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Improved high order free vibration analysis of thick double curved

sandwich panels with transversely flexible cores

Abstract

This paper dealt with free vibration analysis of thick double
curved composite sandwich panels with simply supported or fully
clamped boundary conditions based on a new improved higher
order sandwich panel theory. The formulation used the first order
shear deformation theory for composite face sheets and polynomial
description for the displacement field in the core layer which was
based on the displacement field of Frostig's second model. The
fully dynamic effects of the core layer and face sheets were also
considered in this study. Using the Hamilton's principle, the gov-
erning equations were derived. Moreover, effects of some im-
portant parameters like that of boundary conditions, thickness
ratio of the core to panel, radii curvatures and composite lay-up
sequences were investigated on free vibration response of the pan-
el. The results were validated by those published in the literature
and with the FE results obtained by ABAQUS software. It was
shown that thicker panels with a thicker core provided greater
resistance to resonant vibrations. Also, effect of increasing the core
thickness in general was significant decreased fundamental natural
frequency values.
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Structural efficiency is an important attribute for aircraft structures. A higher order theory ap-
proach, used by Kant and Patil (1991), replaced sandwich structure with an equivalent higher order
shear deformable structure, which lacked the ability to determine local buckling modes and imper-
fection effects on the overall behavior. Using the three-dimensional elasticity equations, Bhimaraddi
(1993) studied the static response of orthotropic doubly curved shallow shells. He assumed that the
ratio of the shell thickness to its middle surface radius is negligible as compared to unity. The high-
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er order sandwich panel theory was developed by Frostig et al. (1994, 2004), who considered two
types of computational models in order to express governing equations of the core layer. The second
model assumed a polynomial description of the displacement fields in the core that was based on
displacement fields of the first model. Their theory did not impose any restrictions on distribution
of the deformation through thickness of the core. Singh (1999) studied free vibration of the open
deep sandwich shells made of thin layers and a moderately thick core. Rayleigh-Ritz method was
also used to obtain natural frequencies. The improved higher order sandwich plate theory
(THSAPT), applying the first-order shear deformation theory for the face sheets, was introduced by
Malekzadeh et al. (2005, 2006).

NOTATIONS
av,dv, ,dv, Volume element of the top face sheet, the core and the bottom face sheet, respec-
tively
T :l (i = t,b,c) The moments of inertia of the top and bottom face sheets and the core
Me Normal bending moments per unit length of the edge of the core
z
ME MMM Bending and shear moments per unit length of the edge (i=t,b)
oy ya My
M¢, .M ZW M SW M ;’Lyz Shear and bending moments per unit length of the edge of the core, (n=1,2,3)
* *
M;;,J;z’ M, ;yz’M ngz’ M, n,;z
N N' N%. The in-plane external loads in the longitudinal and transverse direction, respec-
> gyt wyg

tively (i = t, b), (j=1,2)

]\]IL7 Ny;, Nz; Nyly In-plane and shear forces per unit length of the edge (i=t,b)

NE, Ny‘; N_:; N:;; Shear forces per unit length of the edge of the core

N,,f,;,‘ 7 Nq,i,j , N”Lj In plane resultant forces due to pre stresses (j=t,b)

QZ,]_ The reduced stiffnesses referred to the principal material coordinates

1,], Transformed reduced stiffnesses

R, Ri,u Curvature radii of the top face sheet, bottom face sheet and core in x-z and y-z
planes (i=t,b,c)

Uy, Uy, W, Unknowns of the in-plane displacements of the core (k=0,1,2,3)

U,,V,, W, Displacement components of the core

u(i),vé),w(i) Displacement components of the face sheets, (i = t, b)

u., |'/'c, WC Acceleration components of the core

[joj , |‘/;)/_ , Woj Acceleration components of the face sheets, (j=t, b)

Zt, Zp ,Z¢ Normal coordinates in the mid-plane of the top and the bottom face sheets and
the core
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GREEK LETTERS

Pur Py Pe Material densities of the face sheets and the core

O'iji Normal stress in the face sheets, (i=x,y), j=(t,b)

of Normal stress in the core, (i=x,y,z)

r){y, r};Z, 152 Shear stress in the face sheets, j=(t,b)

s Ty T4 Shear stresses in the core

g(ijxx,gé)xy,g(i)yy,gé)xz, g(i] . The mid-plane strain components, (i=t,b)

57, Exr Eny Normal strains components of the core layer

75, y)c,z, ;/f(y Shear strains components of the core layer

Vi vy Rotation of the normal section of midsurface of the top face sheet and bottom face

sheet along x and y, respectively(i=t,b)

Zenkour (2005a, b) presented a comprehensive bending, buckling and free vibration analysis of
simply supported functionally graded (FG) ceramic-metal sandwich plates. The sandwich plate face
sheets were assumed to be isotropic material. Two-constituent material distribution through thick-
ness was assumed to vary according to a power law distribution. Garg et al. (2006) investigated free
vibration analysis of simply supported composite and sandwich doubly curved shells. Their formula-
tion included Sander's theory based on equivalent single layer approach. Free vibration of FG ma-
terial sandwich rectangular plates with simply supported and clamped edges was studied by Li et
al. (2008). The governing equations based on the three-dimensional linear theory of elasticity were
derived and also they considered two common types of FG sandwich plates, namely sandwich plate
with FG face sheets and homogeneous core and sandwich plate with homogeneous face sheets and
FG core.

Experimental and analytical investigations of bending and free vibration response of layered FG
beams were carried out by Kapuria et al. (2008), who demonstrated capability of the zigzag theory
in modeling mechanics of such beams. Rahmani et al. (2009) studied free vibration analysis of open
single curved composite sandwich panel with a flexible core using a higher order sandwich panel
theory. Their formulation used classical shell theory for the face sheets and an elasticity theory for
the core layer. Cetkovic and Vuksanovic (2009) investigated global and local responses of laminated
and sandwich structures using Reddy's theory, finite element solution and based on equivalent sin-
gle layer approach. Biglari and Jafari (2010a) presented a simple three layer theory in order to
study vibration and static analysis of open single curved sandwich structures. In their model, they
used Donell's theory for the face sheets and considered inconsistent linear stress variation in the
core layer. They (2010b) also studied the free vibrations of doubly curved sandwich shell with flexi-
ble core based on a refined general-purpose sandwich panel theory. In their theory, the in-plane
stresses of the core were neglected.

Free vibration analysis of thick orthotropic plates was performed by Ghugal et al. (2011) using a
trigonometric shear deformation theory. In their theory, the zero shear stress conditions on the top
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and bottom surfaces of the plates were satisfied. Rahmani et al. (2012) studied the free vibration
and buckling analyses of circular cylindrical composite sandwich shells subjected to external loads
based on the Love-Kirchhoff assumptions for the face sheets. In their theory, the in-plane stresses of
the core and the out of stresses of the face sheets were neglected. Mochida et al. (2012) studied free
vibration response of doubly curved shallow shells using approximate Galerkin method. Classical
theory of elasticity and von-Karman’s non-linear deformation theory were used by Rafieipour et al.
(2013) to investigate free vibration analyses of laminated composite plates.

Using developed four-node quadrilateral element and the zigzag theory, Yasin and Kapuria
(2013) studied the static and free vibration analysis of singly- and doubly-curved composite and
sandwich shallow shells. In their theory, the transverse normal stresses were neglected. Ghavanloo
and Fazelzadeh (2013) examined free vibration analysis of simply supported doubly curved shallow
shells. Their formulation was based on Novozhilov's linear shallow shell theory. Using Donell’s non-
linear shallow shell theory and Kirchhoff’s hypothesis, Awrejcewicz et al. (2013) studied free vibra-
tion analysis of doubly curved orthotropic shallow shells. Viola et al. (2013) used a 2D higher order
shear deformation theory with nine parameters in order to analyze free vibration analysis of the
thick laminated doubly curved shells and panels. Their main assumptions were based on small de-
flections and negligible normal stress and strain. A high-order model for the analysis of circular
cylindrical composite sandwich shells subjected to low-velocity impact loads was presented by Kha-
lili et al. (2014). In their theory, the impact behavior of the cylindrical composite sandwich shells
was described by a high-order sandwich shell theory. Malekzadeh et al. (2014) applied the first-
order shear deformation theory to study effects of some geometrical, physical and material parame-
ters on response of the composite plates embedded with shape memory alloy (SMA) wires.

This study investigated free vibration analysis of double curved thick composite sandwich panels
using a new improved higher order double curved sandwich panel theory and the second computa-
tional model of Frostig (2004). In this work, analytical solution of the displacement field of the core
was presented in terms of the polynomials with unknown coefficients according to the second com-
putational model of Frostig (2004). Furthermore, the formulation included accurate stress-resultant

equations for composite sandwich structures, in which the terms (142, /R )and (1+ z, / R,)

were imported in equations and exactly integrated. These coefficients could be very important in
the structural analysis of thick double curved composite sandwich structures. Simply supported and
fully clamped boundary conditions were considered. In order to assure accuracy of the present for-

mulations, convergence of the results was examined in details.

2 THEORETICAL FORMULATION
2.1 Basic Assumptions

Consider a double curved thick composite sandwich panel which is composed of two composite lam-
inated face sheets and a flexible core layer. Thickness of the top face sheet, bottom face sheet and
core is hy, hy and he, respectively. The sandwich panel is supposed to have length a, width b and

total thickness h, as shown in Figure 1. Orthogonal curvilinear coordinates (z;,y;,2;, i = t,b,c) are
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also shown in Figure 1 where t and b refer to the top and bottom face sheets of the panel, respec-
tively. Curvature radii of the top face sheet, bottom face sheet and core in x-z and y-z planes are
R, R,, R andR, , R

- T L Rcy,respectively. The assumptions used in the present analysis were

based on small deformations of linearly elastic materials.

Figure 1: A double curved sandwich panel with laminated face sheets

and orthogonal curvilinear coordinates.

2.2 Mathematical Formulation

Mathematical formulation consists of deriving the governing field equations of motion along appro-
priate boundary conditions of the face sheets and core. They are derived using the Hamilton's prin-
ciple (Frostig 2004).

Using the first shear deformation theory, displacements u, v and w of the face sheets along the x,
y (longitudinal) and z (thickness) axes are expressed through the following relations (Reddy 2003):

u, (2, 2,y,t) = uj(2,9,t) + z0i(2,y,t)
v, (2, 2,y,t) = v (z,y,t) + ziwg;(m, y,t) i (i=t,b) 1)
w;(z,2,y,t) = wj(z,y,t)

where 2, is vertical coordinate of the each face sheet (i = t, b), measured upward from the mid-plane

of each face sheet. Kinematic equations of the face sheets are as follows:

i i i i i o0 i i i i

€or = €0z + Ziﬁfm’gyy - €0yy + Ziﬂyygzz - O’sz - 2€zy - 801;3/ + Ziﬁzy’ (2)
i i i i i i . S

Yoz = 26xz = Euzs ’yyz - 2€yz - 80;1/2 ) ( L= t’b)
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where:

b < Wo Mo W
ox Ry y Ry,
g X A Wo Uy W Vo
0xy aX 5y 1 ©0xz 8X l//x in ’ 0yz ay l//y Ryi (3)
: i .oy . oy, i
lez%, i =P P _9v O
X Yooy ox oy

For the thick core layer, displacement fields are based on the second Frostig's model (2004) as fol-
lows:

uc<x,y,z,t) =(1 —&—Ri)uf)(x,y,t) + zcuf<m,y,t) + z?ug(az,y,t) + zg’ug(m,y,t),

xc

vc(x,y,z,t) =(1 JrRi)vS(x,y,t) + zcvf(x,y,t) + zfvg(x,y,t) + zf v§(m,y,t>, (4)
yc
wc<x,y,z,t) = wg(x,y,t) + zcwf(x,y,t) + szg(x,y,t).

Based on small deformations, kinematic relations of the core layer are as follows:

¢ 1 ou, W,
gxx = s +
(1+ Z /RXC ) ax RXC

S 1 [G\IC+WCJ
"+ zR) oy R,

¢ _2; B 1 v, N 1 ou,
Py Yo @+z/R,) x  (1+z/R) &y ()
¢ ¢ 1 ow, u, | ou,
Vx2 zzgxz = s - +
Q+z/R )\ X R, ) @

e 1 faw v )
T T TR )y R, @

Assuming perfect bonding between the top and bottom face sheet—core interfaces, compatibility
conditions are as shown below:

U (z =z4)=Ug +1(—1)k h.y! h
i For i =t —{k =1;z, :?J
v, (z :zci):v(‘,+§(—1)k hiw, . (6)
i For izb—)[k:O;zcb:——Cj
W, (z=24)=w, 2

Using Equations (4) and (6) and some simplifications, compatibility conditions can be written as
follows:
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C
c _ 4hcu()

0°

, Aub —ud) —2(h ! + ht) — dhu
v 2ul) + ub) — hpt + by — dug = o o v R,
e B
4h v§
A(vh — b)) — 2kt + hyyt) — Ah ot — —<L 7
v 2(1}6 + vg) — htz/J; + hbwz — 4y o L7y Y ¢ » (7)
o = hf s Ug = h(?’ y
o () 2 uh)— g
1 h » 2 T 2 :
: h;

It can be seen in Equation (7) that the number of unknowns in the core layer is reduced to five.
These unknowns areug,u;,v,v; and wg . Therefore, generally, all unknowns for a double curved
composite sandwich panel are fifteen as follows:

0wl U g v, v wf b

U RIRTRCRR!
®)

The governing equations are derived using the Hamilton's principle which requires that:

t t
[oLdt = [[K —oU1dt =0
0 0

where 0 K and 86U denote variation of kinetic energy and strain energy, respectively. Also, t is time

duration between timest? and?,, and ¢ denotes variation operator.
The first variation of kinetic energy (assuming homogeneous conditions for displacement and
(i =t.0b,c)

velocity with respect to time coordinate) can be written as follows:

hl
i T T TN I S
o udu, v, v, +w ow, d..,.a.’A
|

where
z zZ .
(14 RC Ydz dy,, dA = dxdy, (i=1t0D)

dA, = (1+
RIC yc
) denotes the second derivative in time. The first variation of internal potential en-

C

and ( o
ergy of the sandwich panel is as follows:
el +0, 06y, + Ty 5y + T4, 01y +73, 67y, )V

i=tb \z

w3 [(e
+ j (0%, 525, + 0%, 865, + 0% 05, +15, 75, +75, 075, + 75,75, )dV
Ve
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where:

" )1 + 29 da dy,dz,,dV, = dAdz, = dudydz, ; (i = t,b)

e ye

AV, = dAdz, = (

Using the Hamilton's principle (Equations (8)-(10)) and the kinematic relations (Equations (1)-(7)),

equations of motion are obtained as follows:

Qt c 4 c 2 c 4 c 2 c 4 c
XZ+—M —M —M —M + M M, —
R hz 2xx, X hc 3xx, X hC 2 yx, y h3 3w,y Rtx hcz 2xz RIX hca 3xz
4 . 12 41° 161° 161°|., [41F 161° .,
h_MlXZ_FMZXZ :[I‘;+h_:+Ts+TGGJU‘;+( h; - hfe Juo +
o i( o 1oy 817 817 1615 1615 | .
Rxc h: hc4 Rxc hcs Rxc hcs ’ ( 1 1)
2/c 4_#_%_16/; g | e 200s 8IS 8IS (2017 8A I,
C 05 1 1 hc4 hCS hCG X hc4 hCG X
Qo 2 e 4o 200 4 2 e A
be +FM2XXX hB M3XXX hz MZyxy h3 M3yx,y+ behcz MZXZ RthCS M3XZ
A e 2y :[4/;_16#] [/b 4/;_16/;+16/;j0,,+
1xz 3 2xz 4 6 4 5 6 0
h? K ) h B h ;
2 e, jo,doy 8IS 8IS 1617 161 | . (12)
) - - + s+
h n Rxc Rxc hc4 h N R hcs Rxc hcs
2_/;_4_/;_£ 1605 | . [ 2n1 8niS s 2,17 _8h 1S IS |,
nonon h5 ! SR N h? h6 g
Q. 2,.. 4, . 2 . 4 2 . A . 4
R[y +FM2yyy h3 M3yyy h2 M2xyx+h_c3M3xy,x+ Rcyhcz M2yz+ Rcyhcs 3yz_h_cleyz
12 al; 16/“ 16/6 VR I Y B 1Y B
_FM“Z{F aa T ]V‘;J{ o hﬁﬁjv‘)
(—(I” 15, 4 < [y 817 8l 1615 16/;Jvc+ (13)
2 3 4 4 5 5
h R, I R, h hR._ H RN

21; 417 81; 161/ | . 2hi1; 8hiIS 8hIS|. 2h 1S 8h IS | .
[hz F‘W‘h—val {’ o h}/[—h /’;66}"’5

c c c
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Qu 2 4pc _Ape 240 Ay 2 0 4
R F Zw,y_F 3w,y F ny,x_? 3xy,x+ R hz Zyz_ R h3 3yz
by c 4 c c oy c cy ¢

N . 4/1° 161° 4/° 161° 161°
4 p 12Mc:( 4 _ GJY/#(IO‘# 45 4 GJV;)H

—_— + —
hcz 1lyz /703 2yz h: hCG 0 h: hf hCG
2 ;. 4 ;. 81; 815 1617 16/
_([C+ 3)__(/6+ 4y 4 _ 5 4 5 4 6]--0
2\2 3\'3 4 4 5 570
{ X R, K R, h HR_ KB RN

215 41° 81° 161°)., [ 2n1c 8h1c)., [, 2n1° 8hIS 8hIC).,
(h—h—h— hfsjvl ( hh—}//{l R /;;6]%

c c c c c

N_X[X+N[ RC 1 4 4 c 2 ¢ 1 Mc

thzx-'-Q[z _( _)’J’)__z_ MXX__MZ _—MZXX_
’ g Rtx Rty hc‘ RCX hc‘ ' hcz ch hcz RCth v
2 e 1. 2 . 1, . 2 ¢

_R hZ MZyy+h_ lxz,x+FM2Xz,x+h_ lyz,y+FM2yz,y

e c

1: 417 41° 1 41 1° 21° 41° 8IF
=(Iof+h—22+h—33+h—jng+[—h—i+h—j]W§+(h—l+h—§—h—§—i—jJW5

c c c c c c c

N° ONPOORS 1 42 1

QX’;X+Q”Z’ ()M -— M ——— M +—— M -
7y be Rby hc chhp /762 chhcz Rcyhc i
2 1 2 1 2 [ 1% 4/6}..,
S VLN VE Rl VL1 LRty y L P BLy 8 7
2 2 1xz,x 2 2X2,X 1yz, 2 2yz, 2 4 0
R % R R W,

IC 4/0 4/C IC 2/C 4/C 8/C
b <o b . C

[

Mxtx,x + M)([y,y - Q):z _% Mzcxx,x _2/7_/:7; M3CXX,X _% Mzcyx,y _2h_/:7>,t M;yx,y - Rhthz MZCXZ
c c c c ¢
2h . 2h .. 6h . 2h1° 8hIS 8hIS| ,  2hiIS 8hIS.
_R /;2M3X2+h—2[M1XZ+h—3[M2Xz=(/1[— /;44+ /;55_ ;’seJuo["'(_ f;44+ /;66 uob

h 17, 2h 17 4hil; 4hi°f 8hiS 8hI’
H L +=) L+ )+ — A L5 LS 4 LR ey
{ hcz ( ’ RXC) hL‘3 ( ? RXC) hC4 RXC hL‘4 hL‘S RXE hfj ’

c c c c c c 2qc 2qc 2qc
[_ h}7/23 _2//7;3/4 +4//7;4/5 +8/;;5/6 ]u’;{— ht//77b414 4 j (././f{ ’z’+h’h I +4h;75/5 +4/;,76/6 J%

c c

c
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h 2h h 2h h
b b b c c c c c
MXX,X+Mxy,y_sz+h_gM2xx,x_h_?f) 3xx,Xx h_g 2yx,y_h_3b 3yx,y R—bhz 2z
2h . 2h .. 6h .. [2ni1° 8nI°). 2h 15 8hIS 8hIS.
R ;,7]2 M3Xl_h_2leXZ+h_3bM2XZ:( /,;44 - /;66 ju()[+(l1b+ /;744 - ;;55 + ;66 uUb
e c c c c c c c (18)
h, 15 2h 15, 4hiIf 4hi1° 8hI° 8hI°
b (4 8y T h(fc4 4 )y_"b 4 _ b5 " h5 4" b6 |y
(hf( ’ Rxc) hc3 ( ? Rxc) hc4 Rxchc4 hns Rxchch ’

c c c c c c 271c 2pc 2qc¢
(ht;]/zg _2/;;3/4 _4//7;4/5 +8/;:5/6 J”f{_ h[//;b4/4 +4h,:g I J%{ o ML _4h;;5/5 +4h,’;5/6 j ”

c c

h 2h h 2h h
t t t c c c c c
Mxy,x+ Myy,y_ Qyz _h_tzMZyy,y _h_s[M3w,y _h_tzMZXy,X _h_:slM3xy,X - R thz M2yz -

2h . 2h .. 6h . 2n1° 8hif 8hic) , [ 2hi° 8nI°).
v /’72M3yz+—h2fMlyz+—h3fM2yZ:(ll’— /;44+ /;55— /;GGJVOIJ{_ /;44+ /;stvob-i-
h I 2h 1. 4hI1° 4hi1° 8hiIf 8hi° (19)
——h’2 12”+R3 )——h;(/;JrR4 )+ /;44+th54+ /;55 +Rt/765 v+

yc

ye c ye''c ye''c

hif 2hiIf 4h1° 8hiI° . RIS 4AR*1S 4R%1° ). hhit 4hhi°].
(_ ;7:3_ /;034_,_ /;645 + rserl +[/21+ z44+ ;7655 + /;fejl//;_i_(_ thb44+ thcg 6}//;

c

c c

h 2h h 2h h 2h
b b b
Mxy,x + Myy,y - Qyz +h_g Mzcyy,y _h_’jb M;yy,y +h_g Mzcxy,x _h_3b M3cxy,x +R—bhz MZCyz _R—;’z M;yz
c c c c ¢y e ¢
2h .. 6h . 2h1° 8hlI° 2h1° 8h1° 8hI°®
__szlyfz_l__;MZ;Z:[ t44_ reejv-()f+(/lb+ b44 _ b55 + besJV0b+
hc hc hc hc hc hc hc
h 17, 2h 15, 4hi1f 4h1° 8h1S 8hl° 20
_l;(/20+ 3)__;(,30+ 4)_ b44_ b 54+ b55+ b 65 V;)C+ ( )
h R, K R, h RN N RN

hit 2ni1f 4n1c 8hiIS| . | hhiIf 4hhI°|. , WIS 4h*1° AhZ1° ).
(1;723_ /:34_ /;;45+ ;.;56}/1"{_ rhb44+ ;756}//;_,_[/24_ b44_ ;;55+ ;’66 '//5

[ c c
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4 4 1 4 4 1
(N)Z(,X+NCX, __2MZCXX,X_—2M3CXX,X+_M16X, __2M20x, _—2M3cx, +_Nxcz_
e hC RCX hC RCX s hC " RCX hf s RCX
4 ¢ 4 ¢ 8 o 12 . 1 . . 1fo21° 8 . I
e zXZ—WMaxﬁh—cleXﬁWMm—R—Nxz):[’o + R}c + R:c _h_cz(lz + ch)

X c cxX

8 I1°. 1617 321° 161° I; 81 81 16/1° 16/°
—— (i) — 5 iy [ 28 4 4T 54 B
hcz Rxc( ? Rxc) hc4 Rxch04 szch:J ’ ( ' Rxc hcz hc2 Rxc hc4 Rxch;] '
c c c c c c c c (21)
2 / 4 / 8/, 16/ 81/ 16/, |, ,2 / 4
H=+=2) - +2) e+ —2 -+ & (= (L + 2 )+— (I +=2
(hf( ’ Rxc) /703 ’ Rxc) hcA hcs Rxch54 Rxchch ’ (hc2( ’ Rxc) hf( ? Rxc)
8/° 16/1° 81° 16/1° . hy o 1y 2h . 17 4Ahl; 8h1S 4hh IS
0 e gy Mg - SR
8hhl’]|. h 1:. 2h I1° 4AnlIS 8hlS 4hhl® 8hhli®|.
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In Equations (11)-(25), I¢ (n =0, 1,...,6) are moments of inertia for the core layer, as indicated
below:
hC
2
Ii= [ pzl@ 01,..,6 (26)

xc yc

N[
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Stress resultants per unit length for the core layer are defined as demonstrated below:

yc yc yc
c c c
N XX ¢ ZC M nxx N Xz
N c hi2 | Py @+ R ) M ¢ he /2 N ¢ he /2
Xc nyy Xc yz Xc
. dz.,y . (= |2 dz,,q ° r=
N Xy —h. /12 M nxy —h. 12 M nxz —h. 12
c c c C Fa R
N7 ye ML, ye M. ye
(27)
Xc Xc Xc
*c c
N Xz Oy,
*C he /2 c h, /2
N yz — O-yz R C M cl| ’ 1 C
«x [ n C crl 2z f T ( 'z c ) Oy
M nxz —h. /12 Zc Xz —h, /12
*c
M nyz Zc O-yz

Due to the radii of curvature are much larger than the thickness of the face sheets, in this paper

1+z/R for the face sheets can be approximated to 1. Therefore, stress resultants per unit length for
the face sheets can be defined as follows:

N T M T
N! hiz | gl M ;12 o h 12
fy = J. iyy dz,, fy = I z, iyy dz, =K, j i =t,b (28)
N Xy 12 | Oxy M Xy —h 12 Oyy —hi /2
ST I T A (v %,

Where k:s is the shear correction factor.

Constitutive equations for in-plane stress resultants based on the first order shear deformation lam-
inate theory are defined as (Reddy, 2003):

Ny, = Alyul, + Ay, + Ajg(uy, +00) + By, + By, + Big(vy, +,.,)
le = AliZU,iz + A2i2v,iy + AQZ()(/U’Zy + Ulz) + Bli2¢;,z + B%éz/’é,y + Béc(d’;,y + %z)
N;, :Aiﬁui +A§:6vi + Alg( ui —Hﬂ) ’:GW i¢jy+ i(¢fy+¢j,)
M; = Bl1u + BZQU + Bfﬁ(“ + ”,T) + Dflwix + Dwijy + D{G(q/) + wéz)
M;y = Bf2”,x + 352% BQZG(u,y + Ulac) 12%@ + 221/’y,y 26(1/};,11 + %z)
M;y = BfG“ZL + Bziej”,iy + Bie’(“i + U,Zr) 1i61/’i.r + ng“/’;,y + Béb’(%,y + w;,z)
Q. = KA, + v ) + A () + ')

)

Q. = AL (W) +w)) + A5 (4 + w))] i = (4,0)
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where A, B, and D, are extensional, bending-extensional coupling and bending stiffnesses, respec-
ij g ]

tively.

3 ANALYTICAL SOLUTION

Displacement fields based on the double Fourier series for a double curved composite sandwich pan-
el with simply supported boundary condition at the top and bottom face sheets are assumed to be
in the following form (j = ¢,b):

U3 (%, y.1) | Ui €OS(e, X)SIN(A,Y) |
Vg (X, y!t) Omn Sln(a X) COS(ﬁ y)
W (x,¥,1) Omnsm«x X)sin(B,y)

wl(x Y1) =ii ) n €OS(a, X)sin(B,Y)

wl(xy,t) | S| W, sin(a,x) cos(B, ) e, (k=0123), (1=0.1.2) (30)

ulf (X! y,t) kmn COS(O{ X)Sm(ﬂ y)
Vi (% y,1) Viem SiN(cz,, X) €OS(/3, Y)
_\NIC (X, y!t)_ Imn Sln(a X)SIn(ﬁ y)

mm nw
where a,, = — and 3, =

a b

When all edges are clamped, functions cos(a,,x)and cos(3,y)in the above series expansions must be
replaced withsin(e,, z) andsin(o,,y) , respectively.

In Equation (30), U/ ,VJ

J J c
Omn * " Omn 7W 1 v U

Omn ? = xmn ? JIIWL ’~ kmn ?

V(’

o and W - are the Fourier coefficients
and m and n are half wave numbers along x and y directions, respectively. By substituting stress
resultants (Equation (27)), compatibility conditions (Equation (7)) and displacement field (Equa-
tion (30)) in the governing equations (Equations (11)-(25)), applying the Galerkin method and col-

lecting coefficients, the eigenvalue equation is obtained as follows:
(K = A, M{cr = {0} (31)

where

_ t t b t t b t b c c T
{C} {U[)mm Omn7 VOmn’ VE)mn’ V[/E)mn’ Omn’ ¢:mrm7 w¢m7z7wymn7¢ymn7 Omn’%mn’Ulmn’ 1mn7 Onm}

2

where A\ =~ = w? and {c} is displacement vector for all the values of m and n. Also [K]| and [M] are

stiffness and mass matrices, respectively. The above eigenvalue equation can be solved for various
eigenvalues and associated eigenvectors.
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4 VALIDATION OF THE RESULTS

In order to validate the present method and demonstrate its capability, the results obtained from
the present theory were compared with recent theoretical and numerical results found in the litera-
ture. Also, the results were compared with those obtained from finite element ABAQUS software.

Example 1: Free vibration analysis of a flat composite sandwich panel with SSSS B.C.

In this example, a flat sandwich panel with laminated face sheets, PVC foam core and simply sup-
ported boundary conditions (SSSS) was considered. The lay-up sequences for face sheets were
[0/90/0] and the sandwich panel was symmetric about the mid-plane. Mechanical properties of the
face sheets and foam core are given in Table 1.

PVC foam core Laminate face sheets
E, =E, = E, = 0.10363 GPa, E, = 24.51 GPa, E, = E; = 7.77 GPa,
G, = Gy = Gyy = 0.05 GPa, Gy, = Gy = 3.34 GPa, G,; = 1.34GPa,

v=1032p=130Kg/m® v, =uv, =0.078, vy = 049, p = 1800 Kg / m®.

Table 1: Material properties of the composite sandwich panel (Meunier et al., 1999).

In

Table 2, the results obtained from the present theory (IHSAPT) were compared with those ob-
tained from the first model of Frostig, the higher order equivalent single layer theory (HSDT-ESL)
and FE modeling in ANSYS code. The results were presented for the first four dimensionless natu-

ral frequencies (@ = wa’(p/ E)({/ 2/h) of a square sandwich panel withh /a = 0.1and

h, / h = 0.88 . The maximum difference between the present theory and the higher order equivalent

single layer theory (FSDT-ESL) was 9.45 percent. Due to core flexibility in the current theory, the
obtained natural frequencies from current theory were lower than the natural frequencies obtained
from the FSDT-ESL. Also, the present results were in good agreement with those obtained from
finite element ANSYS software and the first higher order Frostig's theory. In Table 3, dimensionless
natural frequencies of sandwich panel are presented with the material properties given in Table 1
and lay-up sequences [45/-45/45] for the face sheets.

Mode Present 1st model Error ANSYS Error HSDT-ESL Error
No. model of Frostig difference (Rahmani difference (Meunier difference
(Rahmani (%) et al., 2009) (%) et al., 1999) (%)
et al., 2009)
1 14.37 14.27 0.7 14.74 2.57 15.28 6. 33
2 26.53 26.31 0.8 26.83 1.13 28.69 8.14
3 27.17 27.04 0.4 27.53 1.32 30.01 9.45
4 35.24 34.95 0.82 35.60 1.02 38.86 9.27
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Table 2: Comparing dimensionless natural frequencies of a flat composite sandwich panel.
As can be seen in Table 3, the results of the present theory were in good agreement with those of
THSAPT (Malekzadeh et al. 2005). Considering of different displacement fields for the core layers,
there was the discrepancy between the results. In the present theory, displacement field for the core
was assumed to be a polynomial with unknown coefficients. But, Nayak et al. (2002) and Malekza-
deh et al. (2005) used equivalent single layer Reddy's theory and 3D elasticity theory for the core,

respectively.
Dimensionless natural frequency
Mode  ppegent IHSAPT Error difference FE model Error difference
No. model (Malekzadeh (%) (Nayak et al., 2002) (%)
et al., 2005)
1 15.37 15.53 1.04 16.09 4.68
2 27.17 27.36 1.94 28.93 6.47
3 27.17 27.36 0.6 28.93 6.47
4 36.19 36.93 2.04 38.76 7.1

Table 3: Comparing dimensionless natural frequencies of a flat
composite sandwich panel [45/-45/45 /core/45/-45/45].

Example 2: Free vibration analysis of an open single curved composite sandwich
panel with SSSS B.C.

In this example, free vibration analysis of an open single curved composite sandwich panel with
foam core was investigated. Lay-up sequences for face sheets were [0/90]. Mechanical properties of
the face sheets and core are given in Table 4.

Foam core Laminate face sheets
E, = E, = E, = 6.80MPa, E, =131 GPa, E, = E; = 10.34GPa,
Gy = Gy = Gy, =3.45MPa, Gy, = G, = 6.895GPa, G,; = 6.205GPa,
v =032, p=94195Kg / m’. Uiy = Vg = 0.22, v,y = 0.49, p = 1627 Kg / m®.

Table 4: Material properties of the single curved composite sandwich panel (Armenakas et al. 1969).

In the Table 5 dimensionless first natural frequency for thin(h /b = 0.01) and thick(h /b = 0.1)

sandwich panels with three different ratios of radius to width (R /b ) were presented. In this table,
results of the present theory (IHSAPT) were compared with those obtained from the first Frostig's
model, first order shear deformation theory, higher order equivalent single layer theory and FE
modeling in ANSYS code. As can be seen in Table 5, the current results were in good agreement
with FE modeling in ANSYS code. Table 5 also shows that results of different theories for the thin
sandwich panel were in better agreement with each other than those for the thick sandwich panel.
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Dimensionless natural frequency

e R IS T ©5 Q e d =2 e 2o H a2 -
¥ £8P BEF S 29 2% g EY %3 EE
o S 5 & &3 SIS T 3 B g &3 I O T 3
0w E=5 & B o= s 22 L5 HH\_/EH"‘H
o 5 & ¢ =< @ a H @ 2 - @
= g LB N W2 =] 5 = =] =)
=% ) Q S Q S M a 5 O 9
R/b h/b = 2 87 S I T &3
/b b/ g S S S g B g & s
o - Nl = Nl a Nl a Nl
3 8 E g = =
=z 2 = 2

0.01 66.82 63.27 5.31 64.62 3.29 64.64 3.26 64.80 3.02

! 0.1 6.77 5.65 16.54 6.46 4.58 7.71 13.88 14.16  109.15
0.01 3495 33.87 3.09 34.50 1.29 35.90 2.72 36.21 3.06

? 0.1 3.75 2.96 21.07 3.71 1.07 5.82 55.2 14.026  274.93

3 0.01 2496 24.17 3.17 24.81 0.60 26.69 6.93 27.12 8.65

0.1 285 2.19 23.15 2.83 0.70 5.37 88.42 14.00  391.22

Table 5: Comparing dimensionless fundamental natural frequency

of an open single curved sandwich panel (a/b=1).

Example 3: Free vibration analysis of a flat composite sandwich panel with CCCC B.C.

Now, free vibration analysis of a sandwich panel with laminated face sheets and fully clamp bound-
ary conditions (CCCC B.C.) is studied. There has been few research on free vibration of sandwich
structures with CCCC B.C.. Therefore, in order to validate the current results, the sandwich struc-
tures were modeled in ABAQUS. This example used mechanical properties, given in Table 1.

At first, convergence of the first five dimensionless natural frequencies was investigated (Table
6). It can be seen from this table that the natural frequencies converged after about 13x13 expres-
sions (m=n=13). Table 6 also shows that the lowest convergence rate of the natural frequencies

occurred in the first mode shape.

Convergence Mode sequence number
m=n (1,1) (1,2) (2,1) (2,2) (1,3)
3 20.41 39.21 42.24 54.17 82.50
5 19.29 31.64 32.44 41.41 45.73
7 18.82 30.34 31.01 39.51 44.12
11 18.39 29.36 29.96 38.14 42.85
13 18.28 29.12 29.71 37.81 42.53
15 18.20 28.95 29.54 37.59 42.29

Table 6: Convergence of dimensionless natural frequencies
(@ =wd*(p/ E)Y*/h,a=b, a/h=10, h,/h=0.88, [0/90/0/core/0/90/0]).
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In Table 7, the current results were compared with the presented FE model by ABAQUS code and
the higher order equivalent single layer theory (HSDT-ESL) presented by Nayak et al. (2002). As
can be seen in Table 7, the results of the present method were in very good agreement with those of
FE model in ABAQUS; but, there was little difference between the current results and those of the
HSDT-ESL. It is because the HSDT-ESL model did not consider flexibility of the core layer.

Dimensionless natural frequency[0/90/0/core/0,/90/0]

Mode No.
(m,n) Present ABAQUS Error difference (HSDT-ESL) Error difference
model (%) (Nayak et al., 2002) (%)
(1,1) 18.20 17.87 -1.85 20.01 -9.94
(1,2) 28.95 28.32 -2.22 32.23 -11.32
(2,1) 29.54 28.92 -2.17 33.34 -12.86
(2,2) 37.59 36.78 215 42.27 1245
(1,3) 42.29 41.36 -2.19 48.16 -13.88

Table 7: Comparing dimensionless natural frequency of a flat composite sandwich panel.

Example 4: Free vibration analysis of a composite sandwich cylindrical panel with SSSS B.C.

In this example, free vibration analysis of a composite sandwich cylindrical panel with SSSS B.C. is
investigated. Lay-up sequences for face sheets are [0/90/0]. Mechanical properties of the face sheets
and core are given in Table 8.

Foam core Laminate face sheets

E, = E, = E; = 6.89MPa, E, = 131 GPa, E, = E; = 10.34GPa,
Gy = Gy = Gy =6.89MPa, G, = G,; = 6.895GPa, G, = 6.205GPa,
v=0,p=97Kg / m> Vyy = V)3 = 0.22, vy, = 0.49, p = 1627 Kg / m*.

Table 8: Material properties of a composite sandwich cylindrical panel.

In

Table 9 the dimensionless first natural frequency of sandwich panels with two different ratios of
radius to width are presented. In this table, results of the present theory (THSAPT) are compared
with the three layer theory presented by Rahmani et al. (2012) and with the three dimensional elas-
ticity solutions given in Yasin and Kapuria (2012). As can be seen in
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Table 9, the present and Rahmani et al. (2012) results show better agreement than Yasin and Kap-
uria (2012) ones. Because the present paper and Rahmani et al. (2012) used the high order sand-
wich panel theory, while Yasin and Kapuria (2012) used the zig-zag theory.

R/a  Present model  Rahmani et al. (2012) Yasin and Kapuria (2012)

2 3.1236 2.9646 3.5593

5 1.8923 1.7859 2.2664

Table 9: Comparing dimensionless natural frequency of the composite sandwich cylindrical panel.

5 RESULTS

According to the above examples, all formulations of free vibration analysis were validated. Now,
some examples are considered and the obtained results are presented and discussed.

Example 1: Free vibration analysis of a double curved composite sandwich panel with SSSS and CCCC B.Cs.

In this example, free vibration analysis of a double curved composite sandwich panel with SSSS and
CCCC B.Cs. was investigated. Mechanical and geometrical properties of the sandwich structure are
given in Table 10. Lay-up sequences of the top and bottom face sheets were [0/90/0] and the sand-
wich panel was symmetric about mid-plane.

In Table 11, the dimensionless natural frequencies of the double curved composite sandwich pan-
el for the first four mode shapes with both boundary conditions are presented.

E, = E, = E, = 0.10363 GPa, G,, = G, = G,; = 0.05 GPa,v = 0.32,p = 130 Kg / m®. Foam core

E, = 2451 GPa, E, = E; = 7.77 GPa, G;, = G,;; = 3.34 GPa, Composite face
G,y = 1.34GPay,, = v;; = 0.078, v,; = 0.49, p = 1800 kg / m®. sheets

h,/h =088, a=10h R, = R, = 3a,a = b. Geometric

Table 10: Mechanical and geometrical properties of a double curved composite sandwich panel.

Mode No. B =wd(p/E)N*/h
(m,n) SSSS B.C.  CCCC B.C.
(1,1) 16.6813 21.7969
(1.2) 27.8385 30.5294
(2,1) 28.6530 31.1720
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(2,2) 36.2091 38.7066

Table 11: Dimensionless natural frequencies of a double curved composite sandwich panel.
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(a) SSSS B.C. (b) CCCC B.C.
Figure 2: Mode shapes of the face sheets at the first natural frequency

for a double curved composite sandwich panel with SSSS and CCCC B.Cs.

As expected, the natural frequencies of the double curved sandwich structures with CCCC B.C.
were higher than those with SSSS B.C.. As shown in Table 11, the first dimensionless natural fre-
quency for both boundary conditions occurred in mode shape (m,n)=(1,1). In Figure 2 mode shapes
of the face sheets are presented at the first natural frequency for the double curved composite
sandwich panel with both boundary conditions.

Example 2: Effects of geometrical parameters and types of boundary conditions on the free vibration analysis of
a double curved composite sandwich panel

In this example, effects of various parameters on free vibration response of a double curved compo-
site sandwich panel with SSSS and CCCC B.Cs. were investigated. Properties of the sandwich
structure are given in Table 10. Lay-up sequences of the face sheets were [0/90/0] and the sandwich
panel was symmetric about the mid-plane.

First, effects of h./h (core to panel thickness ratio) and Ry/Rq (ratio of radii of curvatures) ratios
on the first dimensionless natural frequency were studied. It is clear that core to panel thickness
ratio and ratio of radii of curvatures had a significant effect on free vibration and dynamic analysis
of the sandwich panels. In
Figure 3(a)-(b), effects of h./h and R;/Rp ratios on the first natural frequency (for both boundary
conditions) are shown, respectively. In these figures, length (a) and width (b) of sandwich panel
were constant and did not change by thickness of the panel.

It can been seen in
Figure 3(a) that, with increasing core to panel thickness ratio for both boundary conditions, the
first dimensionless natural frequency decreased. With increasing h./h ratio, the first natural fre-
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quency decreased, too. Also, the difference between natural frequencies for SSSS and CCCC B.Cs.
at h./h=0.1 was higher than that at h.,/h=0.9. In general, with increasing thickness of the core,
natural frequencies increased because increasing in the thickness of the core increased stiffness of the
sandwich panel.

Figure 3(b) shows that, with increasing R;/Rp ratio for both boundary conditions until approxi-
mately Rj/Rg =3, the first natural frequency decreased and converged to a constant value. This
behavior occurred due to with increasing R;/Rp ratio, geometry of double curve panel converged in
the cylindrical single curve panel. In addition, selection of SSSS B.C. for a double curved composite
sandwich panel decreased the first dimensionless natural frequency of the panel, as can be seen in
Figure 3(b).

> 110
;1007 --=--.CCCC B.C. 1 N
90 g S
£ —e— SSSS B.C. E
‘-gl A ':20
5. =
£ 700 TS E
= e e --5- SSSS B.C
60 3 C.
z —e—CCCCBC.
501 =g
E
“ Zi
5 30p E I~
= .
? 20 S e,
=) 8 Z
lﬂ 1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 h 2 3 4 5 6 1 8 9 10
h /h RR,
(a) Core to panel thickness ratio (b) Radii of curvatures ratio

Figure 3: Effects of R;/Ry and h./h ratios on the first dimensionless natural frequency

of a double curved composite sandwich panel with both boundary conditions.

Now, effects of fiber angle, i.e. lay-up sequence and type of boundary condition, on the first natural
frequency are investigated. In Figure 4 (a)-(b), variations of the first natural frequency with fiber
angle for a sandwich panel with SSSS and CCCC B.Cs. are presented, respectively.
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(a) SSSS B.C. (b) CCCC B.C.
Figure 4: Effect of composite lay-up sequence on the first dimensionless natural frequency
of a double curved composite sandwich panel with a. SSSS B.C. and b. CCCC B.C.
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As can be seen in Figure 4(a), maximum first natural frequency for SSSS B.C. occurred in fiber
angle 45 ° while Figure 4(b) shows that maximum first natural frequency for CCCC B.C. approxi-
mately occurred in fiber angle 55°. In addition, natural frequency of a double curved composite
panel with CCCC B.C. for all fiber angles was more than that with SSSS B.C..
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Figure 5: Normalized displacements of the face sheets for a double curved composite sandwich
panel with SSSS and CCCC B.Cs. corresponding to the first and second mode shapes.

The normalized modal displacements corresponding to the first and second natural frequencies for a
sandwich panel with SSSS and CCCC B.Cs. are shown in

Figure 5, where amplitudes of the vibration in this figure are normalized. As is obvious in

Figure 5(a), normalized displacements of the top face sheet was higher than those of the bottom
face sheet for both boundary conditions. In this figure, the dot lines belong to CCCC B.C.. In the
first mode shape, the top and bottom face sheets moved vertically in the same direction for SSSS
and CCCC B.Cs. while

Figure 5(b) shows that the top and bottom face sheets in the second mode shape with SSSS B.C.
moved in the opposite direction those with CCCC B.C..

6 CONCLUSION

In this work, free vibration analysis of double curved composite sandwich panels with simply sup-
port and fully clamped boundary conditions was studied. The analysis was very general and valid
for any type of core, any type of face sheets as well as the cases in which the conditions at the
upper face sheet were different from those at the lower one along the same edge. Thickness of the
upper face sheet might be different from that of the lower face sheet. Transverse shear and rotary
inertia effects of face sheets were taken into consideration. Therefore, the upper and lower face
sheets could be thick or thin, independent from each other.

The numerical study revealed that soft-core sandwich panels exhibited a complex behavior and
vibration patterns of the sandwich panels were more complex than those of the homogeneous
panels. The thicker panels with a thicker core provided greater resistance to resonant vibrations.
The effect of types of boundary conditions, core to panel thickness ratio, ratio of radii curvature
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and fiber angle on dynamic response of double curved composite sandwich panels was also stud-

ied.

The results revealed that:

1. The present theory for free vibration analysis of double curved thick sandwich panels was
more accurate than other theories.

2. By increasing the core to panel thickness ratio, the first natural frequency of double curved
composite sandwich panels for SS and CC B.Cs. linearly decreased.

3. By increasing the radii of curvatures ratio until approximately Ri/Ro =3, the first natural
frequency of double curved composite sandwich panels for SS and CC B.Cs. decreased and af-
ter that converged to a constant value..

4. Maximum first natural frequency for SSSS B.C. occurred in fiber angle 45 ° while maximum first

natural frequency for CCCC B.C. approximately occurred in fiber angle 55 °.
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