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Free	vibration	analysis	and	design	optimization	of	SMA/Graph‐
ite/Epoxy	composite	shells	in	thermal	environments	

	

Abstract	
Composite	shells,	which	are	being	widely	used	in	engineering	applications,	
are	often	under	thermal	loads.	Thermal	loads	usually	bring	thermal	stresses	
in	the	structure	which	can	significantly	affect	its	static	and	dynamic	behav‐
iors.	 One	 of	 the	 possible	 solutions	 for	 this	 matter	 is	 embedding	 Shape	
Memory	Alloy	ሺSMAሻ	wires	into	the	structure.	In	the	present	study,	thermal	
buckling	and	free	vibration	of	laminated	composite	cylindrical	shells	rein‐
forced	by	SMA	wires	are	analyzed.	Brinson	model	is	implemented	to	predict	
the	thermo‐mechanical	behavior	of	SMA	wires.	The	natural	frequencies	and	
buckling	temperatures	of	the	structure	are	obtained	by	employing	General‐
ized	Differential	Quadrature	ሺGDQሻ	method.	GDQ	 is	a	powerful	numerical	
approach	 which	 can	 solve	 partial	 differential	 equations.	 A	 comparative	
study	is	carried	out	to	show	the	accuracy	and	efficiency	of	the	applied	nu‐
merical	method	for	both	free	vibration	and	buckling	analysis	of	composite	
shells	in	thermal	environment.	A	parametric	study	is	also	provided	to	indi‐
cate	the	effects	of	like	SMA	volume	fraction,	dependency	of	material	proper‐
ties	on	temperature,	lay‐up	orientation,	and	pre‐strain	of	SMA	wires	on	the	
natural	frequency	and	buckling	of	Shape	Memory	Alloy	Hybrid	Composite	
ሺSMAHCሻ	cylindrical	shells.	Results	represent	the	fact	that	SMAs	can	play	a	
significant	role	in	thermal	vibration	of	composite	shells.	The	second	goal	of	
present	work	is	optimization	of	SMAHC	cylindrical	shells	in	order	to	maxim‐
ize	the	fundamental	frequency	parameter	at	a	certain	temperature.	To	this	
end,	an	eight‐layer	composite	shell	with	four	SMA‐reinforced	layers	is	con‐
sidered	for	optimization.	The	primary	optimization	variables	are	the	values	
of	SMA	angles	in	the	four	layers.	Since	the	optimization	process	is	compli‐
cated	and	time	consuming,	Genetic	Algorithm	ሺGAሻ	is	performed	to	obtain	
the	orientations	of	 SMA	 layers	 to	maximize	 the	 first	natural	 frequency	of	
structure.	The	optimization	results	show	that	using	an	optimum	stacking	se‐
quence	 for	 SMAHC	 shells	 can	 increase	 the	 fundamental	 frequency	 of	 the	
structure	by	a	considerable	amount.	
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Nomenclature

A 	 Extensional	stiffness	coefficient	  Total	martensite	volume	fractions	

B 	
Extension‐bending	coupling	coefficient	

s Stress	induced	martensite	volume	fraction	

D 	
Bending	stiffness	coefficient	

0s
Initial	stress	induced	martensite	volume	frac‐

tion

11E 	
Young	modulus	in	1	direction	

T
Temperature	induced	martensite	volume	frac‐

tion

22E 	
Young	modulus	in	2	direction	

0T
Initial	temperature	induced	martensite	volume	

fraction

12G 	
Shear	modulus	of	composite	

rQ Recovery	stress	obtained	through	SMA	activa‐
tion

sE 	
Young	modulus	of	SMA	fiber	  Strain	of	SMA	fibers	

mE 	
Young	modulus	of	matrix	 M Moment	resultant	

0T 	
Reference	temperature	 N Force resultant	

12 	
Poisson	ratio	

ijQ Reduced	stiffness	matrix	

11 	
Thermal	expansion	coefficient	in	1	direc‐

tion	
, θx Cylinder	co‐ordinates	in	 , θx 	direction	

22 	
Thermal	expansion	coefficient	in	2	direc‐

tion	 x Stress	in	xdirection	

L 	
Length	of	the	cylindrical	shell	

 Stress	in	θ direction	

R 	
Radius	of	the	cylindrical	shell	

x Shear	stress	in	x‐θ direction	

h 	
Total	thickness	of	the	cylindrical	shell	

xe Stain	in	x	direction	

sV 	
volume	fraction	of	the	SMA	fiber	 e

Strain	in	θ direction	

0 	
Pre‐strain	of	SMA	fibers	

xe
Shear	strain	in	x‐Ɵ	direction	

AE 	
Austenite	Young	modulus	 u Displacement	in	xdirection	

ME 	
Martensite	Young	modulus	 v Displacement	in	θ direction	

 	 Thermo‐elastic	parameter	of	SMA	fiber	 w Displacement	in	 z direction	

fM 	
Martensite	finish	temperature	

t
Total	density	of	SMA/Graphite/Epoxy	compo‐

site	shell

sM 	
Martensite	start	temperature	

xQ Shear	force	in x direction	

sA 	
Austenite	start	temperature	 Q

Shear	force	in	θ direction	

fA 	 Austenite	finish	temperature	 αx Thermal	expansion	coefficient	in	x	direction	

MC 	
Stress	influence	coefficient	 αƟ Thermal	expansion	coefficient	in	θ 	direction	

AC 	
Stress	influence	coefficient	 rN

Force	resultant	of	SMA	fibers	

s 	
Poisson	ratio	of	SMA	fibers	 TN

Force	resultant	of	temperature	

0 	
Initial	stress	of	SMA	fibers	 rM

Moment	resultant	of	SMA	fibers	

L 	
Maximum	residual	strain	of	SMA	fibers	 TM

Moment	resultant	of	temperature	

s 	
Thermal	expansion	coefficient	of	SMA	fi‐

bers	
n
ijC weighting	coefficients	

sG 	
Shear	modulus	of	SMA	fiber	
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1.	INTRODUCTION	

SMAs	are	a	class	of	new	smart	materials	that	have	been	receiving	increased	attention	due	to	their	two	unique	
thermo‐mechanical	characteristics,	Shape	Memory	Effect	ሺSMEሻ	and	Pseudo‐Elasticity	ሺPEሻ.	SME	refers	to	the	ma‐
terial	ability	to	recover	cold‐forged	permanent	large	strains	ሺup	to	10%ሻ	upon	a	mild	increase	in	material	temper‐
ature.	These	permanent	strains	can	also	be	recovered	by	loading	in	opposite	direction	of	inelastic	strain	which	is	
called	ferro‐elasticity.	At	high	temperatures,	SMAs	behave	pseudo‐elasticity	and	can	recover	large	strains	during	
mechanical	 loading‐unloading	patterns.	This	property	of	SMAs	produces	a	hysteretic	 loop	that	 is	responsible	of	
energy‐dissipation.	The	unique	properties	of	SMAs	lie	in	the	phase	transition	between	martensite	and	austenite.	
Setting	SMA	components	in	the	form	of	wires	into	composite	laminates	can	control	the	static	and	dynamic	structural	
response.	That	 is	why	some	researchers	have	been	motivated	 to	analyze	 thermo‐mechanical	behavior	of	 smart	
structures	with	SMA	components,	experimentally	or/and	numerically.	Birman	ሺ1997ሻ	studied	the	stability	loss	phe‐
nomenon	in	a	simply‐supported	rectangular	plates	embedded	with	SMA	fibers	subjected	to	uni‐axial	loading.	As	
concluded,	non‐uniform	distribution	of	fibers	through	the	width	is	more	influential	than	the	conventional	uniform	
fiber	dispersion.	To	examine	the	influence	of	SMA	fibers	on	the	stability	characteristics	of	SMAHC	plates,	a	series	of	
experimental	studies	were	carried	out	by	Thompson	and	Loughlan	ሺ2001ሻ	and	Loughlan	et	al.	ሺ2002ሻ.	Results	of	
these	studies	accept	the	high	influence	of	SMA	fibers	on	the	buckling	delay	and	alleviation	of	post‐buckling	deflec‐
tions	of	SMAHC	plates.	Roh	et	al.	ሺ2004ሻ	analyzed	thermal	post‐buckling	of	SMA	composite	shell	panels	by	using	
the	finite	element	method	formulated	on	the	basis	of	the	layer‐wise	theory	and	Brinson	model.	They	showed	that	
embedding	SMA	wires	in	the	composite	shell	panel	could	prevent	the	snapping	phenomenon	that	is	one	of	the	un‐
stable	 post‐buckling	 behaviors.	 Using	 Galerkin	 approximate,	 harmonic	 balance	 method	 and	 Brinson	 model,	
Yongsheng	and	Shuangshuang	ሺ2007ሻ	examined	large	amplitude	flexural	vibration	of	the	orthotropic	composite	
plate	with	embedded	SMA	wires.	Kuo	et	al.	ሺ2009ሻ	employed	experimental	data	from	the	SMA	curves	and	investi‐
gated	buckling	of	SMA	reinforced	composite	laminates	using	finite	element	method.	Li	et	al	ሺ2010ሻ	analyzed	free	
vibration	of	thermally	per/post‐buckled	circular	thin	plates	with	embedded	SMA	fibers	based	on	Brinson	model	
and	by	using	shooting	method.	Mirzaeifar	et	al	ሺ2011ሻ	presented	a	semi	analytical	analysis	of	thick‐walled	SMA	
cylinder	under	internal	pressure.	Free	vibration	analysis	of	buckled	SMA	reinforced	cross‐ply	and	angle‐ply	plates	
was	performed	by	Shiau	et	al.	ሺ2011ሻ.	They	investigated	the	effects	of	SMAs	on	the	vibrational	behavior	of	structure	
by	varying	the	SMA	fiber	spacing.	Using	FEM	and	Brinson	model,	Khalili	et	al.	ሺ2013ሻ	analyzed	geometrically	non‐
linear	dynamic	response	of	flexible	sandwich	beams	with	pseudo‐elastic	SMAHC	face	sheets.	Asadi	et	al.	ሺ2013aሻ	
examined	the	nonlinear	free	vibration	of	SMA	composite	beams	in	thermally	pre/post‐buckled	domains	based	on	
first‐order	shear	deformation	theory	and	Brinson	model.	Also	Asadi	et	al.	ሺ2013bሻ		presented	an	exact	closed‐form	
solution	for	buckling	temperature,	post‐buckling	deformation	and	temperature‐deformation	equilibrium	path	of	
symmetric	and	asymmetric	simply	supported	SMAHC	beams	under	uniform	temperature	rise.	Recently,	Thermal	
bifurcation	behavior	of	cross‐ply	laminated	composite	cylindrical	shells	embedded	with	SMA	fibers	was	analyzed	
by	Asadi	et	al.	ሺ2015ሻ.	Properties	of	the	constituents	were	assumed	to	be	temperature‐dependent.	Donnell’s	kine‐
matic	assumptions	accompanied	with	the	von‐Karman	type	of	geometrical	non‐linearity	were	used	to	derive	the	
governing	equations	of	the	shell.	Also,	one‐dimensional	constitutive	law	of	Brinson	was	implemented	to	predict	the	
behavior	of	SMA	fibers	through	the	heating	process.	Forouzesh	and	Jafari	ሺ2015ሻ	investigated	the	radial	vibrations	
of	SMAHC	cylindrical	shells	under	harmonic	internal	pressure	based	on	Donnell‐type	classical	shell	theory.	They	
used	 Boyd–Lagoudas	model	 to	 simulate	 the	 non‐linear	 thermo‐mechanical	 behavior	 of	 SMA	 fibers	 and	 imple‐
mented	GDQ	method	and	Newmark	approach	for	the	analysis.	Nonlinear	free	vibration	of	thermally	buckled	SMAHC	
sandwich	plate	was	examined	by	Samadpour	et	al.	ሺ2015ሻ	based	on	shear	deformation	plate	theories.	They	showed	
that	SMA	fibers	can	significantly	affect	the	natural	frequency	and	post‐buckling	deflection	of	sandwich	plates.	Using	
the	mixed	LW	ሺlayer‐wiseሻ/ESL	ሺequivalent	single	layerሻ	models,	Botshekanan	Botshekanan	Dehkordi	et	al.	ሺ2016ሻ	
studied	nonlinear	dynamic	analysis	of	sandwich	plate	with	flexible	core	and	SMAHC	face	sheets.	Brinson	model	was	
implemented	to	predict	the	thermo‐mechanical	behavior	of	SMA	fibers.	The	effect	of	volume	fraction	and	location	
of	SMAs,	the	thickness	of	face	sheets,	plate	aspect	ratio,	and	boundary	conditions	on	dynamic	of	structure	were	
examined.	Recently,	Parhi	and	Singh	ሺ2016ሻ	presented	nonlinear	free	vibration	analysis	of	SMAHC	spherical	and	
cylindrical	composite	shell	panels.	The	governing	equations	were	derived	based	on	higher‐order	shear	deformation	
plate	theory	and	using	nonlinear	von‐	Karman	strain	displacement	relations,	and	were	solved	by	applying	nine‐
nodded	isoperimetric	element.	The	influence	of	pre‐strain	of	SMAs,	volume	fraction	of	SMAs,	temperature,	and	cur‐
vature	on	the	linear	and	non‐linear	frequency	of	structure	were	discussed	in	details.	

As	can	be	found	from	the	literature	survey,	although	worthwhile	researches	have	been	dedicated	to	analyze	
composite	structures	reinforced	by	SMA	wires,	a	few	works	have	been	devoted	to	study	optimization	of	SMAHC	
structures.	Optimization	of	SMAHC	plates	with	cross‐ply	lay‐up	subjected	to	low‐velocity	impact	was	performed	by	
Birman	et	al.	ሺ1996ሻ.	The	variations	of	volume	fractions	of	SMA	fibers	in	each	direction	subject	to	a	constraint	on	
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the	total	volume	fraction	of	the	SMAs	were	considered	for	the	optimization	problem.	It	was	shown	that	using	opti‐
mum	SMA	in	the	plate	significantly	reduces	deflections	and	stresses.	Recently,	Kamarian	and	Shakeri	ሺ2017ሻ	opti‐
mized	SMAHC	skew	plates	with	respect	to	thermal	buckling.	They	used	a	meta	heuristic	algorithm	called	Firefly	
Algorithm	ሺFAሻ	for	stacking	sequence	optimization	of	the	plate	in	order	to	maximize	the	critical	buckling	tempera‐
ture.	It	was	found	that	optimization	of	orientation	of	SMA	wires	can	improve	the	buckling	temperature	of	composite	
structures	by	a	considerable	amount.	

To	the	best	of	the	authors'	knowledge,	there	is	no	published	work	on	the	optimization	of	cylindrical	shells	with	
SMA	wires.	Thus,	in	the	present	work,	analysis	and	optimization	of	SMAHC	cylindrical	shells	are	presented.	In	the	
first	part	of	results,	free	vibration	and	buckling	analysis	of	cylindrical	shells	under	thermal	environments	are	stud‐
ied.	The	effect	of	some	parameters	like	volume	fraction	of	SMAs,	pre‐strain	of	SMAs,	and	temperature‐dependency	
of	materials	on	the	behavior	of	structure	are	examined.	GDQ	method,	which	is	an	efficient	numerical	method	for	
problems	with	partial	differential	equations,	is	employed	to	discretize	the	governing	equations	and	solve	the	Eigen	
value	problems	in	order	to	obtain	the	natural	frequencies	and	critical	buckling	temperatures.	Then,	in	the	second	
part	of	present	work,	stacking	sequence	optimization	of	cylindrical	shells	reinforced	by	SMA	wires	is	presented	in	
order	to	have	the	maximum	natural	frequency	of	structure	at	a	certain	temperature.	To	this	end,	since	the	problem	
cannot	be	computed	analytically	and	the	process	takes	too	much	time,	GA	is	employed	to	predict	the	best	solutions.	
GA	is	one	of	the	most	approved	heuristic	methods	for	optimization	problems	and	has	been	successfully	applied	in	
for	various	objective	functions	in	composite	structures,	such	as	buckling	loads,	weight,	fundamental	frequencies,	
deflection,	etc.	ሺWu	et	al.	ሺ2012ሻ,	Sliseris	and	Rocens	ሺ2013ሻ,	Le‐Manh,	and	Lee	ሺ2014ሻ,	An	et	al	ሺ2015ሻ,	Xu	et	al.	
ሺ2015ሻ,	Vosoughi	et	al.	ሺ2016ሻ,	Mashrouteh	et	al.	ሺ2017ሻ,	Ou	and	Mak	ሺ2017ሻሻ.	

2.	Equilibrium	equations	

Here,	the	recovery	stress	of	SMA	wires	is	calculated	based	on	the	simplified	form	of	the	Brinson	model	ሺBrinson	
and	Huang,	1996ሻ	in	which	the	martensite	volume	fraction	ξ		is	separated	into	the	stress‐induced	ξs		and	the	tem‐
perature‐induced	components	ξT		as	equations	ሺ1	and	2ሻ.	

s T    	 ሺ1ሻ	

( )( )s L sE T         	 ሺ2ሻ	

where	ξ	denotes	the	maximum	residual	strain	and	the	Young’s	modulus	is	expressed	based	on	the	Reuss	model	as	
ሺAuricchio	and	Sacco,	1997ሻ	

( )
1 ( 1)

A
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M

E
E

E
E





 

	 ሺ3ሻ	

In	equation	ሺ3ሻ,	EA	and	EM	represents	Young’s	modulus	of	the	SMA	in	the	pure	austenite	and	the	pure	marten‐
site	phases,	respectively.	According	to	ሺBrinson,	1993ሻ,	the	martensite	fractions	during	heating	stage	when	T൐As	
and	CAሺT‐Afሻ൏σ൏CAሺT‐Asሻ	can	be	calculated	as	equation	ሺ4ሻ	
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 

	 ሺ4ሻ	

in	which	a	subscript	‘0’	indicates	the	initial	state	of	a	parameter	and	the	constant	CA	is	the	slope	of	the	curve	of	the	
critical	 stress	 for	 reverse	 phase	 transformation.	 Since	 the	 martensite	 fraction	 depends	 on	 the	 stress	 and	
temperature,	 transformation	 kinetics	 must	 be	 coupled	 with	 equation	 ሺ4ሻ	 to	 formulate	 a	 complete	 governing	
equation	for	SMAs.	The	elastic	properties	of	an	SMA/graphite/epoxy	layer	are	found	in	Appendix.	

Consider	a	composite	cylindrical	shell	as	shown	in	Figure	1.	The	strains	in	terms	of	the	mid‐surface	displace‐
ment	components	ሺu,	ν,	wሻ	are	defined	as	equation	ሺ5ሻ	
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Where	ex,	eƟ,	exƟ	are	the	components	of	axial,	circumferential	and	shear	strain,	respectively.	Considering		Äܶ ൌ ܶ െ
଴ܶ	as	the	temperature	rise	from	reference	temperature	T0	to	an	arbitrary	temperature	T,	the	constitutive	law	for	
the	SMAHC	cylindrical	shell	subjected	to	thermal	loading	becomes	
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where	óx,	óƟ	and	óxƟ	are	the	components	of	axial,	circumferential	and	shear,	stress,	respectively.	In	equation	ሺ6ሻ,	 തܳ௥		
is	 the	 transformed	 form	 of	 recovery	 stress	 ሺórሻ	 generated	 by	 the	 temperature‐induced	 reverse	 phase	
transformation	of	the	pre‐strained	SMA	fibers	from	detwinned	martensite	to	austenite	ሺsee	Appendixሻ.	Based	on	
classical	shell	theory,	equations	of	motion	can	be	obtained	as	equations	ሺ7ሻ	ሺShu	and	Du,	1997,	Reddy	2004,	Sheng	
and	Wang,	2007ሻ	
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	 ሺ7ሻ	

in	which,	the	stress	resultants	are	defined	as	equations	ሺ8ሻ	

   
 -

   

T r

T r

N A B e N N

M B D k M M

        
         

         
	 ሺ8ሻ	

Where	NT,	MT,	Nr	and	Mr	represent	thermal	force	resultant,	thermal	moment	resultant,	in‐plane	force	and	bending	
moment	resultants	induced	by	the	SMA	fibers	respectively	defined	in	Appendix.	Furthermore,	Qx	and	QƟ	denote	
shear	forces	in	x	and	Ɵ	direction	respectively	and	defined	as	equation	ሺ9ሻ	

1 1
       x x x

x

M M M M
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x R x R
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	 ሺ9ሻ	
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Fig.	1:	Schematic	of	the	hybrid	laminated	composite	shell	

3.	GDQ	Method	

GDQ	approach	is	used	to	solve	the	governing	equation	of	the	SMAHC	shell.	In	the	purposed	method,	the	nth	
order	of	a	continuous	function	fሺx,	zሻ	with	respect	to	x	at	a	given	point	xi	can	be	approximated	as	a	linear	sum	of	
weighting	values	at	all	of	the	discrete	points	in	the	domain	of	x,	i.e.	ሺShu,	2000ሻ:	

( , )

1

( , ) , ( 1, 2, , 1, 2, . . . , 1 )
in x z N

n
ik ikn

k

f
c f x z i N n n

x 


   

  	 ሺ10ሻ	

In	equation	ሺ10ሻ	N		is	the	number	of	sampling	points,	and	cijn		is	the	xi	dependent	weight	coefficients.	In	order	to	
determine	 the	weighting	coefficients,	 the	Lagrange	 interpolation	basic	 functions	are	used	as	 test	 functions,	and	
explicit	 formulation	 for	computing	 these	weighting	coefficients	can	be	obtained	as	equations	ሺ11	and	12ሻ	ሺShu,	
2000ሻ:	

(1)
(1)
, (1)

( )
, , 1, 2,..., ,

( ) ( )
i

i j
i j j

M x
c i j N i j

x x M x
  


	 ሺ11ሻ	

where	

(1)

1,

( ) ( )
N

i i j
j i j

M x x x
 

  	 ሺ12ሻ	

for	the	first‐order	derivative	ሺnൌ1ሻ,	and	for	higher‐order	derivative,	one	can	use	the	equations	ሺ13	and	14ሻ		
iteratively	ሺShu,	2000ሻ:	

( 1)
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	 ሺ13ሻ	
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n n
i i i j

j i j

c c i N n N
 

     	 ሺ14ሻ	

A	simple	and	natural	choice	of	the	grid	distribution	is	the	uniform	grid	spacing	rule.	However,	it	was	found	that	
non‐uniform	grid	spacing	yields	results	with	better	accuracy.	Hence,	 in	this	work,	the	Chebyshev‐Gauss‐Labatto	
quadrature	points	are	used	ሺequations	ሺ15ሻሻ,	that	is	ሺShu,	2000ሻ,	

1 1
1 cos 1,2,...,

2 1i

i
x i N

n
         

	 ሺ15ሻ	

More	details	about	GDQ	method	can	be	found	in	Shu,	ሺ2000ሻ,	Shu	and	Richards	ሺ1992ሻ.	

4.	Genetic	algorithm	

GA	is	a	particular	class	of	evolutionary	algorithms	that	use	techniques	inspired	by	evolutionary	biology	such	
an	inheritance,	mutation,	selection,	and	cross	over	ሺalso	called	recombinationሻ.	The	basic	genetic	algorithm	is	as	
follows	ሺSivanandam	and	Deepa,	2008ሻ:	

ሾstartሿ	Genetic	random	population	of	n	chromosomes	ሺsuitable	solutions	for	the	problemሻ	
ሾFitnessሿ	Evaluate	the	fitness	fሺxሻ	of	each	chromosome	x	in	the	population.	
ሾNew	populationሿ	Create	a	new	population	by	repeating	following	steps	until	the	new	population	is	complete.	
ሾselectionሿ	select	two	parent	chromosomes	from	a	population	according	to	their	fitness.	The	better	fitness,	the	

bigger	chance	to	get	selected.	
ሾcrossoverሿ	with	a	crossover	probability,	cross	over	the	parents	to	form	new	offspring	ሺchildrenሻ.	If	no	cross‐

over	was	performed,	offspring	is	the	exact	copy	of	parents.	
ሾMutationሿ	with	a	mutation	probability,	mutate	new	offspring	at	each	locus	ሺposition	in	chromosomeሻ	
ሾAcceptingሿ	Place	new	offspring	in	the	new	population.	
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ሾReplaceሿ	Use	new	generated	population	for	a	further	sum	of	the	algorithm.	
ሾTestሿ	if	the	end	condition	is	satisfied,	stops,	and	returns	the	best	solution	in	current	population.	
ሾLoopሿ	Go	to	step2	for	fitness	evaluation.	
The	flowchart	of	the	proposed	algorithm	is	shown	in	Figure	2.	More	details	about	the	algorithms	are	found	in	

Haftka	and	Gurdal	ሺ1992ሻ,	Gurdal	et	al.	ሺ1999ሻ,	etc.	
	
	

	
	

Fig.2:	Flowchart	of	the	genetic	algorithm	

5.	RESULTS	

5.1.	Verification	

To	verify	the	proficiency	of	GDQ	method,	two	numerical	examples	are	carried	out	for	comparison.	As	the	first	
example,	accuracy	of	the	method	is	investigated	in	evaluating	fundamental	natural	frequency	parameter	of	the	com‐
posite	shell	ሺwithout	SMAሻ	for	clamped‐simply	supported	boundary	conditions.	The	material	parameters	of	each	
layer	are	given	as:	

ாభభ
ாమమ

ൌ 40,
ீభమ
ாమమ

ൌ 0.5, ߭ଵଶ ൌ 0.25		.	The	numerical	 results	 for	 the	 laminated	cylindrical	 shells	are	

given	by	the	dimensionless	frequency	parameter	ë.	This	parameter	is	given	by	ߣ ൌ ݄ߩඥܴߨ2 ⁄ଵଵܣ ߱.	As	noticed	from	
Table	1,	good	agreement	exists	between	the	results	of	this	method	and	those	calculated	using	Discrete	Singular	
Convolution	ሺDSCሻ	method	by	Civalek	ሺ2007ሻ.	It	should	be	noted	that	only	13	nodes	were	implemented	for	GDQ	
method	which	shows	its	efficiency	for	free	vibration	analysis	of	composite	structures.	For	further	verification	of	the	
results,	the	critical	buckling	temperatures	of	composite	cylindrical	shells	are	compared	with	the	existing	data	in	
literature.	The	comparisons	are	made	for	two	different	stacking	sequences	and	different	values	for	ܮଶ ܴ݄⁄ .	Table	2	
reveals	that	the	present	GDQ	results	agree	well	with	those	obtained	by	Shen	ሺ2008ሻ	and	the	difference	between	the	
results	is	negligible.	It	is	mentioned	that	Shen	used	a	singular	perturbation	technique	to	determine	the	buckling	
temperature	of	structure.	According	those	mentioned	for	verification	of	the	results,	one	can	conclude	that	the	GDQ	
method	is	accurate	enough	to	handle	free	vibration	of	composite	cylindrical	shells	in	thermal	environments.	
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Table	1:	First	natural	frequency	parameter	of	the	composite	shell	ሺwithout	SMAሻ	for	clamped‐simply	supported	bound‐

ary	conditions	

L/R	 DSC	ሺOmer	Civalek,	2007ሻ Present	ሺGDQሻ	

1	 0.6585 0.6440	

5	 0.1849 0.1858	

10	 0.1014 0.1030	

Table	2:	Critical	buckling	temperature	for	composite	shells	

Laminate	
2 /L Rh 	

200 500 800	
	 	 	

ሺ0,45ሻ2S	 Present	 1529 1580 1649	
	 Shen	ሺ2008ሻ	 1534.53 1584.72	 1655.96
	 	 	

ሺ0,90ሻ2S	 Present	 418 422 419	
	 Shen	ሺ2008ሻ	 423.34 425.84 424.19	

11 22 12

6 6
12 11 22

,   / 200 ,    150  ,    9  , 7.1  

  0.3   ,    1.1 10  (1 / )   ,    25.2 10  (1 / )

h 1mm R h E GPa E GPa G GPa

C C     

    

    
	

5.2.	Free	vibration	

In	this	section,	numerical	results	on	free	vibration	of	the	SMAHC	shell	are	presented.	It	is	assumed	that	the	
cylindrical	shell	is	made	of	NiTi	/	graphite/epoxy.	Material	properties	of	NiTi	fibers	and	graphite‐epoxy	are	consid‐
ered	to	be	temperature‐dependent	presented	in	Tables	3	and	4,	respectively.	Brinson	model	is	employed	to	esti‐
mate	thermo‐mechanical	behavior	of	SMAs.	The	influence	of	temperature	dependency	of	materials,	volume	fraction	
and	pre‐strain	of	SMAs,	and	stacking	sequence	of	layers	on	vibrational	behavior	of	composite	shells	in	pre‐buckling	
region	are	examined.	

Table	3:	Thermo‐mechanical	properties	of	the	SMA	fibers	ሺNitinolሻ	

Modulus,	density	 Transformation	temper‐
ature	

Transformation	con‐
stants

Maximum	residual	strains,	
material	properties

67AE GPa 	 9fM C  8( / )MC MP C  0.067L  	

26.3ME GPa 	 18.4sM C  13.8( / )AC MP C  610.26 10 (1/ )s C   

0.55( / )MP C 
	 34.5sA C 

0 0  0.33s  	

	 49fA C 
	

Table	4:	The	material	properties	of	graphite‐epoxy	ሺAsadi	et	al.,	2013a,	Rasid	et	al.,	2011ሻ	

Materials	 Properties

	

Graph‐
ite/epoxy	

4 4
1 2

4 6 3
12 1

6 4 3
2 12

155(1 3.53 10 ) ; 8.07(1 4.27 10 ) ;

4.55(1 6.06 10 ) ; 0.07 10 (1 1.25 10 )(1/ );

30.1 10 (1 0.41 10 )(1/ ) ; 1586 / , 0.22;

m m

m m

m m m

E T GPa E T GPa

G T GPa T C

T C kg m



  

 

  

 

       

         

      





5.2.1.	Recover	stress	

Figure	3	 illustrates	the	effect	of	temperature	on	the	recovery	stress	of	SMA	fibers	ሺwhich	is	constrained	to	
maintain	the	deformationሻ.	It	is	seen	from	this	figure	that	large	internal	stresses	are	produced	when	the	transfor‐
mation	to	austenite	occurs.	It	is	worth	noting	that	SMA	recovery	stress	is	tensile	while	the	temperature	raise	leads	
to	the	compressive	thermal	stress	in	the	structure	as	it	can	be	found	from	Equation.ሺ8ሻ.	Therefore,	SMA	recovery	
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stress	can	reduce	the	thermal	stress	and	improve	the	performance	of	the	structure.	The	influences	of	temperature	
on	the	axial	and	circumferential	forces	produced	in	the	structure	are	shown	in	Figure	4.	This	figure	shows	that	the	
tensile	SMA	recovery	stresses	induced	in	the	structure	can	contribute	to	delay	the	critical	buckling	temperature.	
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Fig.	3:	SMA	recovery	stress	vs.	temperature	with	different	pre‐strains	
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Fig.	4:	Variations	of	axial	and	circumferential	forces	generated	by	SMA	fibers	in	the	structure	versus	temperature	

5.2.2.	Temperature	dependency	of	materials	

Here,	the	effect	of	temperature	dependency	of	material	properties	on	free	vibration	of	SMAHC	cylindrical	shells	
is	demonstrated.	Variations	of	the	fundamental	frequency	with	respect	to	temperature	in	the	pre‐buckled	domains	
are	depicted	in	Figure.	5.	In	this	figure,	TD	denotes	that	the	material	properties	are	temperature	dependent	and	TID	
represents	the	assumption	of	constant	material	properties.	As	one	can	observe	from	Figure	5,	in	the	absence	of	SMA	
fibers,	temperature	dependency	of	material	properties	does	not	have	any	significant	effects	on	the	free	vibration	of	
composite	shells	while	 the	difference	between	the	natural	 frequencies	becomes	more	significant	 for	shells	with	
embedded	SMA	fibers	at	high	temperatures.	It	means	the	influence	of	temperature	dependency	is	considerable	in	
evaluating	free	vibration	of	SMAHC	structures.	It	can	be	also	found	that	TD	material	properties	contribute	to	higher	
natural	 frequency	and	critical	buckling	temperature.	Therefore,	 to	attain	more	accurate	results,	only	TD	case	 is	
addressed	in	the	following.	
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Fig.	5:	Influences	of	temperature	and	volume	fraction	of	SMA	fibers	on	the	fundamental	frequency	of	composite	shells	

lay‐up	[45 / 45 / 45 / 45 / 45 / 45 ]SMA SMA   
     	in	pre‐buckled	regions	for	simply	supported	boundary	conditions	

0( / 20 , / 100 , 1% )L R R h    	

5.2.3.	Volume	fraction	and	pre‐strain	of	SMA	fibers	

Variations	of	fundamental	frequency	parameter	of	composite	shells	with	respect	to	SMA	volume	fraction	and	
pre‐strain	are	depicted	in	Figures	5	and	6.	The	numerical	results	provided	in	Figure	5	describe	that	an	increase	in	
volume	fraction	of	SMA	fibers	results	in	an	increase	in	critical	buckling	temperature	of	the	structure.	It	should	be	
mentioned	that	the	temperature	at	which	the	natural	frequencies	reach	to	zero	is	buckling	temperature.	However,	
the	results	state	a	different	scenario	regarding	the	vibrational	behavior	of	structure.	It	is	seen	that	the	fundamental	
frequency	of	structure	is	not	necessarily	increased	with	the	increase	of	SMA	fiber	volume	fraction.	This	is	because	
of	the	fact	that	though	more	SMA	fiber	volume	fraction	leads	to	more	stiffness	in	the	structure,	the	weight	of	struc‐
ture	is	also	increased.	Therefore,	at	low	temperatures,	SMA	fibers	have	a	destructive	effect	on	the	free	vibration	
behavior	of	structure.	

Now,	influence	of	pre‐strain	of	SMA	fibers	on	the	natural	frequency	of	composite	shell	is	illustrated.	Various	
values	of	pre‐strain	of	SMA	fibers	are	given	and	free	vibrations	are	demonstrated	in	Figure	6.	This	figure	represents	
that	different	values	of	pre‐strain	do	not	have	any	significant	effects	on	the	vibrational	behavior	of	SMAHC	shell	
when	T൏Af	but	for	temperatures	more	than	Af,	with	the	increase	of	pre‐strain	value,	both	natural	frequencies	and	
critical	buckling	temperature	increase.	This	is	due	to	the	fact	that	the	weight	of	structure	is	not	changed	but	the	
stiffness	is	increased	when	T൐Af.	Numerical	comparison	specifies	that	by	increasing	the	pre‐strain	of	SMAs	from	
0.1%	to	1%,	the	buckling	temperature	can	improve	up	to	140%	ሺfrom	102	to	245ሻ.	
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Fig.	6:	Variations	of	the	fundamental	frequency	of	simply	supported	[0 / 90 / 0 / 90 / 0 / 90 ]SMA SMA

     shell	in	pre‐

buckled	regions	versus	temperature	for	different	values	of	pre‐strain	 ( / 5 , / 100 , 20%)sL R R h V   	

5.2.4.	Stacking	sequence	of	layers	

The	effect	of	stacking	sequence	of	layers	on	the	variations	of	fundamental	frequency	of	SMAHC	laminate	shell	
is	investigated	in	Figure	7	by	considering	various	lay‐up	configurations.	It	is	obviously	found	that	the	stacking	se‐
quence	of	layers	play	an	important	role	in	vibrational	behavior	of	the	SMAHC	structures.	As	can	be	observed	from	
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Figure	7,	an	unsuitable	lay‐up	may	lead	to	destructive	influence	of	SMA	fibers	on	free	vibration	of	structures.	As	an	

example,	for	[0 / 90 / 45 / 45 ]SMA SMA   
composite	shells,	by	increasing	the	SMA	volume	fraction,	the	fundamental	

frequency	 parameter	 decreases.	 On	 the	 other	 hand,	 one	 can	 see	 that	 by	 using	 a	 suitable	 lay‐up	 like

[0 / 90 / 45 / 45 ]SMA SMA    
,	adding	SMA	fibers	improve	vibrational	characteristics	of	structure.	Thus,	it	can	be	con‐

cluded	that	by	stacking	sequence	optimization	of	SMAHC	cylindrical	shells,	it	is	possible	to	maximize	the	natural	
frequency	of	structure	at	a	certain	temperature.	

	

0 2% 4% 6% 8% 10% 12% 14% 16% 18% 20%
800

850

900

950

1000

1050

1100

1150

1200

1250

1300

Vs

F
re

qu
en

cy
 (

H
z)

 

 

[0
SMA

/90/45/-45] [0
SMA

/90/45/-45
SMA

] [0/90
SMA

/45
SMA

/-45] [0/90/45
SMA

/-45
SMA

]

	
Fig.	7:	Effect	of	lay‐up	orientation	on	the	free	vibration	and	thermal	buckling	behavior	of	simply	supported	shell	
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5.3.	Optimization	of	SMAHC	cylindrical	shell	

The	main	objective	of	optimization	in	the	present	work	is	to	find	the	best	lay‐up	orientation	for	SMA‐reinforced	
layers	so	that	to	maximize	the	fundamental	frequency	parameter	in	a	certain	temperature	for	a	constant	amount	of	
SMA	 volume	 fraction.	 As	 an	 example,	 an	 eight‐layer	 shell	 is	 considered	 with	 the	 lay‐up	 orientation

1 2 3 4( / / 0 / 90 /90 / 0 / / )SMA SMA SMA SMA      
.	Here,	the	thicknesses	of	layers	are	the	same.	The	constrained	optimi‐

zation	problem	is	defined	as:	

Minimize	 1 2 3 4( / / / )SMA SMA SMA SMAf       	

Subject	to	
1 2 3 40 , , , 90

100

o o
SMA SMA SMA SMA

oT C

    


	

It	is	also	assumed	that	fiber	orientations	of	SMA	layers	take	integer	values	ሺe.g.	0	0C,	10,	…,	900ሻ.	If	the	analytical	
solution	is	applied	for	the	optimization	problem,	the	process	becomes	so	complicated	and	time	consuming.	In	other	
words,	 the	 formed	discrete	space	contains	more	 than	 49 1 	design	choices	 to	be	searched	to	reach	 the	optimum	
point.	Also,	if	it	is	supposed	that	the	process	of	one	search	takes	0.25	second	in	average,	the	optimization	process	
takes	more	than	900	hours.	Therefore,	in	the	present	work,	GA	is	employed	for	increasing	the	speed	of	optimization.	
Scattered	case	for	crossover,	rank	case	for	fitness	scaling,	stochastic	uniform	case	for	selection,	and	constraint	de‐
pendent	case	for	mutation	are	employed.	Also,	5%	of	the	population	size	has	been	chosen	for	elitism.	Table	5	shows	
the	parameters	of	GA	used	to	find	the	optimal	solution.	GA	is	applied	for	10	times	and	for	the	best	one,	it	reaches	to	

values	 of	
1 2 3 4[ 81 , 79 , 65 , 63 ]SMA SMA SMA SMA         

	after	 about	 30	 generations.	 A	 comparison	 between	

the	optimum	lay‐up	orientation	and	two	other	cases	is	made	in	Figure	8.	This	figure	depicts	that	stacking	sequence	
optimization	can	improve	the	vibrational	behavior	of	SMAHC	structures	by	a	considerable	amount.	It	is	worth	not‐
ing	that	the	process	of	optimization	in	GA	lasted	about	15	minutes.	It	means	GA	can	significantly	decrease	the	run‐
ning	time.	
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Fig.	8:	comparison	of	optimum	lay‐up	orientation	and	two	other	cases	

	

Table	5:	Parameters	of	GA	approach	

Parameters	 Value/type	

Population	size	 30
Generations	 200
Selections	 stochastic	uniform	

Crossover	options	 Scattered	
Mutations	options	 Constraints	dependent	

Elitism	 5%	of	population	size	

CONCLUSIONS	

In	this	paper,	 two	goals	were	followed.	First,	 thermal	vibration	of	SMAHC	cylindrical	shells	 in	pre‐buckling	
region	was	analyzed.	The	numerical	results	were	presented	based	on	classical	shell	theory	which	is	valid	only	for	
thin	shells.	To	obtain	the	natural	frequencies,	GDQ	method	was	implemented	to	solve	the	governing	equations.	The	
influences	of	SMA	volume	fraction,	 lay‐up	orientation,	pre‐strain	of	SMA	fibers,	and	temperature‐dependency	of	
material	on	the	natural	frequency	and	buckling	of	structure	were	examined.	The	numerical	results	showed	that	at	
low‐temperature	region,	SMAs	have	a	destructive	role	for	natural	behavior	of	structure,	but	they	can	significantly	
improve	the	vibrational	behavior	and	thermal	buckling	when	the	temperatures	are	high.	It	was	also	concluded	that,	
at	low	temperatures,	the	variations	of	pre‐strain	of	SMAs	cannot	considerably	change	the	vibrational	characteristics	
of	the	composite	structures.	Another	important	conclusion	is	that	the	orientation	of	SMAs	in	the	layers	plays	an	
effective	role	 in	vibrations	of	SMAHC	shells	under	thermal	environments	and	can	sharply	vary	the	fundamental	
frequency	of	the	structure.	Therefore,	an	optimization	problem	was	presented	to	find	best	stacking	sequence	for	
layers	with	embedded	SMAs	in	order	to	have	the	maximum	fundamental	frequency	at	a	certain	temperature.	To	
this	end,	GA	as	a	heuristic	algorithm	was	employed.	It	is	worth	noting	that,	like	other	meta	heuristic	algorithms,	GA	
does	not	necessarily	guarantee	the	best	global	optimal	solution.	However,	it	at	least	suggests	one	of	the	best	an‐
swers	for	optimization	problem	in	short	time.	
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where	the	subscripts	‘m’	and	‘s’	mean	the	composite	matrix	and	SMA	fiber,	respectively.	Also,	parameters	E,	G,	í,	á,	
ñ	and	Vs	are	Young	modulus,	 shear	modulus,	Poisson	ratio,	 thermal	expansion	coefficient,	material	density	and	
volume	fraction	of	SMA	fibers,	respectively	
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