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Abstract 
Rock materials are often subjected to cyclic loads during construction. A full understanding of the deformation 
behavior of rock under cyclic loads is of great significance in engineering. In this study, by using the 
endochronic constitutive model proposed by Valanis, the reinforcement function form and constitutive 
parameters of the endochronic model are improved. An endochronic plasticity constitutive program for rock 
based on the finite element method is used to study the mechanical properties of rock under different cyclic 
loading conditions (of maximum loading stress, amplitude, and confining pressure), and through the use of 
red sandstone, marble, and basalt, experimental and simulation results are compared to verify the model. 
The results show that the theory can better simulate the hysteresis loop width and cumulative plastic strain 
of rock under cyclic loading and, under different loading conditions, the numerical simulation results are 
consistent with the actual rock experimental law. Therefore, the endochronic plasticity constitutive model in 
this study can be applied to investigate the influence of cyclic loading on the dynamic deformation behavior 
of rock. 
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1 INTRODUCTION 

Dams, underground caverns, slopes and other rock projects are often influenced by earthquakes, resulting in 
damage or even destruction of engineering structures, which directly threatens construction and life safety (Khaledi, 
K et al., 2016). Generally, scholars regard earthquakes as cyclic loads (Liu, Y et al., 2017), and it is known that the 
mechanical response of rocks under cyclic dynamic loads is significantly different from that under static loads (Xiao et al., 
2009). Therefore, it is necessary to study the mechanical properties of rocks under cyclic loading and the corresponding 
constitutive model, which is of great significance for the geotechnical stability calculation under seismic loading. 

The mechanical properties of rocks under cyclic load and different loading conditions of cyclic load have been 
studied in great depth by many scholars through experiments. For example, rocks have Masing effect and ratchet effect 
under cyclic loading, and different mechanical responses in terms of amplitude, confining pressure, maximum loading 
stress and other cyclic loading conditions (Attewell and Farmer 1973; Zhou et al., 2015; Badge and Petroš  2005; 
Deng et al., 2017; Liu et al., 2012; Momeni A et al., 2015; Fuenkajorn and Phueakphum 2010; Ge et al., 2003; Xiao et al., 
2007). The above experimental results show that the constitutive model of rocks under different cyclic loading conditions 
is more complex, and the mathematical expression of the constitutive model of rocks under cyclic loading conditions 
remains a difficult problem in the field of geotechnical engineering. The classic elastoplastic theory can well describe the 
mechanical behaviors of rocks under static loading conditions, but it can not accurately describe the dynamic response 
of rocks (Liu et al., 2014). Di proposed a binary medium constitutive model which can better reflect the ratchet effect of 
rocks under cyclic loading, but the simulation results of the hysteretic effect of rocks are still not satisfactory (Di et al., 
2020). Zhou applied the sub-loading surface model to rock materials and obtained good simulation results, but the strain 
rate effect was not considered for the rock dynamic problem (Zhou et al., 2015). In addition, PM model and fatigue 
constitutive model, etc. have more experimental parameters, and their practicality in actual engineering needs to be 
improved (Carmeliet J and Abeele KEVD 2002; Lin et al., 2020). Compared with the above models, the endochronic model 
is better for the dynamic response of rocks under cyclic loading, so the endochronic model is chosen as the basis for the 
theoretical research in this study. Valainis first applied the endochronic theory to metallic materials and studied the 
deformation of metallic materials under cyclic loading, while Bazant first applied the endochronic theory to rock materials 
(Valanis 1971; Bazant, ZP and Shieh, CL 1980). But the rock endochronic model proposed by Bazant contains too many 
parameters without practical physical meaning, which is not conducive to experimental simulations in different rock 
situations. Subsequently, many scholars applied the endochronic theory to the experimental studies of different 
materials such as concrete , soil and coal containing gas, and good experimental results were also obtained (Wang and 
Song 2007; Jeremiah M et al., 2019; Yin et al., 2009). However, the large number of parameters without actual physical 
meaning in the endochronic constitutive reinforcement function has always been a difficult problem in the study of 
endochronic theory. 

Therefore, on the basis of the endochronic constitutive model by Bazant, the endochronic constitutive model of 
rocks under different cyclic loading is studied in this paper, and the number of parameters in the endochronic model is 
reduced, proposing an improved endochronic constitutive model. Moreover, based on the finite element method, a 
related calculation procedure was written using the improved endochronic constitutive model (Shimbo, 2017; Tejchman 
and Bobinski 1996; Xiong et al., 2017; Cheng et al., 2020; Cheng et al., 2021; Han et al., 2008). Through numerical 
simulation experiments, the improved endochronic constitutive model simulation upon the Masing effect and ratchet 
effect of rocks is studied, and the physical meaning of the endochronic constitutive model parameters is discussed. By 
changing the cyclic loading conditions such as maximum loading stress, amplitude, confining pressure and rock types, 
the mechanical behaviors of rocks under the above different loading conditions were systematically analyzed, which 
verified the rationality and feasibility of the model in this study. 

2. BASIC PRINCIPLES OF ENDOCHRONIC PLASTICITY CONSTITUTIVE THEORY 

2.1 Endochronic theory 

Endochronic theory was proposed by Valanis (Valanis 1971). Its basic concept can be expressed as follows: The 
current stress state at any point in plastic and viscoplastic materials is a function of the entire temperature and 
deformation in the field at that point. It is very important that the deformation history be measured by an endochronic 
time that depends on the material properties and the degree of deformation, rather than the conventional Newton time, 
to measure the history of irreversible deformation. The object is regarded as a thermodynamic system, and the plastic 
deformation of the material is an irreversible process; therefore, plastic deformation is regarded as an irreversible change 
state of thermodynamics; the concept of yield surface as the prerequisite for its theoretical development is not 
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considered, but the existence of the posterior behavior of the yield surface is not excluded (Watanabe and Atluri, 1985). 
Instead, the kinematic hardening and isotropic kinematic hardening in the concept of the yield surface are taken as 
special cases derived from the simplification of endochronic theory. Compared with traditional plastic 
theory, endochronic theory can better reflect the hysteretic effect and plastic cumulative strain of rock under cyclic 
loading. 

2.2 Derivation of endochronic theory 

The internal energy of the rock can be expressed as 

=( , , )             ( 1, 2,3..., )=ijW q T mαε α  (1) 

where W is internal energy, qα is the internal variable, T is the temperature, and ϕ  is the state function. Its total 
differential form is given by (Li and Fu 1991) 

∂ ∂ ∂
= + +
∂ ∂ ∂ij

ij

W W Wq TdW d d d
q Tα
α

ε
ε

 (2) 

For any irreversible system undergoing a thermodynamic process, the state function of entropy can be expressed 
as 

( , , )= ij qαη ε θ  (3) 

where = ( , )ij Tθ θ ε  is the thermodynamic temperature scale T . According to the definition of the Helmholtz free energy 
function, 

= −Wψ θη  (4) 

Because ψ  is also a state function, 

= ∂
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and 
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−
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From the above formula, the following can be derived: 

∂ ∂ ∂
= + −
∂ ∂ ∂ij
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α
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As assumed by Kelvin, under isothermal conditions, the free energy in the region cannot be increased, and we can 
obtain 

0∂
− ≥
∂q

dqα
α

ψ  (8) 

Because the changes in the internal variables are completely independent, a generalized friction force is introduced 
under the condition of irreversible deformation, and the friction force can be expressed as 
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( ) ( ) 0≥ij ijQ dqα α  (10) 

For rock materials, it can be assumed that the generalized friction force ( )
ijQ α  is proportional to the rate of change 

of the internal variable, ( ) /ijdq dzα , and thus the following can be obtained: 

( )
( ) ( )= ij
ij ijkl

dq
Q b

dz

α
α α

where ( )
ijklb α  is the generalized coefficient of friction. Substituting Eq. (11) into Eq. (10), we get 
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Furthermore, the constraint conditions on the internal variable group were obtained as described above. Eq.(1) can 
be expanded in a Taylor series to obtain 

21 1 1
2 2 2

= + + + ++∑ ij ii ijkl ij j kl iij j jijkkl i kl ij ij jl klA B qC Dq q IT Fq TTα α α α

α

ψ ε ε ε ε  (13) 

where ijklA , ijklB , ijklC , ijD , ijI , and F are the generalized parameters of the material. For rock materials, under the 
condition of small isothermal deformation, from Eqs. (5), (8), and (12), the displayed endochronic constitutive equation 
can be obtained as 
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with 
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where ( )zµ  is the kernel function of the material, z  is the endochronic scalar scale, p
ije  is the plastic deviatoric strain 

tensor, and ijs  is the deviatoric stress tensor. To meet the weak singularity and integrability requirements, the 
coefficients iα  and iM  need to satisfy 

1 1

,          
∞ ∞

= =
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 (16) 

A schematic of endochronic theory in strain space is shown in Fig. 1. The distance between two adjacent points 
along the strain path can be expressed as follows: 

2 = ijkl ij kld dP dζ ε ε  (17) 
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where ζ  is the scale of the endochronic theory tensor in three-dimensional strain space and ijklP  is a fourth-order 
positive definite tensor that depends on the properties of the material. 

 
Figure 1. Strain space and stress path 

The endochronic tensor scale dζ  and the endochronic scalar scale z  described in Eqs. (17) can be obtained by the 
following transformation: 

( )
=

ddz
f
ζ
ζ

 (18) 

where ( )f ζ  is the strengthening function under a generalized friction force. For the endochronic scalar scale, without 
considering the coupling effect of plastic deviator strain and volume strain, the definition of the endochronic tensor scale 
proposed in reference (Mo 1988; Zhang et al., 2015) is as follows: 

= p
ijd deζ  (19) 

02
= − ijp

ij
ds

de de
G

 (20) 

1
3

= − ijij ij kkde d dε ε δ  (21) 

According to Eq. (14), its differential form is as follows: 

02= −ij ij ijds G de s dz  (22) 

where 0G  is the elastic shear modulus, .  is the norm in Euclidean space, and pe , ije , and ijs  are the plastic deviatoric 
strain, deviatoric strain tensor, and deviatoric stress tensor, respectively. To facilitate computer analysis and calculation, 
Eq. (22) is transformed into a matrix form of the incremental endochronic constitutive equation as follows: 

{ } { } { } = − 
p

epd D d dHσ ε  (23) 

The specific form of the above matrix form in the case of three dimensions is given by the following formulas: 

{ } { }, , , , ,= x y z xy yz zx
Td d d d d d dσ σ σ σ τ τ τ  (24) 

{ } { }, , , , ,= x y z xy yz zx
Td d d d d d dε ε ε ε γ γ γ  (25) 
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where 1 0 0 2 0 0
4 ,  2 ,
3

= + = +A K G A K G  and 3 02=A G . 

Under the action of a compressive load, the inelastic strain accumulated in a cycle decreases as the process 
continues. The following enhanced function form is proposed according to the test data fitting: 

3
1/4

2
( ) (1 0.55exp )

1 ( )

 
 = × − ×
 + 

f u
J

β
ζ σ

ζ  (28) 

3σ  is the third principal stress, 2J  is the second invariant of the strain deviation, and u  and β  are the model 
parameters. 

2.3 Finite element implementation of the endochronic plasticity model 

According to the above theory, we use the C language to compile the endochronic plasticity finite element program. 
The program uses the initial stress method to calculate. From the elastic system with known initial stress, the following 
formulas can be obtained using the principle of virtual work: 

0[ ]{ } { } { }= +K P dPσ  (29) 

0{ } [ ] { }= −∫ TdP B dVσ  (30) 

where 0{ }dP  is the load-correction term of the initial stress effect and [ ]B  is the strain matrix. 
The program is initially loaded through the initial loading for linear elastic calculation, and the third principal stress 

and the second strain invariant of the element are calculated to determine the strengthening function ( )f ζ ; in the nth 
step, the corresponding endochronic increment and plastic strain are calculated using Eqs. (18) and (19), and then the 
new plastic stiffness matrix is calculated using Eq. (23) to judge whether the new and old ones exceed the convergence 
criterion. The initial stress method is used to compare the calculated element stress with the initial stress and determine 
its convergence criterion by controlling the accuracy of the unbalanced force. The specific process is shown in Fig. 2, 
where the difference between the rock constitutive acceleration method in this study and the traditional algorithm is 
that the concept of yield surface is not used, which avoids the shortcoming of the difficulty in determining the yield 
surface for materials such as a rock. 
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Figure 2. Flowchart of the elastoplastic program 

3 STRENGTHENING FUNCTION PARAMETER FOR THE ENDOCHRONIC CONSTITUTIVE MODEL 

For the improved endochronic plastic model, the parameters of the model are E , v , u , iM , iα , and 
.β  E and v are the elastic modulus and Poisson's ratio of the material, respectively. According to the 

literature (Yin et al., 2009), the values of iM  and iα  are determined according to the collection of the 
stress-strain curve close to the origin. u  and β  are specific parameters of the endochronic model. 
According to the cyclic loading experimental data, the parameters β  and u  can be obtained by nonlinear 
fitting. In the curve simulation process, the selection of these two parameters has a certain influence on 
the curve simulation. Therefore, it is necessary to analyze these two values. We selected a rock cube with 
a size of 100 mm × 100 mm × 100 mm and applied a triangular waveform cyclic load to the test block 
without confining pressure. The rock cube will was divided into a tetrahedral mesh. The upper limit of the 
applied load was 65 MPa, the lower limit of the load was 10 MPa, and the number of loading times was 8. 
Table 1 lists the material parameters used in the simulation experiment. 
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Table 1. Parameters of the model material 

E (Pa) ν u β Mi αi 

2.5×109 0.2 0.26 0.71 2.6×108 2×102 

 
Figure 3. Stress–strain curve 

As shown in Fig. 3, during loading and unloading, the rock material undergoes plastic deformation. The stress–strain 
curve formed a hysteresis loop. As the number of cycles increased, the material's cumulative plastic strain gradually 
increased. The above numerical simulation results better reflect the Masing effect and the ratchet effect of the rock, and 
the inelastic strain accumulated in one cycle of the rock decreases with an increase in the number of cycles. Therefore, 
using the above simulation experiment parameters as the experimental base point, the influence of parameters u  and 
β  on the modified endochronic model is discussed. 

 
Figure 4. Effect of parameters on the endochronic constitutive model 

As shown in Fig. 4, as the value of u  decreases, the plastic modulus gradually decreases, indicating that, with the 
decrease in u , the greater the cumulative plastic strain generated, the more obvious the ratchet effect of the rock 
(Zhou et al., 2015). β  has little effect on the loading slope of the curve, but, as β  increases, its hysteresis loop gradually 
increases, reflecting the Masing effect of the rock under cyclic loading, but the cumulative plastic strain rate is not 
significantly different. 

4 CHARACTERISTICS OF THE IMPROVED ENDOCHRONIC CONSTITUTIVE MODEL 

4.1 Influence of maximum load under cyclic loading 

According to the literature (Momeni et al., 2015; Ma et al., 2013), the stress level of a cyclic load is one of the main 
factors affecting rock deformation in the case of constant amplitude. When the amplitude of the cyclic load is 30 MPa, 
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and the maximum load is set to 50, 60, and 70 MPa, respectively, the stress–strain curve under the cyclic load is shown 
in Fig. 5. Fig. 6 illustrates the changes in the maximum axial strain and residual strain under different maximum load 
stress conditions. As shown in Fig. 5, with an increase in the maximum loading stress, the axial strain and residual strain 
corresponding to the rock both increase, and the deformation of the rock increases rapidly in the first loading cycle and 
slowly in the subsequent loading process. Figs. 6(a) and 6(b) show the effect of the maximum load stress on the maximum 
axial strain and residual strain. With an increase in the maximum load stress, the residual deformation of the rock and 
the maximum axial strain increased approximately linearly. When the maximum load stress increased from 50 to 70 MPa, 
in the last cycle, the maximum axial strain increased from 0.00531 to 0.008435, and the residual strain increased from 
0.004075 to 0.007245. 

 
Figure 5. Stress–strain curves under different maximum stresses 

 
Figure 6. Variation in strain with cycle times under different maximum stresses 

The above phenomenon is described by the rock fracture mechanism in the literature (Momeni et al., 2015); when 
the maximum load stress of rock under a cyclic load increases gradually, the internal cracks expand more easily, and, 
with the formation of cracks, the degree of rock damage increases; therefore, the maximum strain axial strain and 
residual strain of the rock increase with the increase in the maximum load stress. The phenomenon described in the 
numerical simulation results in this study is consistent with the actual deformation phenomenon of rock materials under 
different maximum loadings. 
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4.2 Influence of loading amplitude under cyclic loading 

In the case of a fixed maximum load of 70 MPa, three sets of different amplitude data were selected for experiments 
to analyze the deformation of the rock under different amplitude conditions. The stress–strain curves of the rock under 
different amplitudes are shown in Fig. 7, and the residual strain and maximum axial strain of the rock under different 
load amplitudes are shown in Fig. 8. From the stress–strain diagram and the residual strain diagram, one can observe 
that, as the amplitude increases, the residual strain gradually decreases, and the residual strain is inversely proportional 
to the amplitude, which is consistent with the experimental results in the literature (Wang et al., 2020; Wang, YS et al., 
2016). When the amplitude increased from 30 to 50 MPa, the maximum axial strain in the last cycle increased from 
0.00843 to 0.0091, while the residual strain decreased from 0.00724 to 0.007. 

 
Figure 7. Stress–strain curves under different loading amplitudes 

 
Figure 8. Variation in strain with cycle times under different loading amplitudes 

The influence of loading amplitude on rock deformation can also be explained by the rock fracturing mechanism: 
when the maximum stress is constant, the amplitude increases, and the corresponding minimum loading stress of the 
rock gradually decreases. The cracks in the rock are not easily extended as before, making it difficult to generate new 
cracks (Wang, YS et al., 2016). The expansion of the plastic zone is mainly due to the influence of the maximum load in 
the cyclic load on the rock, and the residual strain is mainly determined by the minimum loading stress. The endochronic 
plastic constitutive model proposed in this study can better reflect the phenomenon in which the residual strain of the 
rock gradually decreases with an increase in the amplitude when the maximum loading stress is fixed. 
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4.3 Influence of confining pressure under cyclic loading 

To fix the maximum loading stress and its amplitude, different degrees of confining pressure were applied to the 
rock to observe the deformation of the rock material. Three different confining pressures of 10, 20, and 30 MPa were 
selected for the experiment. The stress–strain curves are shown in Fig. 9. The maximum axial strain and residual strain 
of the rock under different confining pressures are shown in Fig. 10. As the confining pressure increased, the maximum 
axial strain and residual strain of the rock gradually decreased; in the fifth cycle, the maximum axial strain of the rock 
decreased from 0.004405 with a confining pressure of 10 MPa to 0.003010 with a confining pressure of 30 MPa. 
Moreover, the hysteresis loop in the stress–strain curve decreases gradually, which is consistent with the results in 
reference (Liu and He 2012). 

 
Figure 9. Stress–strain curves under different confining pressures 

 
Figure 10. Variation in strain with cycle times under different confining pressures 

When the rock is subjected to constant-amplitude cyclic loading, the above-mentioned phenomena exhibited at 
different confining pressures can be explained by the failure mechanism of the rock under triaxial compression (Liu and 
He 2012). With the gradual increase in confining pressure, the expansion of internal cracks in the rock is restricted, and 
the compressive strength of the rock increases. Under a constant-amplitude load, the degree of deformation is relatively 
reduced. 
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4.4 Experimental verification of different rock types 

Different rock types were selected for numerical simulation to verify the validity and reliability of the model. 
Experimental data for red sandstone, marble, and basalt from the literature were selected to verify the constitutive 
model (Ge 1987; Ge and Lu 1992; Zhou et al., 2019). Their parameters are listed in Table 2. The upper and lower limit 
stresses for red sandstone are 32 and 12 MPa, respectively; those for marble are 80 and 30 MPa, respectively; and those 
for basalt are 200 and 90 MPa, respectively. According to Fig. 11, one can see that, although three different rocks were 
selected, the endochronic model well reflects the deformation of different rocks under cyclic loading. For different rocks, 
the model transitions smoothly from the elastic stage to the elastoplastic stage. It well simulates the stiffness change of 
the rock during the loading process, and the cumulative plastic strain gradually increases according to the actual 
situation. The deformation of different kinds of rocks in the first cycle of the initial loading stage is shown in Fig. 11. The 
upper limit peak stress of the rock is relatively consistent with the experimental data, and the deformation of the rock 
increases rapidly in the first cycle, gradually diminishing during the subsequent cyclic load loading process. The 
relationship between the maximum axial strain and the number of cycles is shown in Fig. 12. The simulated axial strain 
of red sandstone in the first cycle is 0.003463, whereas the actual axial strain is 0.003772; the simulated axial strain of 
marble is 0.006703, whereas the actual axial strain is 0.006643; and the simulated axial strain of basalt is 0.002307, 
whereas the actual axial strain is 0.002529. The errors between the simulated and actual strain of the three types of 
rocks in the first loading cycle were 8.1%, 0.9%, and 8.7%, respectively, and all these errors were within the acceptable 
range. At the end of the cyclic loading process, the simulation data for the rock gradually coincide with the experimental 
data fitting. The simulated and actual axial strains of the three rocks in the last cycle were 0.006548, 0.009051, and 
0.003501 and 0.006227, 0.009031, 0.003471, respectively, yielding errors of 4.9%, 0.2%, and 0.8%, respectively. 

Table 2. Rock parameters 

Rock type E (Pa) ν u  β iM  iα  

Red stone 9.3×109 0.33 0.29 0.69 2.9×108 2×102 
Marble 29×109 0.29 0.24 0.77 4.6×108 5.2×102 
Basalt 32×109 0.2 0.18 0.85 7.2×108 7×102 

 
Figure 11. Comparison between experimental and simulation stress–strain curves for (a) red sandstone, (b) marble, and (c) basalt 
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Figure 12. Comparison between simulated and experimental maximum strains for (a) red sandstone, (b) marble, and (c) basalt 

Under the action of cyclic loading, the deformation development rate of the rock was relatively fast during the initial 
loading stage and then gradually stabilized. The above simulation results are consistent with the experimental 
phenomenon reported in the literature (Ge and Lu 1992). 

5 CONCLUSION 

The study of the mechanical response and deformation mechanism of rock under cyclic loading is of great 
significance in engineering practice. In this study, we proposed a modified endochronic plasticity theory and numerically 
simulated the deformation of rock samples under cyclic loading. The endochronic plastic constitutive model has been 
used to study the deformation characteristics of rocks under different confining pressures, maximum loads, amplitudes, 
and rock types. The following conclusions can be made: 

The value of β  affected the width of the hysteresis loop, and, as the value of u  decreased, the cumulative plastic 
strain of the curve increased and the plastic modulus decreased. The cumulative plastic strain was inversely proportional 
to u  and directly proportional to the plastic modulus. 

The improved endochronic constitutive model simulation can better simulate the Masing effect and ratchet effect 
of the rock under cyclic loading. 

The modified endochronic plastic theory proposed improves the form of the strengthening function and reduces 
the number of model parameters. The improved constitutive model was verified by experiments on three different 
rocks,and the experimental results prove that the improved endochronic constitutive model can reflect the hysteresis 
curve and cumulative plastic deformation of the rock under cyclic loading. 

The maximum axial strain and residual strain became linear as the maximum loading stress increased. At a fixed 
maximum loading stress but with different stress amplitudes applied, the maximum axial strain is basically unchanged, but 
the residual strain is inversely proportional to the amplitude. When different confining pressures were applied, the 
maximum axial strain was inversely proportional to the confining pressure, and the hysteresis area gradually decreased, but 
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its stiffness increased. The above-mentioned numerical simulation results are consistent with the experimental results, 
indicating that the improved endochronic constitutive model can better reflect the deformation characteristics of rock. 

Author’s Contribuitions: Conceptualization, W Zeng; Methodology, JM Huang and LJ Chen ; Formal analysis, JM Huang 
and X LIU; Validation, JM Huang and SL Hu; Writing – JM Huang,; Writing - review & editing, JM Huang and W Zeng. 
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