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A Differential Quadrature Procedure with Direct Projection

of the Heaviside Function for Numerical Solution of Moving

Load Problem

Abstract

Owing to its particular characteristics, the direct discretization of
the Dirac-delta function is not feasible when point discretization
methods like the differential quadrature method (DQM) are ap-
plied. A way for overcoming this difficulty is to approximate (or
regularize) the Dirac-delta function with simple mathematical func-
tions. By regularizing the Dirac-delta function, such singular func-
tion is treated as non-singular functions and can be easily and
directly discretized using the DQM. On the other hand, it is possi-
ble to combine the DQM with the integral quadrature method
(IQM) to handle the Dirac-delta function. Alternatively, one may
use another definition of the Dirac-delta function that the deriva-
tive of the Heaviside function, H(z), is the Dirac-delta function,
8(z), in the distribution sense, namely, dH(z)/dz = (). This ap-
proach has been referred in the literature as the direct projection
approach. It has been shown that although this approach yields
highly oscillatory approximation of the Dirac-delta function, it can
yield a non-oscillatory approximation of the solution. In this paper,
we first present a modified direct projection approach that elimi-
nates such difficulty (oscillatory approximation of the Dirac-delta
function). We then demonstrate the applicability and reliability of
the proposed method by applying it to some moving load problems
of beams and rectangular plates.
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1 INTRODUCTION

The differential quadrature method (DQM), which was firstly introduced by Bellman and his asso-
ciates (1971, 1972) in the early 1970s, is a powerful numerical method for the direct solution of par-
tial differential equations that arise in various fields of engineering, mathematics, and physics (Bert
and Malik, 1996a; 1996b; Malik and Bert 1996; Tornabene et al., 2015a; Eftekhari 2016a). It is sim-
ple to use and also straightforward to implement. However, in spite of its many desirable features,
the DQM is well-known to have some difficulty when applied to partial differential equations in-
volving singular functions like the Dirac-delta function. This is mainly caused by the fact that the
Dirac-delta function cannot be directly discretized by the DQM.

A way for overcoming the above-mentioned difficulty is to approximate (or regularize) the Di-
rac-delta function with simple mathematical functions. By regularizing the Dirac-delta function,
such singular function is treated as non-singular functions and can be easily and directly discretized
using the DQM. Jung (2009), Jung and Don (2009), Jung et al. (2009), Wang et al. (2014), Eftek-
hari (2015a), and Tornabene et al. (2015b) have successfully applied this technique in conjunction
with the point discretization methods to solve various partial differential equations involving the
Dirac-delta function. However, this technique involves a regularization parameter that should be
carefully adjusted before the problem being solved. This parameter has also been shown to be a
problem-dependent parameter (Eftekhari, 2015a).

On the other hand, Eftekhari (2015b, 2016b) proposed a combined application of the DQM and
integral quadrature method (IQM) to handle the Dirac-delta function in vibration problem of
beams and rectangular plates subjected to a moving (or static) point load. In this combined ap-
proach, the particular properties of the Dirac-delta function are taken into account by application of
the IQM. The coupled DQM/IQM approach has been shown to be highly accurate and reliable.
However, this approach requires the help of another method (i.e., the IQM) to treat the Dirac-delta
function. In general, it is more desirable to solve such type of problems by the DQM itself, not by
combining the DQM with other methods or techniques.

Alternatively, Jung (2009), Jung and Don (2009) also Jung et al. (2009) made use of an alterna-
tive definition of the Dirac-delta function that the derivative of the Heaviside function, H(z), is the
Dirac-delta function, §(x), in the distribution sense, namely, dH(z)/dz = 8(x). The method was
referred to as the direct projection method. It has been shown that although the direct projection of
the Heaviside function gives highly oscillatory approximation of the Dirac-delta function, it can
yield a non-oscillatory approximation of the solution and the error can also decay uniformly for
certain types of differential equations. Recently, Wang et al. (2014) studied at length various ways
of approximation of the Dirac-delta function. They considered the sine-Gordon equation with im-
pulsive forcing and concluded that the domain decomposition method is the best among the meth-
ods considered in their study.

In this study, a differential quadrature procedure based on the direct projection of the Heaviside
function is proposed for the numerical solution of moving load problem, wherein the motion of the
point load is described by a time-dependent Dirac-delta function. Since the original direct projection
approach shows some oscillations for approximation of the Dirac-delta function, we also introduce a
modified direct projection approach that eliminates such difficulty. To demonstrate the applicability
and reliability of the proposed approach, it is applied herein to some moving load problems of
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beams and rectangular plates. Numerical results are presented and compared with analytical and
numerical results available in the literature. The numerical results prove that the proposed method
is reliable and accurate and can be used as an efficient tool for handling the moving load problem.

2 DQM

Let w(7) be an arbitrary function and 7, ,, ..., 1, be a set of grid points in the 7-direction. Accord-

ing to the DQM, the rth-order derivative of the function w(n) at any grid point can be approximat-
ed by the following formulation

wm(ﬁi) = Ag)w(m) (1)

where w(nj) represents the function value at a grid point n; w(r)(ni) indicates the rth-order deriva-

tive of w() at a grid point 7, and Af].” are the weighting coefficients of the rth-order derivative. The
. . . . 1) .

first-order weighting coefficients, i.e., A}, are given by (Quan and Chang, 1989)

M i=k L,k=12..n
AW (n,—n,)I(n,)
* =

- YAV =k i=12..n

=Ly

where
)= [10-m) (3)

The weighting coefficients of the higher-order derivatives (r > 1) can be computed from the fol-
lowing recurrence relationship (Bert and Malik, 1996a)

(A" =[] VA =[P4, s @

In this work, the DQM grid points are taken nonuniformly spaced and are given by the follow-
ing equations (Bert and Malik, 1996a)

=0, n=4,n,=1-A,n=1

n= 1/2[1 —cos(wﬂ , i =34,...,n—2, 0<n<1 (5)

n—3
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where A is a parameter that determines the closeness between the boundary points (7, and 7,) and
their immediate adjacent points (7, and 7, ;). In practice, the magnitude of A should be as small as

possible (< 10’3). In this study, the magnitude of parameter A is assumed to be A = 10,

3 DIRECT PROJECTION APPROACH

As we discussed before in introduction, the direct discretization of the Dirac-delta function using
point discretization methods like the DQM is not feasible. This is mainly due to particular charac-
teristics of the Dirac-delta function. For instance, the one-dimensional Dirac-delta function has the
following characteristics:

(z—z,)=0 forall z=#z, (6)
'Té(x—xo)dz =1 (7)
| ra¥te -a)de = sz, ®)

where f(z) may be any arbitrary function. As we mentioned in introduction, there has been a con-
siderable effort to overcome this difficulty. In this paper, we have tried to solve this difficulty by
the help of direct projection of the Heaviside function. The details of this approach will be given in
the following sub-sections.

3.1 Approximation of the One-dimensional Dirac-delta Function
3.1.1 Conventional Approach

The direct projection approach is based on the fact that the derivative of the Heaviside function is
the Dirac-delta function in the distribution sense, namely,

oo~ ) == H,,(x) ©

where H, (z) is the Heaviside function defined as (Jung, 2009)

0, z<u
H,(z)=11/2 z=uz, (10)
1, 2>z

By the help of above definition, the Dirac-delta function can now be directly and simply discre-
tized using the DQM. Let z,, ), ..., z, be a set of grid points in the z-direction. Application of the

DQM to Eq. (9) gives

{6} =A]"{H} (11)
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where [A]<1) is the DQM weighting coefficient matrix of the first-order derivative, and

{8} =8(x, —x,) S(x,—z,) . . . 8z, —=,)] (12)
{H} = [HIO (1'1) HJI)O (xQ) : : : HJL'O (x7L )]T (13)
12
10 Conventional approach 4
8 ~e-n =15 E
~een =25 L
6k ~+-n=35 i

Figure 1: Approximation of the one-dimensional Dirac-delta function using conventional direct projection approach.

Figure 1 shows the results of conventional direct projection approach for approximation of the
Dirac-delta function for different number of grid points (n). The coordinates of the grid points are
calculated using z,= —cos[ (i —1)/(n —=1)] (i = 12,...,n ). As it can be seen, the results of this ap-
proach are high oscillatory. The amplitude of the oscillation becomes even more remarkable near
the singular point (z = 0). This trend of solutions has also been reported earlier by Jung (2009) and
Jung et al. (2009).

3.1.2 Proposed Approach

One of the main limitations of the conventional direct projection approach is that the case of arbi-
trary location of the singular point (z,) cannot be accurately handled using this approach. Even if

the location of the singular point being very close to one of the DQM grid points, this approach is
found to show remarkable oscillation for approximation of the Dirac-delta function (see Figure 1).
This limitation can be overcome if the weighted distribution of the source point is considered on the
two nearest nodes around it (see Figure 2). By doing so, the following definition can be introduced
for the Dirac-delta function

T

z,
Oz —x,)) = " §(x — xp_l) +

6z—x T <z <
T, +1 T, + 1, ( % pmbom e (14)

where
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T, =T, -1, T, =T, -1,
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< >
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(15)

Figure 2: Representation of a point source by two statically equivalent point sources at its adjacent grid points.

Now, introducing Eq. (9) to Eq. (14) gives

r, d z, d
br—z)=—2 L H (e Ly
(=) T, +x, dz 7 (@) T, +x, dz " (@)

where

07 T < xl)*l O, T < .Tp
HTpl() /2 I:Ipflj H (-T): 1/2, 'T:Ip

Tp

L x>z, L, x>z,

Application of the DQM to Eq. (16) gives

(6} =14]" [“ (H) s {HR}j

+ l
where {6} is defined already in Eq. (12) and
(Y =11, @) H, @) - . H )]
(Y =0, () H(5) - . - H ()]

(16)

(17)

(18)

(19)

(20)

When above definition is used, Figure 3 illustrate the results. Comparing these results with

those of Figure 1, one sees that the proposed method gives much better approximation for the Di-

rac-delta function as compared with the conventional direct projection approach. The amplitude of
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oscillations is damped out considerably. However, there are some small amplitude oscillations near
the singular point which are known to be due to the Gibbs phenomenon (for more details about this
phenomenon see Myint-U (1980, 2007)).

Proposed approach

o-n=15
~&-n =25
7+ -¢-n =235
—a—n =45

8 (x)

Figure 3: Approximation of the one-dimensional Dirac-delta function using proposed direct projection approach.

3.2 Approximation of the Two-Dimensional Dirac-Delta Function

The approaches presented in previous section (section 3.1) can be easily extended to discretize the
two-dimensional Dirac-delta function. The details are given in the following sub-sections.

3.2.1 Conventional Approach

Using Eq. (9), the two-dimensional Dirac-delta function can be expressed as

d d
8(z =z, y — 1) = 6z —2,)8(y —y,) = aHzo(w)d—yHyo(y) (21)
where H, (z) is defined in Eq. (10) and
0, y<w
H,(y)=41/2, y=y, (22)
L y>y,
Consider n grid points with coordinates z,, z,, ..., , in the z-direction, and m grid points with

coordinates y,, 4, ..., ¥,, in the y-direction. Application of the DQM to Eq. (21) gives
{8y =ls1{6"}" &{8"}y" . . . &{8}T (23)

where
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(6"} =[6(x, ) 8z, —x,) ... 8z, —=x,)]" =[A]"{H,} (24)
6"y =6y, — o) Sy, —w) ... 8y, —u)l =[A]"{H,} (25)

wherein [A](1> and [A]" are the first-order DQM weighting coefficient matrices associated with the

2~ and y-derivatives, respectively. Furthermore,
{Hl} = [H.’IZO ($1> H.'I;O (‘/I;Z) N N . H/I;O ($”>]T (26)

{H}=|H,(y,) H,(y,) - - . H () (27)

3.2.2 Proposed Approach

Let z, , <z, <z, and y _, <y, <y, .Using Egs. (9) and (14), the two-dimensional Dirac-delta

function can be expressed as
8 =0,y =) = 8z —,)8(y — ) =

{ = amwﬂw-xléw—%ﬁ Y gly—y, ,)+—2 awwﬂ=

T, + z, + 1, Y, + Y, Y, +Y, (28)
x d T d d d
(@) H () | H, () ()
z, +z, dz P z, +z,dz P y, +y, dy " y, +y dy "
where z, 7, H,  (z)andH, (z) are defined in Egs. (15) and (17). Furthermore,

Yo =Y, = Yo Y=Y ~ Y (29)

0, ¥<y, 0, y<y,
H,_(y)=41/2 y=y,.. H, (y)=11/2 y=y, (30)

Loy>y., Lo y>y,

Now, application of the DQM to Eq. (28) gives

By =I5y siey ey (1)

(6"} =[8(x, —x,) 8z, —1x,) ... S8z, —x,)] = [A](l)( St a L{Hf}j .

T+ T, + I
where
{8} =16, — o) 6w —w) .. 6y, —v)| = [Z]“)[L {(H!}+——(H J (33)
Y, + ) Y+,
wherein
(HY [0, @) H, @) - . . H @) (3
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{H'}=H, () H,(z,) . . . H(z)] (35)
(HY=1H, (y) H, () . .. H_ ) (36)
{H}=|H,(y,) H, () - . . H@)] (37)

In Figures 4 and 5 the results of proposed approach are compared with those of conventional
approach for approximation of the two-dimensional Dirac-delta function. These results are obtained
using n = m = 51. The results of the conventional approach are observed to be highly oscillatory.
The results of the proposed approach, however, do not show such an oscillatory behavior.

5 (xy)

Figure 4: Approximation of the two-dimensional Dirac-delta function using conventional direct

projection approach (n = m = 51).

5 (xy)

Figure 5: Approximation of the two-dimensional Dirac-delta function using proposed direct

projection approach (n = m = 51).
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4 FORMULATION FOR FORCED VIBRATION OF BEAMS CARRYING MOVING LOADS

Consider an Euler-Bernoulli beam with length L, mass per unit length gA, and bending stiffness EI
subjected to a point load f moving at a constant velocity v. The governing differential equation of
motion of the beam is given by (Meirovitch, 1967; Fryba, 1999)

o'w(z,t)

Culn) | gy = —foa=z, 1), w,(0)=w (%)

A
NP o

where w(z, ¢) is the transverse deflection of the beam, and z(t) is the position coordinate of the
moving point load.
Consider n grid points with coordinates z;, &, ..., #* in the z-direction. In view of Eq. (16), Eq.

(38) can be rewritten as (z, | < z,(t) < z,)

p-1

" w(z,t) 0" w(z,t) z, d r, d
A 'L+ EI L= — r——H (2)+———H_ (z

¢ ot’ oz’ d z, +x, do ””l( ) z, +x, do ”’( ) (39)
Satisfying Eq. (39) at any grid point z = z, (i = 1, 2, ..., n) and substituting the quadrature rule

into results gives
[MI{W ()} +[K[{W (1)} = {F(t)} (40)

where [M] and [K|are the mass and stiffness matrices of the beam, {W (¢)} and {W(t)}are the
displacement and acceleration vectors, and {F(t)} is the load vector. [M], [K]|, {W(t)},{W(t)}and

{F(t)} are given by (z, , < z,(t) < z,)

p-1

[M]=AlI], [K|=EIA]" (41)
W)} =w(z,t) wx,t) . . . wx,t)]" (42)
W) =iz, t) iz,t) . . . iz, (43)

T, + I A

T T

{F()} =~ [AF{L {(H'}+ L{HR}J (44)

where [I] is an identity matrix of order n x n, [A]") (r = 1, 4) are the DQM weighting coefficient
matrix of the rth-order derivative, and the matrices {H"} and {H"} are defined already in Egs.
(19) and (20). It should be noted that since the position of the moving point load changes from time
to time, the variables z, and 1z, are time-dependent variables. For the same reason, the vectors
{H"} and {H"} are time-dependent vectors. As a result, the load vector {F(t)} is also a time-

dependent vector.

After applying the boundary conditions of the beam, Eq. (40) can be solved for the unknown grid-
point values using various step-by-step time integration schemes. The details of implementation of the
beam boundary conditions can be found in Bert and Malik (1996a) and also in Eftekhari (2015¢).
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5 FORMULATION FOR FORCED VIBRATION OF RECTANGULAR PLATES CARRYING MOVING
LOADS

Consider a rectangular thin plate with length a, width b, mass per unit area ph, and bending rigidi-
ty D under a moving point load f The governing differential equation of motion of the rectangular
plate is given by (Rao, 2007)

2 4 4 4
8w+D(8w ow ow

o +2 6$26y2 + ay4J = _f(S(m — Ty (t))ﬁ(y —Y (t)), T, (t) = v,t, Ys (t) = vt (45)

where w(z, y, t) is the transverse deflection of the plate, :L'f(t) and yf(t) are position coordinates of
the moving point load in the z- and y-direction, respectively, and v, and v, are the corresponding

moving speeds.
Consider n grid points with coordinates z,, ,, ..., , in the z-direction, and m grid points with

coordinates 1, ¥y, ..., ¥, in the y-direction. In view of Eq. (28), Eq. (45) can be rewritten as

(l‘[)—l < ‘Tf(t) < xp7 yq—l < yf(t) < yq)

h +2 +
NPT oz’ or’oy® oy’

_ f{ oL @t dp (x)}{L Lo, w2 L (y)}

o*w N D( o'w o'w 64wJ

(46)

xT+$la xr+xla P y,,+yld_y y,,+yld_y a4

Satisfying Eq. (46) at any grid point z = z; and substituting the quadrature rulel), into results
gives

2 4

a W0+ 12,
Y

o’

o] {W<y,t>}+D([A]<4>{w<y,t)}+2[,4]@> 0

o7 (W) }] -

d ) (47)
{y__y 2Ly, <y>}{mt>}

y, +y, dy y, +y, dy

where [1] is an identity matrix of order n x n, and [A](r) (r = 2, 4) are the DQM weighting coeffi-

cient matrices of the rth-order a-derivative. Furthermore,

W)} =lu(e,u) wlept) - . w0l (48)
{F’”(t)}=—f[A](”[ﬁ {Hf}+ﬁ{ﬂf}j (49)

where the matrices {H'} and {H/} are defined in Egs. (34) and (35).
Satisfying Eq. (47) at any grid point y = y, and substituting the quadrature rule into results gives

(MW (6)}+ KW (1)} = {F()} (50)
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where [M] and [K]are the mass and stiffness matrices of the plate, {W(t)}and {Vf’(t)}are the
displacement and acceleration vectors, and {F(t)} is the load vector. The n x n sub-matrices [M il

and [K |, and the n x 1 sub-vector {F} are given by

[M,] = oI [I], i,j=12...m (51)
|K,] = D(T,[A]" +242|4]* + A"[1)) (52)
(F} = F/{F"} (53)

where 1:77 are the elements of m x m identity matrix, and 711,;") (r = 2, 4) are the DQM weighting

coefficients of the rth-order y-derivative. Furthermore,

W) =[Wy.0) We.0) . . . (W0} (54)

W =[(We,.0Y We.n¥ . . . W) (55)

{F'(t)} = [A]"| —2—{H,} + ——{H]} (56)
Y.ty ! Y.ty !

where the matrices {H,} and {H,} are defined in Eqs. (36) and (37). It should be noted that
since the location of the moving load changes from time to time, the variables z , 7, y , and y, also
the vectors {H'}, {H)}, {H,} and {H,'}are time-dependent.

After applying the plate boundary conditions, one can solve the resulting system of ordinary dif-
ferential equations for unknowns using various time integration schemes. The details of implemen-
tation of the plate boundary conditions can be found in Malik and Bert (1996) and also in Eftekhari
(2015¢). In this study, the Newmark method (Bathe and Wilson, 1976) is employed to solve Egs.
(40) and (50).

6 NUMERICAL RESULTS AND DISCUSSION

To validate the proposed formulation and its implementation, a number of numerical examples are
now presented. The first and second examples demonstrate the applications of the proposed method
to static analysis of beams and rectangular plates subjected to point loads. These numerical exam-
ples are presented herein to better verify the accuracy and convergence of the method. The same
problems are considered in the third and fourth examples, but the location of the point load is as-
sumed to vary with time.

6.1 Deflection of a Simply Supported Beam Due to a Concentrated Point Load

Consider the bending problem of a simply supported beam subjected to a concentrated load facting
at a point z = N Figure 6 presents the variations of the percent error in numerical solutions (de-

fined as|wp,y — Wy, / Wy X 100 ) with n for different values of 2, The numerical results obtained
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using the conventional approach are also shown for comparison purposes. It can be seen that the
results of proposed approach converge uniformly to their final values. The results of the convention-
al approach, however, are somewhat erratic and their behavior is somehow oscillatory.

In Figure 7 the results of proposed approach are compared with those of the DQMR (DQM
with regularized Dirac-delta function). The DQMR results are shown for three different values of a.
It is noted that in DQMR, the Dirac-delta function is approximated as (Eftekhari, 2015a)

Oz —m,)= O(\/_exp G xf) (57)

where o is the regularization parameter. It can be seen from Figure 7 that the results of the DQMR
is highly dependent on the values of a. For large values of o, the results of the DQMR, are not very
accurate, and for small values of this parameter the DQMR solutions show some oscillation for
small number of grid points. The results of the proposed approach are found to be better than those
of the DQMR in terms of both accuracy and convergence.

3 50,
2o
Proposed approach 40 ? o x' /L=0.15
11 H X /L=0.25 Conventional approach
ok A~ | .- xf/L=U.35
30} +xf/L=0.45

o xf/L=0.15
e xf/L=0.25
.- xf/L =0.35
—— x'/L=O.45

Percent error in dimensionless central deflection
Percent error in dimensionless central deflection

-710 20 30 40 50 60 70 80 90 100 110 4%0 2b 3‘0 4‘0 50 Gb 7‘0 éO 9‘0 160 110

Number of grid points, n Number of grid points, n

Figure 6: Convergence and accuracy of the dimensionless central deflection (w/f, f = fr? /EI) of a simply

supported beam subjected to a point load for different locations of the applied load.

‘ ‘ 60 \ T T T T T T T
1 1 | ! ! | | | |
c | | c A SO U S S
2 | - - 2 o DQMR (¢ = 0.1) | ! *‘ :
8 28 -+ DQMR (¢ =0.075) | %/LF015 |
% | / o~ DQMR (0= 0.1) |! ! % 4o = — 4 MR =B T ]
° K [ [ DOMR 0.07 I x /L=045 ! ° -&- DQMR (o, = 0.05) | | |
LY i Bl (= 0075) |, ¢ ****‘***’ K] +Proposedapproach I I
£ I 4 || 7® DAMR (0= 0.05) | I I i <4 I
3 i | |—— Proposed approach | | | 8 |
@ T A A A ? |
2 é 1 | | | | | | 2 |
% I | | | | | | 2 |
& okt — L A A 54 !
£ i i i i | i | E |
< | | | | | | | z |
= | | | | | | | =
£ - e e e e Sl Ittt Sttt Rty 2 | | |
2 | | | | | | | 2. I I I
8 | | | | | | | 13 | | |
B30k~ AL -4 - - — 4 — == — 4= — — - — — 1 4 | | |
o | | | | | | | a - r r I
| | | | | | | | | |
Il Il | | | | | -3 Il Il Il Il | | | |
20 25 30 35 40 45 50 55 (%0 15 20 25 30 35 40 45 50 55
Number of grid points, n Number of grid points, n

Figure 7: Comparison of the dimensionless deflection (w/f, f = fL*/EI) of a simply supported beam
subjected to a point load for different locations of the applied load.
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6.2 Deflection of a Simply Supported Rectangular Plate Due to a Concentrated Point Load

Consider the bending problem of a simply supported rectangular plate subjected to a concentrated
point load f acting at a point (z, y) = (:vf, yf). Figure 8 shows the convergence and accuracy of the

dimensionless central deflection of the plate for different locations of the applied load. It can be seen
that the results by present method show better convergence trend than the conventional approach.
On the other hand, by comparing these results with those of Figure 6, one sees that the behavior of
solutions in this case (plate problem) is very similar to that of the beam problem. The only differ-
ence is that the order of error in solutions of the plate problem is larger than that of the beam prob-
lem.

In Figure 9 the results are compared with those of the DQMR. Again, one sees that the results
of proposed approach are better than those of the DQMR in terms of both accuracy and conver-
gence.
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Figure 8: Convergence and accuracy of the dimensionless central deflection (w/y, y = fd /D) of a simply

supported square plate subjected to a point load for different locations of the applied load.
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Figure 9: Comparison of the dimensionless deflection (w/y, y = fa*/ D) of a simply supported square

plate subjected to a point load for different locations of the applied load.
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6.3 Vibration of a Beam Due to a Moving Point Load

Consider the vibration problem of a simply supported beam subjected to a moving point load. The
parameters of the problem are assumed to be (Eftekhari, 2015a):

0 = 10686.9 kg/m®, b = 0.635 cm, h = 0.635 cm, E = 2.068 x 10" Pa, L = 10.16 cm, f = 4.45 N
where b and h are the width and thickness of the beam. The dynamic central deflections of the
beam, w,, are evaluated for different values of moving speed (v) and normalized by the static de-

flection w, = fLS/ (48FE1I). Figures 10 and 11 present the convergence of solutions for different load

speeds. The results are also compared with those obtained using the conventional approach. It can
be seen from Figures 10 and 11 that the results generated by the proposed method converge rapidly
to their final values and agree well with analytical solutions. The results of the conventional ap-
proach, however, are highly oscillatory and erratic. Note that the error in solutions of the conven-
tional approach never decays even if a large number of grid points are used. This implies that the
conventional approach is not suitable for studying the moving load-type problems.

-0.2 T T T T T T T T T -0.

0 - n=25 Proposed approach b 0 - n =25 Conventional approach f

wcd/w
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Figure 10: Convergence and accuracy of numerical results for normalized central deflection of a simply

supported beam subjected to a moving point load (v = 31.2 m/s).
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Figure 11: Convergence and accuracy of numerical results for normalized central deflection of a

simply supported beam subjected to a moving point load (v = 62.4 m/s).
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In Table 1, the numerical results are given for dynamic magnification factors (DMFs) (maxi-
mum value of normalized deflection at the beam center) of a simply supported beam for different
values of moving speed. The analytical solution values are also shown for comparison. It can be seen
from Table 1 that the results of proposed approach converge uniformly to those of exact solution as
the number of grid points increases. Besides, they agree very closely with analytical solution values.
In Table 2, the results of proposed approach are compared with those of other DQM procedures.

v(m/s) n=21 n=25 n=29 n=33 n=37 n=41 n=45 =n=49 n=051 Exact

31.2 1.1081 1.1121 1.1149 1.1158 1.1172 1.1181 1.1185 1.1188 1.1206 1.1216
62.4 1.2429 1.2476 1.2504 1.2534 1.2541 1.2552 1.2561 1.2568 1.2575 1.2585
78.0 1.4230 1.4289 1.4336 1.4362 1.4377 1.4389 1.4398 1.4406 1.4411 1.4434
93.6 1.5529 1.5614 1.5643 1.5668 1.5687 1.5699 1.5707 1.5719 1.5724 1.5742
109.2 1.6413 1.6461 1.6491 1.6517 1.6532 1.6546 1.6551 1.6563 1.6567 1.6590
140.4 1.7075 1.7134 1.7173 1.7187 1.7210 1.7214 1.7228 1.7235 1.7240 1.7263
156.0 1.7139 1.7192 1.7231 1.7245 1.7271 1.7275 1.7282 1.7290 1.7296 1.7315

Table 1: Convergence and accuracy of DMFs of a simply supported beam subjected to a moving

point load for different load speeds.

Present Present Present DQMR DQMR DQMR  DQM/IQM (n

v s —3)  (n—51)  (n—95  (n—35)  (n—5]) — 25) Exact
31.2 1.1121 1.1170 1.1206 1.1793 1.1168 1.1220 1.121 1.1216
62.4 1.2476 1.2536 1.2575 1.3337 1.2691 1.2550 1.257 1.2585
78.0 1.4289 1.4372 1.4411 1.4878 1.4503 1.4414 1.441 1.4434
109.2 1.6461 1.6523 1.6567 1.6767  1.6582 1.6591 1.658 1.6590

Table 2: Comparison of DMFs of a simply supported beam subjected to a moving
point load for different load speeds.

It can be seen from Table 2 that the results generated by the DQMR are somewhat oscillatory.
Note that the results of this approach with n = 25 are erroneous. By increasing the number of grid
points, however, the DQMR. results approach to the exact solution results. Compared with the
DQMR approach, the proposed approach provides better convergence and, in most cases, leads to
better accuracy. The DQM/IQM approach is found to be more efficient than other two approaches.
But, this approach requires the help of another method (i.e., the IQM) to treat the Dirac-delta
function, and this is not very desirable.

Now consider a clamped beam under a moving point load. The numerical results for this case
are given in Table 3 together with the finite element solution results of Rieker et al. (1996). Note
that, in this case, the central deflections of the beam are normalized by the static deflection w, =

JL*/(192EI). Tt can be seen that the present results converge uniformly to those of Rieker et al.
(1996) as the number of grid points increases. In Table 4, the results of proposed method are com-
pared with those of DQMR and DQM/IQM approaches. As it can be seen, the differences between
the solutions of various DQM procedures are negligible. But, when n = 31, the solutions of the
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DQM/IQM approach are found to have closer agreement with the finite element solution results of
Rieker et al. (1996).

v(m/s) n=25 n=29 n=33 n=37 n=41 n=45 n=49 n=>51 Rieker et al. (1996)

141.3070 1.282 1.289 1.294 1.297 1.300 1.301 1.303 1.305 1.311
282.6140 1.616 1.621 1.626 1.629 1.631 1.632 1.633 1.635 1.637
423.9210 1.541 1.540 1.544 1.545 1.546 1.548 1.548 1.548 1.552

Table 3: Convergence and accuracy of DMF's of a clamped beam subjected to a moving

concentrated load for different load speeds.

Present Present DQMR DQMR DQM/IQM Rieker et
v (m/s)

(n = 31) (n = 39) (n = 31) (n = 39) (n=31) al. (1996)
141.3070 1.291 1.298 1.308 1.303 1.304 1.311
282.6140 1.624 1.630 1.630 1.636 1.634 1.637
423.9210 1.541 1.546 1.548 1.549 1.549 1.552

Table 4: Comparison of DMFs of a clamped beam subjected to a moving point load for different load speeds.

6.4 Vibration of a Rectangular Plate Due to a Moving Point Load

Consider a simply supported rectangular plate subjected to a moving point load. The plate and load
parameters are assumed to be (Eftekhari, 2015a):

oh/D=1, f/D=1, a=b=1, z(t) = vt, y(t) = constant = %

Figure 12 illustrates the convergence of solutions and Figure 13 presents a comparison of the re-
sults with the DQMR, results.

0 0.1 0.2 0.3 0.4 0. 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0. 0.6 0.7 0.8 0.9 1

5 5
T T
Figure 12: Convergence and accuracy of numerical results for normalized central deflection of a simply supported

rectangular plate subjected to a moving point load.
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Figure 13: Comparison of numerical results for normalized central deflection of a simply supported rectangular

plate subjected to a moving point load (v = 0.45 m/s).

It can be seen from Figure 12 that the computed solutions converge monotonically to the exact
solutions as the number of grid points increases. Convergence is also more rapid when the moving
speed is high. Figure 13 shows again the better performance of the proposed approach over the
DQMR, approach. Note that the DQMR approach may produce erroneous results with small num-
ber of grid points (n = m = 25) when the value of the regularization parameter (o) is too small («
= 0.035). Although this can be avoided by increasing the number of grid points (see the results
correspond to n = m = 41), the regularization parameter should be carefully adjusted before the
problem being solved. In the proposed approach, there is no need to adjust any parameter before
solving the problem. Therefore, the proposed approach is more straightforward to implement than
the DQMR approach.

7 CONCLUSIONS

The direct discretization of the Dirac-delta function using point discretization techniques like the
DQM is not an easy task and special treatment is required. A way for overcoming this difficulty is
to use an alternative definition of the Dirac-delta function that the derivative of the Heaviside func-
tion in the distribution sense is the Dirac-delta function. This approach has been referred in the
literature as the direct projection approach. The conventional direct projection approach, however,
shows some oscillations for approximation of the Dirac-delta function. To overcome this limitation,
this paper introduces a modified direct projection approach that provides better approximation for
the Dirac-delta function while eliminates such difficulty. The applicability and reliability of the
proposed method are demonstrated herein through solution of some moving load problems of beams
and rectangular plates. The proposed approach is shown to be superior over the DQMR. approach
in terms of both accuracy and convergence.
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