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Abstract 
In the present paper, orthotropic elasto-plastic constitutive formu-
lations for sheet metal forming based on non-associated flow rule 
that assume distortion of yield function/plastic potential with on-
going deformation process are analyzed. The yield function/plastic 
potential are considered as two different functions with functional 
form as orthotropic quadratic Hill or non-quadratic Karafillis-Boyce 
stress function. Based on the principle of plastic work equivalence, 
anisotropy parameters of the utilized yield function/plastic poten-
tial are set as functions of the equivalent plastic strain. In the con-
stitutive formulation, for this internal variable, evolution equation 
consistent with the same principle of plastic work equivalence is 
introduced. For DC06 sheet sample with reported significant varia-
tion of the incremental r-values with straining, predictions of the 
evolution of the yield stress and r-value directional dependences 
with straining obtained by the analyzed models are presented. The 
algorithmic formulations of the analyzed constitutive models are 
derived by application of the implicit return mapping algorithm. 
For the derived stress integration procedures the accuracy is inves-
tigated by calculating iso-error maps. The maps are compared 
according to the flow rule and involved orthotropic stress functions. 
It has been revealed that although there is a difference in maps 
configuration there is no prominent difference in error magnitudes. 
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1 INTRODUCTION 

Sheet metals are produced by complex thermo-mechanical processing routes among which the pro-
duction rolling steps introduce a preferential orientation to the grains called texture. This preferen-
tial orientation results in anisotropic material behavior that is closely related to the formability of 
the material. The finite element codes that are widely used to design sheet forming processes most 
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frequently utilize the phenomenological plasticity constitutive theories that are based on yield sur-
face concept and plastic potential theory. The basis of these phenomenological constitutive models 
are: a yield criterion representing surface that separates the elastic and plastic regions in the stress 
space, a plastic potential whose gradient represents direction of the plastic strain rate and a harden-
ing rule by which evolution of the yield surface is described. 

The simplest and the most utilized approach in phenomenological plasticity theories that are in-
tended for the metallic materials is the concept of isotropic hardening and use of the assumption 
known as associated flow rule or normality condition.  

Associated flow rule assumption implies that the yield function and plastic potential function 
are identical and it is often regarded as the necessary condition for the metal plasticity fundamen-
tals (stability of plastic flow and uniqueness). However, according to some theoretical observations 
(Mroz, 1963; Runesson and Mroz, 1989; Stoughton, 2002; Stoughton and Yoon, 2004, 2006; Cvitanić 
et al., 2008), an appropriate plastic flow description can be achieved by using less restrictive con-
strains over the constitutive equations than the associated flow rule. By non-associated flow rule, 
yielding and plastic flow are described by two different functions. In the last few years, several met-
al plasticity non-associated formulations were developed and this approach became particularly 
engaging in sheet metal plasticity. An acceptable constitutive model for a sheet material based on 
associated flow rule requires a yield function that can simultaneously predict anisotropy of yield 
stresses and anisotropy of plastic flow. Under the assumption of associated flow rule, various aniso-
tropic phenomenological yield functions have been proposed for metallic sheets (Hill, 1948, 1979, 
1990, 1993; Barlat and Lian, 1989; Karafillis and Boyce, 1993; Barlat et al., 1991, 1997, 2003, 2005; 
Banabic et al., 2003, 2005; Aretz, 2005; and others). Anisotropy is introduced into these stress func-
tions by the parameters determined by the data related to the directional dependences of the yield 
stresses and Lankford parameters as well as data related to the biaxial tensile tests. Lankford pa-
rameter, also known as r-value or plastic strain ratio, is used as the measure of plastic flow. It is 
defined as the ratio of the sheet specimen transverse and thickness true plastic strain increments in 
uniaxial tensile testing. According to the standards, r-value is calculated by linear regression of the 
transverse versus longitudinal plastic strain plot between certain limits of the measured strains. 
Hence, it is considered as a constant value. In orthotropic sheet metal models based on non-
associated flow rule, yield function and plastic potential function might have an identical functional 
form but their parameters can be defined by different experimental data. That means that the yield 
function can be adjusted to the yield stresses and the plastic potential can be adjusted to r-values. 
Such formulation can address sufficient number of experimental data and can result in acceptable 
predictions of the uniaxial material behavior even if yield/plastic potential stress functions with a 
low number of anisotropic parameters are utilized (Lademo et al., 1999; Stougthon, 2002; Stoughton 
and Yoon, 2004; Cvitanić et al., 2008; Safaei et al., 2014). 

Isotropic hardening concept implies a proportional expansion of the yield surface with ongoing 
deformation process, without any change of its shape and position. In constitutive formulations 
intended for sheet metals, by application of isotropic hardening and standard calculation procedure 
for r-value, anisotropy parameters are calculated using the initial yield stress ratios and/or constant 
r-values. Such approach results in fixed anisotropy parameters and accordingly any possible distor-
tion of yield function/plastic potential with continuation of the plastic deformation process is ne-
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glected. In addition, uniform size change of the orthotropic yield function in the stress space is con-
trolled by single scalar hardening variable and mostly flow stress curve for the rolling direction is 
adopted as the expansion rule. However, some recent experimental studies report alternation of the 
yield stress ratios and/or instantaneous r-values with evolution of sheet texture during deformation 
process (Zamiri and Pourboghrat, 2007; An et al., 2013; Safaei et al., 2014). Furthermore, numerous 
studies related to the application of the orthotropic plasticity formulations with constant anisotropy 
parameters in predicting complex forming processes indicate that possible model improvements 
could be achieved by incorporating the evolution of yield stress ratios and r-values into the model. 
This is particularly evident in the simulations of the cylindrical cup drawing problem. In this form-
ing process, the plastic anisotropy has important effect on the formation of undulative top edge of 
the finally drawn cup often termed as earing. Numerous phenomenological orthotropic yield func-
tions with constant (fixed) anisotropy parameters under associated or non-associated flow rule have 
been tested in this forming process (Yoon et al., 1998, 1999, 2000, 2004, 2006; Cvitanić et al., 2008; 
Taherizadeh et al., 2010, 2011; Park and Chung, 2012; Safaei et al., 2013; Vrh et al., 2014; and oth-
ers). These extensive numerical studies clearly indicate that the predicted earing trend (location of 
peaks and valleys) is the mirror image of the predicted r-value trend with the respect to the trans-
verse direction, and that the prediction of the earing profile amplitude (the maximum difference in 
cup heights) is correlated to the prediction of the yield stress anisotropy amplitude. Considering 
predictions of the complex phenomenological yield functions that are capable to accurately predict 
directional dependence of the r-values, it can be observed that there is still discrepancy between 
their predictions of earing profile and experimental cup heights. Although the description of the 
material behavior is not the only factor that influences the finite element predictions, due to the 
expressed correlation between predicted r-values and predicted earing profile, it can be concluded 
that reliable material model should take into account not only directional dependences of the uniax-
ial material data determined at the initial yield state or their averaged values but also their possible 
evolution with continuation of the deformation process. That means that the anisotropy parameters 
of the yield function/plastic potential should be altered by a certain measure of plastic flow. 

In this paper, constitutive formulations based on non-associated flow rule and distortional evo-
lution of the orthotropic yield function/plastic potential with ongoing deformation process are con-
sidered. As yield function/plastic potential orthotropic four parametric quadratic stress function 
proposed by Hill (1948) or non-quadratic stress function proposed by Karafillis-Boyce (1993) are 
utilized. Anisotropy parameters of the utilized yield function/plastic potential are set as polynomial 
functions of the equivalent plastic strain and evolution equation for this hardening parameter con-
sistent with the principle of the plastic work equivalence is introduced. Previously developed algo-
rithmic formulations of the evolutionary anisotropic model based on the considered stress functions 
and associated flow rule (Cvitanić et al., 2016) are now extended for the case of non-associated flow 
rule. Considered algorithmic formulations are derived by application of the implicit return mapping 
algorithm. Numerical analysis of accuracy of the proposed stress integration procedures is performed 
and compared according to the flow rule and the functional form of the involved stress functions by 
calculating iso-error maps. The constitutive descriptions are developed and analyzed considering 
experimental data for DC06 steel sheet reported by Safaei et al. (2014).  
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2 EVOLUTIONARY ANISOTROPIC PLASTICITY FORMULATION BASED ON NON-ASSOCIATED 

FLOW RULE 

Assuming isotropic linear elasticity and additive decomposition of the strain tensor increment εd  
into elastic εed  and plastic part ε pd , the stress tensor increment σd  reads 
 

σ ε ε ε: : ( )d d d d= = -e e e pC C  (1)
 

where eC  is the tensor of elastic module. Considering sheet material with anisotropy evolution, the 
yield criterion is stated as follows  
 

σ( , ) ( ) 0p p
yF f e k e= - =  (2)

 

where σ( , )pyf e  is an orthotropic yield function with orthotropic parameters introduced as functions of 

hardening parameter pe  and ( )pk e  is a scalar function representing stress-strain relation for the ref-

erent direction. According to the plastic potential theory, the plastic part of the strain tensor incre-
ment εd p  is proportional to the gradient of the stress function named plastic potential function 
 

σ
ε

σ
( , )ppfd d

e
l
¶

=
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p  (3)

 

where dl  is a non-negative scalar called plastic multiplier or consistency parameter. Considering 

anisotropy evolution, plastic potential σ( , )ppf e  is also introduced as an orthotropic stress function 

with orthotropic parameters stated as functions of the parameter .pe  If the plastic potential and 

yield function are identical σ σ( , ) ( , )p p
p yf fe eº , yielding and plastic flow are described by the same 

function and Eq. (3) becomes the so-called associated flow rule. In the present formulation, the pa-
rameter pe  is considered as equivalent plastic strain that obeys the following form of the principle 
of plastic work equivalence  
 

σ σ ε( , ) :p p
yf d de e = p  (4)

 

If the plastic potential function fulfils identity σ σ σ σ( , ) : ( , ) /p p
p pf fe e= ¶ ¶ , using Eqs. (3) and 

(4), following evolution equation for the parameter pe  is obtained  
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where for the associated flow rule pd de l= . If deformation process is elastic, the incremental 

changes of the internal variables (plastic strain tensor εd p  and parameter pe ) vanish and 0dl = . 

Therefore, for the hardening material the plastic multiplier obeys the complementary conditions 
0, 0, 0d F d Fl l³ £ =  and consistency condition 0d dFl = . 
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3 ANISOTROPIC STRESS FUNCTIONS WITH ANISOTROPY EVOLUTION 

The analyzed constitutive formulations utilize yield function and plastic potential with functional 
form of orthotropic quadratic Hill (1948) stress function or non-quadratic Karafillis-Boyce (1993) 
stress function. In sheet metal forming it is common practice to assume that the sheet is approxi-
mately subjected to plane stress conditions and that material exhibits orthotropic symmetry in plas-
tic properties. Accordingly, the utilized yield functions/plastic potentials are stated as functions of 
in-plane stress components xxs ,

yys  and zzs , where x-axis denotes the original sheet rolling direction 

and y-axis denotes the direction in sheet plane transverse to the rolling direction. The z-axis denotes 
the sheet normal direction.  

The utilized Hill stress function and Karafillis-Boyce stress function inclose four parameters by 
which material plastic anisotropy can be described. Under the associated flow rule, the utilized 
stress function acts as yield function as well as plastic potential, therefore, its anisotropy parameters 
can be adjusted to the yield stresses or experimental data indicating plastic flow. In the non-
associated formulation, anisotropy parameters of the Hill or Karafillis-Boyce yield function are de-
fined in terms of three directional yield stresses obtained in the uniaxial tension of the specimens 
oriented at 0, 45 and 90 to the rolling direction and equibiaxial yield stress. The associated yield 
stresses are denoted as 0s , 45s , 90s  and bs . The anisotropy parameters of the Hill or Karafillis-

Boyce plastic potential are defined in terms of experimental data indicating plastic flow such as 
Lankford parameter that reads 
 

22

33

p

p

d
r
d

e

e
=  (6)

 

where 22
pde  and 33

pde  are width and thickness plastic strain increments, respectively, obtained in 

uniaxial sheet specimen tension. In calculating parameters of the plastic potential, three plastic 
strain ratios obtained in the uniaxial tensions along 0, 45 and 90 to the rolling direction and the 
yield stress for the referent direction 0s  are used. The associated plastic strain ratios are denoted as

0r , 45r  and 90r . 

 
3.1 Hill Stress Function and Karafillis-Boyce Stress Function  

The orthotropic quadratic Hill (1948) stress function is derived as an extension of the isotropic von 
Mises yield function. For plane stress condition Hill stress function can be written in the following 
form  
 

2 2 2
1 2 2 2y xx yy xx yy xy yf l s l s ns s rs s= + - + =  (7)

 

where 1l , 2l ,  n  and r  are anisotropic material parameters that can be adjusted to experimental 

data and ys  is the yield stress for the referent direction. For Hill stress function calculation proce-

dure results in the explicit expressions for anisotropy parameters. The parameters of the Hill stress 
function adjusted to the yield stresses read  
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If the Hill stress function is adjusted to the plastic strain ratios, the calculation procedure re-

sults in following explicit expressions  
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The orthotropic Karafillis-Boyce (1993) stress function is a linear combination of two convex 

non-quadratic functions 
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where c is a weighting parameter and exponent m is an even number. In the above equation, 1s , 2s  

and 3s  are the principal values of the so-called isotropic plasticity equivalent stress tensor. For 

plane stress conditions, these values can be calculated as 
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and 
 

2 1 1 2 1 2
1 2 3

1 1 1
, ,  

2 2 2

a a a a a a
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In Karafillis-Boyce stress function material anisotropy is defined by the parameters C , 1a , 2a  

and 3g . For isotropic material, these parameters have the values 2 / 3C = , 1 2 1a a= =  and 

3 3 / 2g =  and stress components defined by Eq. (12) reduce to the components of the stress devia-

tor tensor. 
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For Karafillis-Boyce stress function, calibration procedure i.e. calculation of anisotropy parame-
ters, leads to the system of non-linear equations that can be solved using a numerical iterative pro-
cedure. 
 
3.2 Evolution of Hill and Karafillis-Boyce Yield Function/Plastic Potential 

In this paper, experimentally determined directional dependences of the uniaxial material properties 
and their evolution with ongoing plastic deformation process for 0.8 mm thick DC06 steel sheet 
reported by Safaei et al. (2014) are used to develop and analyze evolutionary anisotropic constitu-
tive models. The utilized data are related to the uniaxial straining tests of the seven specimens with 
orientations 0°, 15°, 30°, 45°, 60°, 75° and 90° to the rolling direction. The reported data utilized in 
model development are: 1) parameters of the combined Swift-Voce hardening law by which the 
experimental true stress and longitudinal true plastic strain are approximated; 2) parameters of the 
3rd order polynomial fit by which the experimental transverse and longitudinal true plastic strains 
are approximated. In the previous study conducted by the authors (Cvitanić et al., 2016), using 
these data, parameters of the Hill and Karafillis-Boyce yield function/plastic potential are intro-
duced as polynomial functions of the equivalent plastic strain. In the first step, following procedure 
based on the principle of plastic work equivalence presented in Safaei et al. (2014), for each speci-
men orientation yield stresses 

ys  and instantaneous r-values corresponding to the certain amount of 

the equivalent true plastic strain are calculated. In the adopted approach, longitudinal true plastic 
strain in the rolling direction is used as the equivalent true plastic strain. In calculating instantane-
ous r-values incompressibility hypothesis is applied, thus Eq. (6) is considered in the following form 
 

90

90
1

p

p p

d m
r

md d

q q
q

qq q

e

e e
+

+

= - = -
++

 (14)

 

where pd qe  and 90
pd qe +  are the increments of true longitudinal and transverse plastic strains corre-

sponding to the loading direction q  and direction 90q +  , respectively. According to Eq. (14), 
instantaneous r-values corresponding to the certain longitudinal true plastic strain can be calculated 
using the slope mq  of the available 3rd order polynomial fit by which the experimental transverse 

and longitudinal true plastic strains are approximated.  
According to the adopted calculation procedure, yield stresses and r-values corresponding to the 

seven orientations (0°, 15°, 30°, 45°, 60°, 75° and 90°) and amounts of the equivalent plastic strain 
starting from 0.001 to 0.301 at each 0.002 increment are calculated. The calculated yield stress rati-
os (yield stresses normalized with yield stress for the rolling direction) and r-values corresponding to 
the selected values of the equivalent plastic strain are presented in Figure 1 and Figure 2, respec-
tively. From Figure 1 it can be observed that the directional dependence trend of the yield stress 
ratios at the start of plastic deformation process ( 0.001pe = ) is rather distorted with further 
straining. Furthermore, as presented in Figure 2, for the considered material, there is a significant 
decrease of the r-values and certain alternation of the r-value directional dependence with ongoing 
deformation. 
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Figure 1: Yield stress ratio directional dependences corresponding to several values of the equivalent  

plastic strain. Predictions of yield stress ratios obtained by Hill yield function. 

 

 

Figure 2: Lankford parameter directional dependences corresponding to several values of the equivalent  

plastic strain. Predictions of Lankford parameters obtained by Hill plastic potential. 

 
These observations clearly indicate the suitability of the non-associated flow rule approach, by 

which the evolution of yield stress and r-value directional dependences can be independently consid-
ered and described. In Figures 1 and 2, predictions of the yield stress and r-value directional de-
pendences corresponding to the selected equivalent plastic strains obtained by the Hill yield func-
tion/plastic potential are also presented. The predictions of the Karafillis-Boyce yield func-
tion/plastic potential are almost identical to the predictions obtained by the Hill functions and 
therefore they are not separately presented. 

The anisotropy parameters of Hill and Karafillis-Boyce yield functions are calculated using the 

yield stresses corresponding to the orientations 0, 45 and 90 ( 0 45 90, ,s s s ) and assuming that the 
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yield stress at balanced biaxial stress state is the averaged value of the yield stresses corresponding 

to the rolling and transverse direction 0 90( ) / 2bs s s= + . The parameters of the Hill and Karafil-

lis-Boyce plastic potentials are calculated using r-values corresponding to the orientations 0, 45 
and 90 ( 0 45 90, ,r r r ). The parameters of the analyzed Hill and Karafillis-Boyce yield function/plastic 

potential are calculated considering calculated yield stresses and r-values corresponding to the 
equivalent plastic strain values starting from 0.001 to 0.301 at each 0.002 increment. From Figures 
1 and 2, it can be observed that the analyzed yield functions poorly predict the pronounced direc-
tional dependence at the onset of the deformation process while the analyzed plastic potentials re-
sult in good predictions of the r-value directional dependences, particularly for greater strain levels.  

In Figure 3 predictions of yield stress ratios obtained by the models based on the associated 
flow rule and Hill or Karafillis-Boyce stress function are presented. In these models, utilized ortho-
tropic stress function adjusted to r-values acts as plastic potential and as yield function. It can be 
observed that the analyzed associated models fail in predicting directional dependence of the yield 
stress ratios for the considered deformation levels. These results in addition support the use of the 
non-associated flow rule approach coupled with analyzed four parametric stress functions in describ-
ing plastic anisotropy and its evolution for the considered material. 

In order to relate the anisotropy parameters with the equivalent plastic strain, the fourth order 
polynomial fit is used 
 

2 3 4
1 2 3 44( ) ( ) ( ) ( )p p p p pPoly a b b b be e e e e= + ⋅ + + +  (15) 

 

The calculated polynomial parameters for the analyzed yield functions/plastic potentials are ob-
tained using the least square method and are presented in Table 1. Figures 4 and 5 show values of 
each anisotropy parameter corresponding to the selected values of the equivalent plastic strain and 
related polynomial fit. From these figures it can be seen that there is a good correlation between 
adopted fit and plastic potential parameters, while there is a certain discrepancy for yield function 
parameters for the lower plastic levels.  
 
    a)   b) 

 

Figure 3: Yield stress ratio directional dependences predicted by associated model and a) Hill ; b) Karafillis-Boyce  

function adjusted to r-values corresponding to several values of the equivalent plastic strain. 
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 Hill yield function Hill plastic potential function 

 1l  2l  n  r  
1l  2l  n  r  

a 1 0.92024 0.481464 1.429272 1 0.929330 0.67630 1.518681 
b1 0 3.52471 0.827483 4.650582 0 -0.34531 -0.26861 0.211961 
b2 0 -47.34067 -11.21203 -66.5226 0 0.455731 -0.05202 -0.5717 
b3 0 225.4881 53.614063 323.6818 0 -0.15724 -0.00091 -1.00629 
b4 0 -351.6768 -83.80070 -512.050 0 0.219299 0.00151 1.586853 
 Karafillis-Boyce yield function Karafillis-Boyce plastic potential function 

 C 1a  2a  3g  C 1a  2a  3g  

a 0.6664 0.95801 0.9768 1.4632 0.6631 0.97304 0.854890 1.511186 
b1 0.0074 1.84314 1.0031 2.3715 0.0108 -0.12946 0.055896 0.016846 
b2 -0.0871 -24.6067 -13.2496 -33.751 -0.004 0.19650 0.245121 -0.13490 
b3 0.3861 116.8851 62.629 163.903 -0.009 -0.03297 -0.08198 -0.17842 
b4 -0.5770 -182.018 -97.2598 -259.026 0.0066 0.01965 0.038359 0.315813 

Table 1: Parameters of Poly4 fit for Hill and Karafillis-Boyce yield function/plastic potential. 

 
Contours of the analyzed yield functions and plastic potentials in normalized stress space for ze-

ro shear stress corresponding to the selected values of the equivalent plastic strain are presented in 
Figure 6 and Figure 7, respectively. For material that obeys the isotropic hardening concept, yield 
contours that correspond to the different amount of plastic strain should coincide if presented in 
normalized stress space. Considering obtained contours, it can be observed that there is a significant 
discrepancy between initial and subsequent yield contours and notable evolution of plastic potential 
contour particularly for the quadratic potential function. 
 

a) b) 

Figure 4: Poly4 function fit for the anisotropy parameters of a) Hill; b) Karafillis-Boyce yield function. 
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        a)       b) 

  

Figure 5: Poly4 function fit for the anisotropy parameters of a) Hill; b) Karafillis-Boyce plastic potential. 

 

              a)                 b) 

 

Figure 6: Contours of a) Hill; b) Karafillis-Boyce yield function corresponding to 0.001; 0.101; 0.201; 0.301pe = . 

 

               a)                  b) 

 

Figure 7: Contours of a) Hill; b) Karafillis-Boyce plastic potential corresponding to 0.001; 0.101; 0.201; 0.301pe = . 
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4 STRESS INTEGRATION PROCEDURE 

In this section, for the analyzed evolutionary anisotropic plasticity models based on non-associated 

flow rule, computational  procedure  for  calculating  state  variables at time tn+1 ( 1 1, p
n ne+ +σ ) based 

on the known state variables at time tn ( , p
n neσ ) and known increment of total deformation Dε  is 

derived. The derived procedure is based on the implicit return mapping (Simo and Hughes, 1988; 
Yoon et al., 1999; Cvitanić et al., 2008) and presents an extension of the procedure previously de-
rived for evolutionary anisotropic model based on the associated flow rule (Cvitanić et al., 2016).  

By the application of the implicit return mapping procedure, the stress solution is obtained in 
two steps. In the elastic predictor step, the strain increment Dε  is assumed to be elastic and trial 
elastic stress tensor trialσ  is calculated based on the previously converged solution σn 
 

:trial
n= + DeCσ σ ε  (16)

 

If the trial state violates the yield condition, the plastic correction step is performed assuming 
trial state as initial condition. In this step the final stress 1n+σ  is stated as 
 

1 : ( ) :trial
n n+ = + D -D = - De p e pC Cσ σ ε ε σ ε  (17)

 

and evolution equations for the plastic strain tensor and hardening parameter are integrated to 
restore the consistency condition. By application of implicit Euler backward integration procedure 
and assuming non-associated flow rule, increment of plastic strain tensor is approximated as follows 
 

1( ( , ) / )p
p nfl e +D = D ¶ ¶pε σ σ  (18)

 

Consistently, the increment of the hardening parameter defined by Eq. (5) is approximated as 
follows 
 

1( ( , ) / ( , ))p p p
p y nf fe l e e +D = D σ σ  (19)

 

In above approximations, lD  is an incremental consistency parameter that obeys discrete form 
of the complementary conditions 
 

1 1 1 10, ( , ) 0, ( , ) 0p p
n n n nF Fl e l e+ + + +D ³ £ D =σ σ  (20)

 

By using Eqs. (16)-(19), incremental form of the constitutive model can be stated by the follow-
ing system of four non-linear algebraic equations (tensorial and scalar)  
 

1 1 1( , ) 0p p
y n n nf e e r+ +F º +D - =σ  (21)

 

1
1 1( ) : ( ) 0trial

n nl-
+ +º - + D =e

2 C nΦ σ σ  (22)
 

3 1 ( ) 0p p
n nr k e e+F = - + D =  (23)
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4 1 1( , ) ( , ) 0p p p p p
y n n p n nf fe e e e e l+ +F = +D D - +D D =σ σ  (24)

 

where ( , ) /p
pf e= ¶ ¶n σ σ . The solution of above equation system (four unknowns

1 1, , ,pn nr e l+ + D Dσ ) can be obtained using iterative Newton-Raphson procedure. At each iteration, 

denoted as k, above four equations are linearized around the current values of state variables to obtain  
 

( )( ) ( ) ( ) ( ) ( )
1 : ( / ) 0

p kk k k p k k
yf e d e rF + D + ¶ ¶ D -D =m σ  (25)

 

( )( ) 1 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 ( ) : ( / ) : ( / ) 0

p p kk k k k k k k k kl l e d e d l-+ D +D ¶ ¶ D +D ¶ ¶ D + D =e
C n n nΦ σ σ σ  (26)

 

( )( ) ( ) ( )
3 ( / ) 0

p kk k p kd dr k e d eF + D - D =  (27)
 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )
4

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

: ( / )

: ( / ) 0

p k p k p k p kk k k p k k
y y

k p kk k k p k k k
p p

f f

f f

e e e d e d e

l l e d e d l

F + D D + D ¶ ¶ D + D

-D D -D ¶ ¶ D - D =

m

n

σ

σ
 (28) 

 

where ( , ) /p
yf e= ¶ ¶m σ σ . By solving above linearized system, explicit expressions for the incre-

ments of state variables are obtained 
 

( ) ( ) ( ) ( )( ) ( ) 1 ( ) ( ) 1 ( ) ( )
1 2 3 4( )

( )( ) ( )
( ) ( ) 1 ( ) ( ) ( ) ( ) 1 ( )

: ( ) : : ( ) : ( / )

: ( ) : : ( ) :

k k k kk k k k k k
pp k

kk k
y k k k k k k k

p p p

f

fd
R

d

d e
k

l
e e e

- -

- -

F - + F - F
D =

æ öæ ö ÷ç ¶æ ö æ ö¶÷÷çç ÷ ÷ç ç÷÷ç- + + Dç ÷ ÷ç ÷ ç÷÷ ÷çç ÷÷÷ ÷ç ç÷çè ø è øç ÷¶ ¶è ø ÷çè ø

m M m M n

n
m M n m M

Φ
 

(29)

 

σ Φ-D = - F + + + D ¶ ¶ D( ) ( )( ) ( ) 1 ( ) ( ) ( ) ( ) ( ) ( ) ( )
4 2( ) : ( ( / ) ( ( / ) ) )k kk k k k k k k p k p k

pf R l e d eM n n n  (30) 
 

( )( ) ( ) ( ) ( ) ( ) ( ) ( )
4(1 / ) : ( / )kk k k k k k p k

p pf f Rd l d eD = D + F + DG σ  (31)
 

( )( ) ( ) ( )
3 ( / )kk p k p kd dr k e d eD = -F + D  (32)

 

where 
 

( ) 1 ( ) ( )( ) ( / )k k kl-= + D ¶ ¶eC C n σ ,    ( ) ( ) ( ) ( ) ( )k p k k k ke l= D - DG m n , 
( ) ( ) ( ) ( ) ( )/k k k k k

pf= Ä +M n G C , 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( / ) ( ( / ) ( / ) ) /k k k p k p k k p k k
y p y p pR f f f f fe e l e= + D ¶ ¶ -D ¶ ¶ . 

 

Finally, updated state variables for non-associated formulation are defined as 
 

( 1) ( ) ( )

( 1) ( 1) ( 1)

k k kp p p

n n n

e e d e
r r r

l l d l

+

+ + +

ì ü ì ü ì üï ï ï ï ï ïD D Dï ï ï ï ï ïï ï ï ï ï ïï ï ï ï ï ïDï ï ï ï ï ïï ï ï ï ï ï= +í ý í ý í ýï ï ï ï ï ïDï ï ï ï ï ïï ï ï ï ï ïï ï ï ï ï ïD D Dï ï ï ï ï ïï ï ï ï ï ïî þ î þ î þ

σ σ σ
 (33)
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If the associated flow rule is assumed, according to Eq. (19) pe lD = D holds and integration 

scheme proposed by Cvitanić et al. (2016) is reproduced. On the other hand, if anisotropy evolution 
is neglected orthotropic parameters of yield function/plastic potential are not altered by hardening 
parameter and integration scheme conform the one developed by Cvitanić et al. (2008). 
 
5 NUMERICAL ANALYSIS OF ACCURACY. ISO-ERROR MAPS 

In order to estimate the accuracy of the proposed algorithm based on non-associated flow rule and 
distortional evolution of the yield function and the plastic potential function, iso-error maps (Simo 
and Hughes, 1988) are calculated. The iso-error maps are generally accepted as an effective and 
reliable tool for assessing the accuracy of the constitutive integration algorithms under realistic 
strain steps. For two-dimensional implementation of the developed algorithms, iso-error maps are 
generated following known procedure. For the selected stress point on the yield surface sequence of 
two- component strain increments is applied and for each strain increment numerical solution is 
obtained according to the tested algorithm. The solution obtained by the same algorithm by divid-
ing the considered strain increment into large number of sub-increments of the same size is adopted 
as exact solution. Furthermore, for each considered strain increment, based on the obtained numeri-
cal and exact solution, the error is calculated as the percentage of the relative root mean square of 
errors between the computed stress tensor σ  and exact stress tensor *σ . This error measure is 
defined as  
 

( ) : ( )
(%) 100

:
d

* *

* *

- -
= ⋅

σ σ σ σ
σ σ

 (34)

 
Finally, for the considered stress point iso-error map is drawn as the contour plot of the error 

field presented over the two-component strain space. By inspection of these plots obtained for the 
representative stress points, dependence of the algorithm accuracy on the strain increment size can 
be assessed.  

For the analyzed formulations, iso-error maps are calculated at three representative stress 
points on the yield surface: A-uniaxial, B-balanced biaxial and C- pure shear as shown in Figure 8.  
 

 

Figure 8: Plane stress yield surface and points A, B and C for iso-error maps. 
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The strain increments along sheet rolling and transverse direction ranging from zero to six times 
of the yield strain 

ye  are applied to the considered stress points. The calculations are performed 

assuming 0xyeD =  thus 0xys =  applies. As the exact solution, the stresses obtained by 100 sub-

steps of each strain increment are utilized for the Hill formulations. For the Karafillis-Boyce formu-
lations solutions obtained by 50 sub-steps are adopted. 

In the tested algorithms, the polynomial relations for the anisotropic parameters of the Hill 
stress functions and Karafillis-Boyce stress functions corresponding to DC06 steel sheet that are 
presented in Section 3 are utilized. Furthermore, combined Swift-Voce stress-strain relation for the 
rolling direction reported by Safaei et al. (2014) for the considered material is used to govern the 
yield surface expansion  
 

0( ) ( ( ) ) (1 )( (1 ))
pp p p n bc k c R Q e ek e e e -¢ ¢= + + - + -  (35) 

 

where 00.848; 539.542; 0.012; 0.326; 29.247; 557.223; 34.822pc k n R Q be¢ = = = = = = = . For the 

elastic constants, Young’s modulus 200 GPaE =  and Poisson’s coefficient 0.3n =  are utilized.  

Figures 9 and 10 show calculated iso-error maps for three representative stress points obtained 
by the Hill and Karafillis-Boyce formulations, respectively. Calculated iso-error maps are compared 
to the maps obtained by the algorithm based on associated flow rule and distortional hardening 
concept coupled with the yield function adjusted to r-values (Cvitanić et al., 2016). For the ana-
lyzed formulations, the magnitudes of errors are comparable to the results reported in literature 
obtained by the associated/non-associated formulations based on the utilized orthotropic stress 
functions and isotropic hardening concept (Cvitanić et al. 2008). Commonly, considering points B 
and C, for the isotropic formulations the exact solutions are obtained for the loading directed along 
the yield surface symmetry axis. As shown in Figures 9 and 10, considering these points, for the 
analyzed orthotropic formulations the axes of exact solution are shifted to the stress symmetry axes. 
From the comparison of the iso-error maps for different stress points, it can be seen that the errors 
are relatively smaller for the balanced biaxial stress state for all analyzed formulations. Considering 
different flow rule approach, for the Hill formulations there is no significant difference between iso-
error maps obtained by the associated or non-associated flow rule. For the Karafillis-Boyce formula-
tions, the errors are relatively smaller if associated flow rule is utilized. Furthermore, from the com-
parison of the iso-error maps for different orthotropic stress functions it can be seen that although 
there is a difference in maps configuration there is no prominent difference in error magnitudes. 
Finally, it can be stated that for the analyzed formulations, a reduction in error magnitude can be 
expected when the strain size increment is reduced. 
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a) b) c) 

 
d) e) f) 

 

Figure 9: Iso-error maps based on Hill associated formulation for points: a) A; b) B; c) C  

and on Hill non-associated formulation for points: d) A; e) B; f) C. 

 
a) b) c) 

 
d) e) f) 

 

Figure 10: Iso-error maps based on Karafillis-Boyce associated formulation for points: a) A; b) B; c) C  

and on Karafillis-Boyce non-associated formulation for points: d) A; e) B; f) C. 
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6 CONCLUSIONS 

In the present paper, constitutive formulations for sheet metal forming based on non-associated flow 
rule that enable distortion of the yield function/plastic potential with on-going deformation process 
are analyzed. The formulations are developed considering evolution of the yield stress ratios and r-
values with straining obtained in uniaxial tensile tests for DC06 steel sheet samples with different 
alignment to the rolling direction. As yield function/plastic potential, simple orthotropic quadratic 
Hill (1948) or non-quadratic Karafillis-Boyce (1993) stress functions are utilized. According to the 
non-associated flow rule approach, the anisotropy parameters of the yield function are adjusted to 
the data related to the evolution of the yield stress ratios while the anisotropy parameters of the 
plastic potential are adjusted to the data related to evolution of the r-values. Considering these 
yield stress ratio and r-value evolutions, based on the principle of the plastic work equivalence, the 
anisotropy parameters of the utilized stress functions are set as 4th order polynomial functions of the 
equivalent plastic strain. For the considered DC06 sheet sample, the analyzed non-associated formu-
lations result in acceptable predictions of the yield stress and r-value directional dependences and 
their evolutions with on-going deformation. Besides, considering yield function/plastic potential 
contours, evolution of the plastic potential is more pronounced especially for the quadratic plastic 
potential function. Therefore, for the considered material, the presented results clearly indicate ad-
vantage of the non-associated over the associated flow rule approach. Furthermore, in the constitu-
tive formulation, for the equivalent plastic strain as the internal variable that governs the evolution 
of the yield function/plastic potential, evolution equation consistent with the same principle of plas-
tic work equivalence is utilized.  

In the present paper, the algorithmic formulations of the analyzed non-associated constitutive 
descriptions with yield function/plastic potential evolution are developed based on the implicit Eu-
ler backward integration procedure. Application of this procedure results in the system of four non-
linear algebraic equations (tensorial and scalar) that present incremental form of the constitutive 
equations. For the obtained system, the solution procedure based on the iterative Newton-Raphson 
procedure is developed. Considering data for DC06 sheet sample, accuracy of the derived stress 
integration procedures has been estimated by calculating iso-error maps for three representative 
stress points. For the analyzed non-associated formulations with yield function/plastic potential 
evolution, the error magnitudes are comparable to the error magnitudes obtained for the associat-
ed/non-associated formulations based on the same orthotropic stress functions and the isotropic 
hardening concept. It has been revealed that although there is a difference in maps configuration 
there is no considerable difference in error magnitudes for the formulations based on the different 
flow rule approach and the quadratic or the non-quadratic stress function. Furthermore, based on 
the obtained results it can be stated that for the analyzed formulations, a reduction of error magni-
tude can be expected when the strain size increment is reduced. 
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