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Abstract

To analyze thin and thick plates, the paper presents two rectangular finite elements with high accuracy.
In these elements, the proposed formulations of the displacement field utilize the Bergan-Wang approach,
which depends only on one variable: the plate lateral deflection. This approach ensures that shear-locking
problem will not happen as thickness decreases. The degrees of freedom of the proposed elements are
twenty-four for the first element and it is named BWRE24, while the second one has thirty-six degrees of
freedom and is named BWRE36. To evidence the efficiency of the two elements, a series of numerical
examples for an isotropic plate subjected to various loadings and with different boundary conditions have
been analyzed. Very good results are obtained suffering no numerical difficulties in case of very thin plates.
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1. Introduction

Plates have wide applications in different engineering fields. There are many theories for the analysis of plate
bending problems. The classical plate theory (CPT) based on the assumption that the perpendicular line to the middle
plane of the un-deformed plate remains straight and perpendicular to the deformed mid-surface. The only variable in
CPT is the lateral deflection of the plate middle plane. Because of neglecting the effect of shear deformation, the (CPT)
applies mainly to thin plates [1, 2].

For moderately thick and thick plates with thickness to length ratio over 0.05, it is necessary to take into account the
effect of transverse shear deformations [3]. The mostly used theory in engineering applications is that of Reissner — Mindlin
plate theory. They modified the Kirchhoff's normality assumption by allowing uniform rotation (constant shear- Strain and
stress) for the normal line about the middle surface after deformation [4].

According to Reissner-Mindlin plate theory, There are three independent variables: the lateral deflection w of the
plate middle plane and the two rotations of the normal line to the plate 6, and 6,,. These three variables are governed
by a coupled system of partial differential equations of six order. Therefore, it is necessary to satisfy three boundary
conditions along the edges of a plate while only two boundary conditions are required in the classical plate theory [5-7].

Despite the simple formulation of The Reissner-Mindlin theory, the discretization by means of finite elements based
on standard low-order schemas show an intense lack of convergence when the thickness of the plate is too small
compared with the other dimensions of the plate. This unwanted phenomenon, known as shear locking, can be overcome
by reducing the effect of the shear energy [8, 9].

P.G. Bergan and X. Wang [10] H. Abdalla and K. Hassan [11] have employed an approximation that have led to
general expressions of rotations of the normal as functions of displacement. Therefore, the strain energy is function of
only one variable w. Second, third, and fourth derivatives of this variable appear in the strain energy and consequently,
finite elements of displacement type require polynomials of order larger than or equal to four. We notice that P.G. Bergan
and X. Wang [10] used quadrilateral finite element, which is only complete for a polynomial of degree three.

Liu et al. [12] have also followed the same approximation. They present the formulation and assessment of a
guadrilateral finite element for thin and moderately thick plates (NCQS). The NCQS element appears to be a simple
and consistent 16-degree-of-freedom (DOF) conforming quadrilateral plate-bending element, but also complete for
a third-degree polynomial only.

In this paper, new rectangular finite elements of a complete, forth degree polynomial and fifth degree polynomial
based on Bergan — Wang principal approximation. The elements have been named as BWRE24 and BWRE36 respectively.
We have tested the performance of these elements on different boundary condition of thin and thick plate.

For the reader's convenience, we start by briefly summarizing the theoretical formulation of the strain energy
expression introduced by Bergan-Wang approximation for the case of isotropic material. Followed by the introduced
displacement finite elements with the formulation of corresponding stiffness matrices. Accuracy illustrated on several
numerical examples. Work is in progress to extend the formulation to anisotropic plates.

2. The governing equations of the first order shear plate theory

In  Mindlin-Reissner theory, the normal on the middle un-deformed plane of the plate
may rotate without remaining normal as shown in Fig. 1-a. Therefore, the displacement fields [13] are.

ulx.y.z)=z0,=z (—i—:+yx) (1.a)
v(x.y.z) =260, = z (—Z—;’ + yy) (1.b)
wx.y.z) =w (1.c)

Where, 6, and 6,, are the rotations of the transverse line about x and y-axes, respectively. Moreover, y, and y,, are
the shear strain of the mid-plane of the plate.
The strain deformation vector of the plate due to bending and shear can be written as.

T
{e} = {ex €y Exy Yx Yy}T = {Z aaix z aa_iy z (aa% + %) Yx yJ’} @)
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The stress vector due to bending and shear effects depending on stress-strain relationship in the isotropic
homogenous elastic plate can be written as.

{0} = {0 0 Oxy Txs Ty} = [DI{e} (3)

Where, [D] the flexure bending and shear rigidity of isotropic elastic plate is defined as.

_[[Dy] 07,
[p]= [ 0 [DS]]' @
, 1 v 0
Dl =i | LA b =ckh [g ] ()

In Eq. (5), k is the shear correction factor, which is taken as 5/6 [6], v is the Poisson’s ratio,
E is the Young’s modulus and G is the modulus of rigidity.

By integrating the planar stresses ¢ in Eq. (3) over the thickness of the plate, bending moments and twisting
moment per unit length in Fig.1-b can obtained as

M Oy

90x
Ox
o _ _ER 9y
fh/Z l y‘dz 12(1-v2) ay (6)
Mxy Oxy 0 0 aex 20

+a—x

Moreover, the foundational equations of the shear force per unit length in Fig. 1-b are
h/2 |Txz _ 1 01]Yx
J I h/2 Tsz dz = Gkh [0 1] le (7)

Moreover, according to the principle of virtual work [14], we get:

Lo [M: Z2 65"y + M, ("’ji 2% + Q. (56, + 22) + 0, (56, + "5‘”) 5w P| dx dy -
sﬁre(%n M,, + 66, Mns +6wQ,) +ds=0 (8)

Figure 1. (a) Un-deformed and deformed geometries of an edge of the plate according to Reissner and Mindlin theories. (b) Bending
moments, shear forces and edge forces acting on the plate.
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The governing differential equations of plate can written as

% | Yy

o + E =—P (9.a)
OMy aMxy _
> T = & (9.b)
oMy | My _
> T - Y (9.c)

3. Bergan-Wang energy expression.

Bergan and Wang obtained a mathematical expression for the shear strains in terms of the transverse displacement
only by substituting the shear forces Qy and Q, from Eq. (9.b and 9.c)))))))))))))))) into Eq. (7) the shear strainyx can
written as [12]:

h? [33w 3w a2 1-v) 8?2 1+v) 8%y,
[ Vx +( ) 0%y _I_( ) y]

Ya = 5(1-v) 9x3

x3  Oxdy? dx2 2 0dy? 2 9xdy (10)

A similar expression can be obtained for y,,.

Bergan and Wang assumed that, the shear deformations of the plate y, and y,, can be approximated by piecewise
linear polynomials. This assumption is suitable for finite element technique and leads to the following expressions [10]:

= —p? (63W b ) 11
YX - 0 ax3 6x:3y2 ( 'a)
= —p? (a3w L ) 11.b
Yy = o a3 ayax? el
Where,
2_ _ K
hg = 6k(1-v) (12)

Substituting Eqg. (11.a and 11.b)))))))))), into the expressions for the bending and twisting moments (Eq. (6) and
Eqg. (7)) leads to:

M, Wox + h(z) (W.xxxx + W.xxyy)
MY = [Db] Wyy + h(z) (W.yyyy + W.xxyy) (13)
Mxy ZW.xy + 2h(2) (W.xyyy + W.xxxy)

_h(z) (W.xxx + W.xyy)

—h§ (W-yyy + W-xxy)

QXJ

Q, (14)

= [Ds] [

Finally, the strain energy expression U per unit area, which is the sum of bending energy and shear energy according
to Bergan and Wang approach [10, 11], can be written as:

U=U,+U, (15)

Where,
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[ 2 2
W xx + hO (W.xxxx xxyy W xx + hO (W.xxxx + W.xxyy)
_1 2 2
Ub - E Wyy + ho (W-yyyy xxyy Db Wyy + ho (W-yyyy + W-xxyy) (16)
_2W.xy + 2h§ (W ayyy T xxxy ZW.xy + Zh(z) (W.xyyy + W.xxxy)
[ ;2 2
_1 —h (W W xyy —hy (W-xxx + W-xyy)
U = E ) ) (17)
—h (Wyyy xxy) —hy (W-yyy T Wy

4. Formulation of finite element method.

The basic thought of the present approach in Eq. (16) and Eq. (17) can achieved by using a higher order polynomial
approximation (higher than the third degree) of the displacement field. Therefore, two new rectangular finite elements
of a complete fourth and fifth degree polynomial [15, 16] have used in the following plate bending problems and named
as BWRE24 and BWRE36 respectively.

4.1 Derivation of element transverse displacement function

In both above plate elements, the transverse displacement function w can expressed as generalized displacement
modes

w=w(x.y) = [N]{B;} (18)

The number of terms for polynomial [N] must be equal to the total number of degrees of freedom that each
element has. The transverse displacement coefficients vector {8;} (where, i from 1 to number of degrees of freedom of
one element) can be evaluated by substituting with the local coordinates of each node of the element into the degrees
of freedom mathematical formula {1;}T for each plate element BWRE24 and BWRE36. This leads to a square matrix [C]
of size i X i, consisting of numbers only [17]. Finally, the unknown coefficients vector {f;} can obtained from

{B:3 = [CI7" {¥} (19)
Therefore, the transverse displacement function w can written as
w=w(.y) = [N {#} = [NI[C]"* {y;} (20)

4.2 Derivation of element stiffness matrices and load vector

According to the strain energy expression (Eq. (16), (17)) and the generalized strains in
Eqg. (2), the generalized stiffness matrix of a thick isotropic plate element given by a bending part plus a shear part [18].

[k°] = [kg] + [k¢] (21)
Where,
[k§] = [ [en]"[Dpllen] dA; [kE] = [ [T [Ds]le] dA (22)

The generalized bending strain vector [€,] and shear strain vector [e5] can written according to the approach
presented in Eq. (13, 14)))))))))) and according to the finite element formulation of the transverse displacement function
w in Eq. (20) as
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N.xx + h(z) (N.xxxx + N.xxyy)

[Sp] = N.yy + h(Z) (N.yyyy + N.xxyy) {B:}; [Ssl
2Ny + 20 (Nosyyy + Naxy)

_ _h(z) (N.xxx + N.xyy)

= ; (23)
_htz) (N-yyy +N -xxy) W

Finally, the finite element formulation of the element stiffness matrix is expressed by:
(k5] = {B:3T (Jf[S]"[Dp][Sp] dx dy){B;} (24)
[ke] = {B3T(JS[Ss1T[Ds1ISs] dx dy){Bi} (25)

Similarly, according to the principle of virtual work (Eq. (8)), and the finite element formulation of the transverse
displacement function w (Eq. (20)), the finite element formulation of the element load vector [19] can written as

{F} = — {B3" [, [N]" P(x.y) dx dy (26)

After assembling the elements stiffness matrix and the element force vector to obtain the formation of the overall
plate stiffness matrix [[K] and the resultant systems force vector {IF}, the final equilibrium equation can written as

{F} = [K] {y} (27)

5. The selection of the displacement field.

Consider a rectangular plate of dimensions (a X b) and thickness (h) have been meshed by two models of
rectangular finite element which the origin of its local coordinate system is located at the lower—left node of the element.

5.1 Finite element formulation of BWRE24

The first finite element model, BWRE24 has four nodes and the degrees of freedom at each node are the lateral
deflection w, two rotations 6, and 6,, the two degrees of freedom 4, and (5My which are proportional to the internal

bending moments per unit length M, and M, and finally 5Mxy which is proportional to the internal twisting moment per
unit length M,.,. So, the generalized displacement field at each node (i) of the element can expressed as:

{l/)i}T = {W ex 93’ 6Mx 6My 6Mxy} (28)

( 2 )
Wy — ho (W.xxx + W.XYJ/)
~w, — h§ ((W.yyy + W-yxx))
Woex t h(z) (W.xxxx + W.XXJ’J’)

2
Wyy + ko (W-yyyy + W-xxyy)
2Wy + 2h§ (W_xyyy + W'xxxy)

{wi} = | (29)

Because of the six degrees of freedom at each node, only twenty-four terms of Pascal's triangle are selected [20],
Such that as h2 tends to zero BWRE24 will be as 24-dof displacement type finite element model [20]. Therefore, the
deflection function as a complete polynomial of degree four can expressed as:
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1
xy
x2 xy y?
x3 x%y xy? y3 B
B2
4.3, 2.2 3 4
x* xy 2y xy® y 5,

w(x.y) = (30)

x5 x2y3 X3y2 y5

5.2 Finite element formulation of BWRE36

For the second finite element model, BWRE36 has nine nodes as shown in Fig. 2 and the degrees of freedom at each node
are the lateral deflection w, two rotations 6, and 6,,, and 5Mxy which is proportional to the internal twisting moment per unit

length M,,,. So, the generalized displacement field at each node (i) of the element can be expressed as:

W} = {W O ey 5Mxy} .
w
—W, — h(z) (W.xxx + W-xyy)
W} = —w,, — h§ ((W.yyy + W.yxX)) ”

2W,y + 2h§ (W_xyyy + W'xxxy)

Because of the four degrees of freedom at each node, only thirty-six terms of Pascal's triangle have selected, Such
that as h(z) tends to zero, BWRE36 will be as the finite element model in [16]. Therefore, the deflection function as a
complete polynomial of degree five can expressed as:

1
xy
x? xyy?
x3 x?y xy? y3 B1
x4 x3y xzyz xy3 y4 B
w(x.y) = | x° x*y x3y? x?y3 xy* y® ﬁ:3 (33)
x5y xty? x3y3 x2y* xyS
x5y2 xty3 x3y*t x2y5 3‘36
50,3 2404 3.5
ey 2y
| x5y5
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Figure 2 — BWRE36 rectangular plate element

6. Numerical tests

6.1 Bending of a square plate under uniformly distributed load with various boundary conditions

In order to verify the validity of the two finite element models BWRE24 and BWRE36, four cases of
a thin and moderately thick square plate of side length a = 1 ,having v =0.3, subjected to uniform load of intensity q
have been studied.

6.1.1 The results shown in Table 1 for case of two opposite edges simply supported and the other two edges clamped
SCSC. With an illustration of the geometric shape of deflection and slopes for the plate at a certain case when
h/a=0.1 as shown in Fig.3. And, comparing the plate’s central deflection and slopes results from BWRE24 and
BWRE36 with these results from the Reissner-Mindlin plate theory as shown in Fig.4 and Fig.5

Table 1. The non-dimensional central deflections and bending moments for a uniformly distributed load with two opposite edges
simply supported and the others are clamped SCSC.

Non-dimensional deflection W = ( w(ﬂ)D/qa“)
22

h/a 0.001 0.01 0.05 0.1 0.15 0.2
Reissner theory [21] 0.00192 0.00192 0.00199 0.00220 0.00254 0.00298
Mindlin theory [4] 0.00192 0.00192 0.00199 0.00221 0.00256 0.00302
BWRE36 (16x16) 0.001917 0.001926 0.002038 0.002240 0.002545 0.002981
BWRE24 (32x32) 0.001917 0.001944 0.002113 0.002327 0.002645 0.003139

Thin Plate theory [22]:0.0019171 for uniform load

Non-dimensional bending moment M, = (Mx(ﬂ) /qaz)
2°2

h/a 0.001 0.01 0.05 0.1 0.15 0.2
Reissner theory [21] 0.02439 0.02441 0.02491 0.02638 0.02863 0.03144
Mindlin theory [4] 0.02439 0.02440 0.02476 0.02579 0.02733 0.02921
BWRE24 (32x32) 0.02439 0.02473 0.02610 0.02567 0.02479 0.2448

Thin Plate theory [22]:0.024387 for uniform load
Non-dimensional bending moment IVIy = (My(%_g) /qaz)

h/a 0.001 0.01 0.05 0.1 0.15 0.2
Reissner theory [21] 0.03324 0.03325 0.03343 0.03395 0.03475 0.03579
Mindlin theory [4] 0.03324 0.03325 0.03326 0.03327 0.03321 0.03305
BWRE24 (32x32) 0.03323 0.03374 0.03529 0.03471 0.3373 0.03334

Thin Plate theory [22]:0.03324 for uniform load
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6.1.2 The results shown in Table 2 for case of two opposite edges simply supported and the other two edges free SFSF.
With an illustration of the geometric shape of deflection and slopes for the plate at a certain case when h/a=0.1
as shown in Fig.6. And, comparing the plate’s central deflection and slopes results from BWRE24 and BWRE36 with
these results from the Reissner-Mindlin plate theory as shown in Fig.7 and Fig.8

Table 2. The non-dimensional central deflections and bending moments for a uniformly distributed load with two opposite edges
simply supported and the others are free SFSF.

Non-dimensional deflection W = ( w(ﬂ)D/qa‘*)
22
h/a 0.001 0.01 0.05 0.1 0.15 0.2
Reissner theory [21] - - - 0.01341 0.01379 0.01433
Mindlin theory [4] = = = 0.01346 0.01391 0.01454
BWRE36 (16x16) 0.01309 0.01309 0.01317 0.01344 0.01388 0.01441
BWRE24 (32x32) 0.01309 0.01309 0.01314 0.01350 0.01420 0.01513

Thin Plate theory [22]:0.013093 for uniform load

Non-dimensional bending moment M, = (Mx(ﬂ) /qa2>

22
h/a 0.001 0.01 0.05 0.1 0.15 0.2
Reissner theory [21] 0.1225 0.1225 0.1225 0.1225 0.1227 0.1230
Mindlin theory [4] 0.1225 0.1225 0.1225 0.1225 0.1226 0.1229
BWRE24 (32x32) 0.1225 0.1223 0.1217 0.1224 0.1225 0.1226

Thin Plate theory [22]:0.1225 for uniform load

Non-dimensional bending moment Il_/ly = (My(ﬂ) /qa2>
22

h/a 0.001 0.01 0.05 0.1 0.15 0.2
Reissner theory [21] 0.02704 0.02695 0.02641 0.02561 0.02466 0.02353
Mindlin theory [4] 0.02704 0.02695 0.02641 0.02564 0.02474 0.02372
BWRE24 (32x32) 0.02700 0.02649 0.0250 0.02660 0.02701 0.02703

Thin plate theory [22]: 0.0270 for uniform load
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Figure 8. Comparison between R-M, BWRE24 and BWRE36 in rotations 6, and 6,, of SFSF plate at centroidal axes.

6.1.3 The results shown in Table 3 for case of three edges simply supported and the other edge clamped SCSS. With an
illustration of the geometric shape of deflection and slopes for the plate at a certain case when h/a=0.1 as shown
in Fig.9. And, comparing the plate’s central deflection and slopes results from BWRE24 and BWRE36 with these
results from the Reissner-Mindlin plate theory as shown in Fig.10 and Fig.11

Table 3. The non-dimensional central deflections and bending moments for a uniformly distributed load with two opposite edges
simply supported and the others are clamped SCSS.

Non-dimensional deflection W = ( w(ﬂ)D/qa‘*)
2°2
h/a 0.001 0.01 0.05 0.1 0.15 0.2
R-M theory [23] 0.27835 0.27863 0.28535 0.30574 0.33852 0.38272
BWRE36 (16x16) 0.27857 0.28013 0.29518 0.31496 0.34500 0.38440
BWRE24 (32x32) 0.27856 0.28355 0.30855 0.32561 0.35203 0.39960
Thin Plate theory [22]:0.2786 for uniform load
Non-dimensional bending moment M, = (Mx(gg) /qa2>
22
h/a 0.001 0.01 0.05 0.1 0.15 0.2
BWRE24 (32x32) 0.03916 0.03450 0.04227 0.04123 0.03980 0.03931
Thin Plate theory [22]:0.039 for uniform load
Non-dimensional bending moment IVIy = (My(ﬂ) /qa2>
22
h/a 0.001 0.01 0.05 0.1 0.15 0.2
BWRE24 (32x32) 0.03385 0.03990 0.03674 0.03576 0.03440 0.03397

Thin Plate theory [22]:0.034 for uniform load
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Figure 9. Deflection w and Slopes 6, and 6,, of SCSS plate with h/a=0.1 and b=a
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Figure 10. Comparison between R-M, BWRE24 and BWRE36 in Deflection w of SCSS plate
at midpoint with different h/a ratio.
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Figure 11. Comparison between R-M, BWRE24 and BWRE36 in rotations 6, and 6, of SCSS plate at centroidal axes.
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6.1.4 The results shown in Table 4 for case of three edges simply supported and the other edge free SFSS. With an
illustration of the geometric shape of deflection and slopes for the plate at a certain case when h/a=0.1 as shown
in Fig.12. And, comparing the plate’s central deflection and slopes results from BWRE24 and BWRE36 with these
results from the Reissner-Mindlin plate theory as shown in Fig.13 and Fig.14

Table 4. The non-dimensional central deflections and bending moments for a uniformly distributed load with two opposite edges
simply supported and the others are clamped SFSS.

Non-dimensional deflection W = (w( )D/qa4)

al

h/a 0.001 0.01 0.05 0.1 0.15 0.2
R-M theory [23] 0.01284 0.01287 0.01308 0.01349 0.01407 0.01481
BWRE36 (16x16) 0.01285 0.01292 0.01357 0.01388 0.01432 0.01492
BWRE24 (32x32) 0.01285 0.01312 0.01415 0.01432 0.01448 0.01503

Thin Plate theory [22]: 0.01286 for uniform load

Non-dimensional bending moment M, = (Mx( ) /qaz)

ol
2

h/a 0.001 0.01 0.05 0.1 0.15 0.2
BWRE24 (32x32) 0.00031 0.00076 0.00072 0.00037 0.00085 0.00021

Non-dimensional bending moment IVIy = (M'y(ak) /qa2>
‘2.

h/a 0.001 0.01 0.05 0.1 0.15 0.2
BWRE24 (32x32) 0.1129 0.1139 0.1209 0.1185 0.1146 0.1129
Thin Plate theory [22]: 0.112 for uniform load
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Figure 12. Deflection w and Slopes 6, and 6,, of SFSS plate with h/a=0.1and b=a
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Figure 13. Comparison between R-M, BWRE24 and BWRE36 in Deflection w of SFSS plate
at midpoint with different h/a ratio.
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Figure 14. Comparison between R-M, BWRE24 and BWRE36 in rotations 6, and 6, of SFSS plate about x and y axes that passes
through point (a.g).

6.2 C. Chinosi and C. Lovadina Problem

Both finite element models BWRE24 and BWRE36 have performed on a model problem for which the exact solution
explicitly known [24]. This test consists of a unitary square block [0, 1]?> with clamped boundary conditions on all four
sides and a distributed load q(x. y) given by the following function:

q(x.y) = 12’2’?12) [(12y(y — 1)(5x2 = 5x + 1) (2y2(y — D®)(5¥? — 5y + Dx(x — 1)) + (12x(x — 1)(5y? — 5y +
DEx2(x— 1)+ (y (v — D(Gx% = 5x + 1))] (34)

The exact solution for the displacement, rotations and bending moments have given in [24, 25] as:

w(y) =300 - DA - 1P - 2 3 — D% — DS = 5x + D) + 23 = Dy = DEY? =5y + 1) (35)
Ox(x.y) = x*(2x — D(x = *y3(y - 1)° (36)
6, (x.y) = —y*Q2y - Dy — D*x*(x — 1)° (37)
Me(.y) = (Z25) (70 = 10— 296G = 5x + D) + (WP (- D3y —y)(Sy2 —5y +1)  (38)
My (y) = () (P = 13 =y Gy2 = Sy + D) + (3= D3 —x)(Gx2 = 5x+1)))  (39)
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Mey(.) = My (x.3) = (foms) (2 = D20 — D2y2(y = D22y = 1) (40)

In the following table 5, 6 this plate problem is solved according to Reissner-Mindlin theory and due to Bergan-
Wang approach by the two elements BWRE24 and BWRE36, With an illustration of the geometric shape of deflection
and slopes for the plate at a certain case when h/a=0.1 as shown in Fig. 15. For each study a thin plate with h =0.001 and
a thick plate with h = 0.1 are considered, and comparing the plate’s central deflection and slopes results from BWRE24
and BWRE36 with these results from the Reissner-Mindlin plate theory as shown in Fig. 16 and Fig. 17 In order to test
the performance of each element and investigate the presence of shear locking.

Table 5. The central deflections, rotation and bending moments for a functional distributed load with clamped boundary conditions
on all four sides (h/a = 0.001), E =10.92x 10° and v =0.3

Exact deflection at the midpoint of the plate w5 o 5) =8.138e >

No. of elements 2X2 4xa 8X8 16 X 16 32X 32 40 X 40
R-M theory [23] -4.185e~ -2.430e75 4.943e75 7.306e~> 7.936e7> 8.0124e~>
BWRE24 -1.883e™* -1.956e~° 5.815e7> 7.547¢7> 8.088e~> 8.2211e7>
BWRE36 -2.353¢7> 5.573e7> 7.540e~> 8.026e> 8.0991e~>
Exact slope of the plate at the midpoint (0.5,0.5) 0, = 6, = 0
No. of elements 2X2 4xa 8X8 16 X 16 32X 32 40 X 40
R-M theory[23] 1.058e~22 1.4010e™* 1.067e75 5.907e~> 7.936e7> 8.012¢7>
BWRE24 -1.883e7* -1.956e~° 5.815e7> 7.547¢7> 3.029¢7> 2.431e7°
BWRE36 4.164e™13 1.796e~14 2.307e™ 13 3.837¢713 3.572¢713
Exact internal twisting moment at midpoint of the plate M,;,(0-5.0-5) = 0
No. of elements 2X2 4X4 8X8 16 X 16 32X32 40 X 40
BWRE24 0.0041 0.0011 4.085¢~* 1.331e™* 8.134e7° 8.933e7°
BWRE36 1.280e713 3.635e715 9.412e714 2.217¢ 11 7.037¢712
Exact internal bending moment at midpoint of the plate My, = M, = 0- 0025
No. of elements 2X2 4X4 8X8 16 X 16 32X32 40 X 40
BWRE24 0.0030 1.172e-04 0.00140 0.00180 0.00194 0.001998

Table 6. The central deflections, rotation and bending moments for a functional distributed load with clamped boundary conditions
on all four sides (h/a=0.1), E = 10.92% 103 and v =0.3

Exact deflection at the midpoint of the plate w(g 5 ¢ 5) =9.25e¢7>

No. of elements 2X2 4X4 8X8 16 X 16 32X32 40X 40
R-M theory[23] -4.185e7° -2.552¢7> 5.717¢7> 8.328e7> 9.020e~> 9.104 7>
BWRE24 -2.457e™* -8.717e7° 6.965e~° 9.247e75 9.744e75 9.761e75
BWRE36 -2.723e7° 6.285e75 8.664e~> 9.254e75 9.330e75
Exact slope of the plate at the midpoint (0.5, 0.5) 6, = 0,
No. of elements 2X2 4X4 8X8 16 X 16 32X32 40 X 40
R-M theory[23] 2.504e~* 1.435e~% 1.161e~* 6.415e7> 3.287e75 2.638e7°
BWRE24 2.032¢* 1.932¢~4 1.257e~* 6.562e7° 3.131e7° 2.439¢e75
BWRE36 2.238¢™ 14 1.604e715 2.856e~ 16 4.627e714 4.429¢14
Exact internal twisting moment at midpoint of the plate M,,(0-5.0-5) = 0
No. of elements 2X2 4X4 8X8 16 X 16 32X32 40 X 40
BWRE24 0.0041 0.0011 4.085e~* 1.332e7* 8.134e75 8.9337e75
BWRE36 1.281e™13 3.636e7 15 9.412¢714 2.218e~11 7.037e12
Exact internal bending moment at midpoint of the plate My, = My, = 00025
No. of elements 2X2 4xa 8X8 16 X 16 32X 32 40 X 40
BWRE24 0.0035 3.5242¢™* 0.00150 0.00190 0.001991 0.0020
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Figure 15. Deflection w and slopes 6, and 6, of CCCC plate with h/a=0.1and b=a
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Figure 17. Comparison between R-M, BWRE24 and BWRE36 in rotations 8, and 6, of CCCC plate at centroidal axes.

Latin American Journal of Solids and Structures, 2020, 17(6), €299 16/18



Finite elements for the one variable version of mindlin-reissner plate Kamal Hassan et al.

7. Conclusion

In this paper, the isotropic thick plate-bending problem has been analyzed by using two new elements.
The formulations of these elements is based on a general expression for the strain energy of the plate as a function of
plate deflection only. Therefore, a complete polynomial of fourth degree for the first element (BWRE24) and a complete
polynomial of fifth degree for the second element (BWRE36) have taken in the constructing shape functions for both
elements. It emphasized that the shear-locking problem in the thin plates has been avoided.

According to this hypothesis, the internal displacement fields for both thin and thick plate have calculated under
different loads by using the same three boundary conditions of Mindlin Reissner plate theory. Numerical results show
that the two elements offer good accuracy and convergence rate for both thin and thick plate bending problem. And of
course, using complete polynomial of degree five (BWRE36 element) has a better performance than using complete
polynomial of only degree four (BWRE24).

Applying this approach to orthotropic material and composite material is a relatively easy task. For general domain,
triangular elements such as Bell and Argyris elements [15] are good candidates, one needs to modify them using the
same degrees of freedom as BWRE24.
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