics 𝜸𝜸 800 𝟏𝟏/𝒎𝒎𝟐𝟐 

Constant varies damper characteristics 𝒏𝒏 2 𝟏𝟏/𝒎𝒎𝟐𝟐 
Constant depending on damper characteristics 𝜷𝜷 1000000 𝟏𝟏/𝒎𝒎𝟐𝟐 
Constant depending on damper characteristics ⋋ 1.0 - 

 
Figure 5: Shows how the work was carried out. 

 
Figure 6: (a) phase map without MR, (b) and (c) time series without MR and (d) FFT without MR. 
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The second case is with the application of MR to the structure (𝛿𝛿 ≠ 0), the value considered is described in Table 2. 
In this case, there was a reduction in the vibrations caused during the sprayer operation process. Figure (7) (a)-(c) shows 
the behavior of the phase map and the time series of the trailer's displacement during the spraying process, and Figure 
(7)(d) represents the FFT with the application of MR. We can see in Figure (7)(d) that there are no more minor peak 
vibrations, as observed in Figure (7)(d). This shows that the application of MR reduces the intensity of the lower frequency 
peaks and leaves only the dominant frequency of the system (the peak with the highest intensity). 

 
Figure 7: (a) phase map with MR, (b) and (c) time series with MR and (d) FFT with MR. 

Considering Figure 8, the amplitude without the application of MR has a maximum of 0.6651 Hz and with the 
application of MR there was a reduction to 0.1575 Hz. In other words, there was a 23.68% reduction in the trailer's 
vibration amplitude. 

 
Figure 8: Comparison between the amplitudes of the time series, black line without MR, blue line with MR (a), (b) and (c). 

According to Sartori (2008), equipment like tower sprayers with reservoirs that can be empty, partially filled, or fully 
filled can reach speeds of up to 20 Km/h on terrain characterized by low amplitude and high frequency. However, during 
the spraying process, the tank starts full and gradually empties, causing the sprayer to operate at speeds between 2 and 
6 Km/h, depending on the terrain in the application region. 

According to the technical specifications from Jacto S/A (2024b), the tank capacity can reach up to 4,000 liters for 
applying agricultural pesticides in orchards, while the application trailer weighs 2,350 kg. However, for our numerical 
analyses, we considered a tank filled with 900 liters of agricultural pesticides, totaling 3,250 kg. 

Our numerical results revealed the benefits of applying MR during the spraying process, showing a reduction in the 
vibration of the arm attached to the sprayer. Although MR resulted in reduced vibrations, as shown in the FFT graphs, it 
primarily reduced the amplitude of the system's displacement in these results. Therefore, to validate the numerical 
findings, we plan to experimentally investigate the proposed mathematical model. 
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4 CONCLUSIONS 

The mathematical model, combined with the numerical analysis, demonstrated that applying MR to the tower 
sprayer's structure resulted in a 23.68% reduction in the amplitude of the trailer's vibrations. 

By comparing two scenarios in the numerical analysis of the mathematical model, with and without the use of MR, 
we determined that the presence of MR contributed to a significant reduction in vibration amplitudes. The FFT analysis 
revealed that the application of MR suppressed the lower frequency peaks, maintaining only the dominant frequency of 
the system. The smaller peaks identified in the scenario without MR were effectively reduced, promoting more stable 
and controlled behavior during the spraying process. 

Thus, the use of MR in the tower sprayer's structure not only demonstrated effectiveness in reducing vibrations, 
but also, together with the proposed mathematical model, showed the practical feasibility and effectiveness of 
implementing MR fluids as a strategy for reducing vibrations in agricultural systems, significantly improving the operation 
and stability of similar equipment. Therefore, to validate the numerical results, we intend to investigate the proposed 
mathematical model experimentally in future manuscript. 

Author’s Contributions: Conceptualization, R.N. Silva and M. Ribeiro; Methodology, R.N. Silva, J. Balthazar and M. 
Ribeiro; Investigation, R.N. Silva, J. Balthazar and M. Ribeiro; Redaction – R.N. Silva, J. Balthazar and M. Ribeiro; review 
and editing, R.N. Silva and J. Balthazar; Software, R.N. Silva and M. Ribeiro; Preview, R.N. Silva, A. Tusset. 
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