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Abstract 
Tensor analysis and an orthogonal curvilinear coordinate system 
have been used to derive a complete set of equations for piezo-
magneto-elastic analysis of a functionally graded (FG) thick shell 
of revolution with variable thickness and curvature. The men-
tioned structure can be subjected to mechanical, electrical and 
magnetic fields. It was assumed that all material properties (me-
chanical, electrical and magnetic properties) change functionally 
throughout the three axis of employed coordinate system. Kinetic 
and potential energies of the system have been evaluated in order 
to constitute the functional of the system. Final partial differential 
equations of the system can be derived by using minimization of 
the energy functional with respect to five employed functions of 
the system. For validation, the obtained differential equations have 
been reduced to two previously studied problems i.e. functionally 
graded piezoelectric materials and functionally graded piezo-
magnetic cylinders. Furthermore, numerical results are evaluated 
for a case study. 
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1   INTRODUCTION 

Since scientific introduction of piezoelectric materials as an important element of intelligent and 
smart systems, numerous researches have been devoted to analysis of these materials in different 
configurations and geometries. Application of piezoelectric materials in various environments with 
opposite conditions has forced researchers to introduce new group of materials with variable 
properties along the directions of coordinate system. These materials were known as functionally 
graded materials (FGMs). The first idea for producing this group of materials was their applica-
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tion in environments with high temperature gradient and their forming ability. FGMs are made 
of a mixture with arbitrary composition of two different materials, and volume fraction of each 
material changes continuously and gradually at the entire volume of the material. A brief review 
on the literature indicates that cylinder, plate and sphere have been mostly used for mentioned 
analyses. 

Woo and Meguid (2001) investigated the nonlinear analysis of FG plates and shallow shells 
under transverse mechanical loads and temperature field. Von Karman theory for large deflection 
analysis has been employed for solution. They proposed an analytical solution for the coupled 
large deflection analysis of mentioned structures. A spherical shell made of homogenous materials 
subjected to mechanical and electrical loads has been studied by Chen et al. (2002). Liu et al. 
(2002) developed an analytical model for free vibration analysis of a cylindrical shell under me-
chanical and electrical loads using Mindlin’s theory. Distribution of electric potential has been 
modeled by a sinusoidal function along the thickness direction. Piezoelectric analysis of a cylindri-
cal shell was performed by Peng-Fei and Andrew (2004). They used the theory of elasticity for 
evaluating the behavior of piezoelectric structure. Exact analysis of a cylinder made of functional-
ly graded piezoelectric materials (FGPMs) under bending was studied by Lee and Lu (2005). It 
was supposed that the material properties changes continuously and gradually along the radial 
coordinate system based on a power function distribution.  

Dai et al. (2007) analyzed electro-magneto-elastic behavior of functionally graded piezoelectric 
(FGP) cylindrical and spherical pressure vessels. All mechanical, electrical and magnetic proper-
ties were assumed variable along the radial coordinate system based on a power function.  

Electro-magneto-elastic analysis of an orthotropic cylinder has been performed by Babaei and 
Chen (2008). The cylinder was assumed infinitely long and consequently, an one dimensional 
analysis has been presented. The cylinder has been polarized and magnetized radially. The effect 
of centrifugal load also was studied on the electro-magneto-elastic responses of the problem. Two 
dimensional theory of elasticity has been employed in order to investigate the thermo-elastic be-
havior of a FG cylinder under thermal and mechanical loads by Jabbari et al. (2009). Sarfaraz 
Khabbaz et al. (2009) investigated the nonlinear analysis of FG plates under pressure based on 
the higher-order shear deformation theory. The effect of the thickness and non-homogeneous in-
dex was investigated on the distribution of the displacements and stresses. It was supposed that 
cylinder has been constrained with simply supported boundary conditions.  

Khoshgoftar et al. (2009) presented the thermo-elastic analysis of a FGP cylindrical pressure 
vessel. It was supposed that all thermal, mechanical and electrical properties obey a power func-
tion along the radial direction of the cylinder. This analysis was performed using the plane elas-
ticity theory.  

Electro-magneto-thermo-elastic behaviors of a FGP hollow cylinder under a uniform magnetic 
field and subjected to thermo-electro-mechanical loads was investigated by Dai et al. (2010). All 
mechanical, electric, magnetic and thermal properties were considered variable as a power func-
tion along the thickness direction. They presented benefits of material nonhomogeneity for design 
optimization of electro mechanical structures and systems. Sheng and Wang (2010) presented 
thermo-elastic vibration and buckling characteristics of a FGP cylindrical shell. Description of 
deformation has been performed by first order shear deformation theory and a quadratic function 
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has been used for distribution of electric potential along the thickness. The Hamilton’s principle 
and Maxwell’s equation were considered for solving the problem. The critical values of axial load, 
temperature and voltage were investigated for different boundary conditions. Arefi and Rahimi 
(2011) studied thermo-piezo-magneto-elastic analysis of a functionally graded piezomagnetic cyl-
inder. 

As mentioned in literature review, most researches about piezoelectric materials have been lim-
ited to three famous structures (cylindrical, spherical and plate). The author thinks that it is 
necessary to develope a complete formulation to exactly predict the piezo-magneto-elastic behav-
ior of an arbitrary structure made of functionally graded material (FGM) under mechanical loads 
and electric and magnetic fields.  

Although some researches have been presented to study the behavior of a shell of revolution, 
this study tries to present a complete set of partial differential equations for piezo-magneto-elastic 
analysis of a functionally graded piezo-magnetic thick shell of revolution with variable thickness 
and curvature. Some incompleteness and incomprehensive relations in previous researches can be 
resolved in this study. Some of these works can be presented. 

Three dimensional formulation of elasticity for elastic analysis of a thick shell of revolution 
with arbitrary thickness and curvature made of isotropic and homogenous materials has been 
studied by Kang (2007). This work was performed using the tensor formulation in curvilinear 
coordinate system. The assumed limitations in the mentioned work can be improved for more 
general applications in the present study. 

Arciniega and Reddy (2007) suggested the finite element formulation for nonlinear analysis of 
a shell structure based on the tensor analysis. Curvilinear coordinate system with higher order 
elements were employed for this purpose. The thickness strain was considered and therefore, a 
three dimensional analysis was employed. It was assumed that shear stresses and strains did not 
have any effect on the normal strains and stresses, respectively. Some appropriate and useful rela-
tions about tensor analysis and piezoelectric structures were presented in literature (Arciniega 
and Reddy 2007, Carrera and Brischetto 2007, Ray and Reddy 2005, Santos et al., 2008).    

It will be understood that there are not considered any limitation on the constitutive equations 
nor on the direction of functionalities of the used material in the present research. This work is 
performed using tensor analysis and an orthogonal curvilinear coordinate system for a completely 
general thick shell of revolution (variable thickness and curvature). Using energy method and 
minimization of the functional of the system using Euler equation, governing partial differential 
equations of the system can be derived. The outcome of this study can be used for a complete 
anisotropic structure. The present formulation can be validated with results of cylinders made of 
functionally graded piezoelectric or functionally graded piezomagnetic materials. 

 
 

2   FORMULATION 

2.1 Fundamental geometr ic re lat ions of used curvi l inear coordinate system  

For analysis of an arbitrary thick shell of revolution, a curvilinear coordinate system is employed. 
Figure 1 shows this curvilinear coordinate system. Two curvilinear and Cartesian coordinate sys-
tems are presented in this figure. For derivation of fundamental geometric relations, let us to 



2076      Mohammad Arefi / A complete set of equations for piezo-magneto-elastic analysis of a functionally graded thick shell of revolution 

Latin American Journal of Solids and Structures 11 (2014) 2073-2098 

 

define the appropriate relation between curvilinear and Cartesian coordinate systems. The com-
ponents of curvilinear coordinate system include ( , z, )ψ θ , which are meridian, normal and cir-
cumferential components, respectively. 

The appropriate transformation from 1 2 3(q ,q ,q ) ( ,z, )ψ θ=  to 1 2 3(X ,X ,X ), is expressed as fol-
lows (Kang, 2007):  

 

(1) X = !1 sin" cos#e
!
1 + !1 sin" sin#e

!
2 + ( y ! z cos!)e

!
3  

 

where, e
!
i  is unit vectors along the axis of Cartesian coordinate system, 1 zψρ ρ= +  and ψρ is 

the normal distance of mid-plane from the vertical axis. The mentioned parameters of the shell 
can be observed in Figure 1.  

Using Eq. (1), the first important base vector (covariant base vector, gi ) can be defined. Co-

variant base vector (gi ) along every component of curvilinear coordinate system can be obtained 
by using partial derivative of the position vector with respect to the mentioned component of 
curvilinear coordinate system using Eq. (2) (Kang 2007, Arciniega and Reddy 2007): 
 

(2) 

g1 = X ,q1
=
!X
!!

= ("1 sin!),! cos#e
!
1 + (!1 sin")," sin#e

!
2 + ( y " z cos!),!e

!
3

g 2 = X ,q2
=
!X
!z

= !1,z sin" cos#e
!
1 + !1,z sin" sin#e

!
2 " cos!e

!
3

g3 = X ,q3
=
!X
!!

= ""1 sin# sin!e
!
1 " !1 sin" cos#e

!
2

 

 

For completion of derivation of covariant base vector, three undefined expressions including 
(!1 sin")," ,( y ! z cos")," and !1,z  appeared in Eq. (2) must be evaluated. For this case, we 

have following geometric relations: 
 

(3) 

dr = dscos!,dy = dssin!,ds = "#d!, r = r + zsin! = ("! + z)sin! = "1 sin!

dr
d!

=
ds
d!
cos! = "# cos!,

dy
d!

=
ds
d!
sin! = "# sin!

 

 

where, !"  is radius of curvature, r  is the radius of mid-plane of curve and r  is the radius of an 
arbitrary point with orthogonal distance ( z ) from the mid-plane. 

Now, the undefined expressions can be evaluated as follows: 
 

 (4) 
(!1 sin")," =

dr
d"

= !# cos" + z cos" = !2 cos",!1,z =1

( y ! z cos")," = !# sin" + z sin" = !2 sin"
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where 2 θρ ρ= + z . The above geometric relations simplify the evaluation of the covariant base 
vector as follows: 
 

(5) 

g1 = X ,1 =
!X
!!

= "2 cos! cos#e
!
1 + !2 cos" sin#e

!
2 + !2 sin"e

!
3

g 2 = X ,2 =
!X
!z

= sin! cos"e
!
1 + sin! sin"e

!
2 " cos!e

!
3

g3 = X ,3 =
!X
!!

= "r sin!e
!
1 + r cos!e

!
2

 

 

After evaluation of covariant base vector, other important base vector (Contra variant base vec-
tor,gi ) can be defined. 

(6) g i = g ij g j  
 

where, ijg are metric tensors. The covariant and contra variant metric tensors ,ij ijg g  and the 

relation between them are expressed as (Arciniega and Reddy 2007): 
 

(7) gij = gi .g j , gi = gii ,   g ij = g i .g j , g i = g ii ,g ij =
1
gij

,g i = g ij g j  

 

which, gives Contra variant base vector ig as follows: 
 

(8) 

g 1 =
1
!2
[cos" cos#e

!
1 + cos! sin"e

!
2 + sin!e

!
3]

g 2 = sin! cos"e
!
1 + sin! sin"e

!
2 ! cos!e

!
3

g 3 =
1
r
[!sin!e

!
1 + cos!e

!
2 ]

 

 

Substitution of Eq. (5) into Eq. (7) gives three components of covariant and contra-variant met-
ric tensors as follows (Kang 2007, Arciniega and Reddy 2007):  
 

 (9) g11 = g1.g1 = !2
2 ,  g 22 = g 2.g 2 =1 , g33 = g3.g3 = r

2 ,g 11 =
1
!2

2
,  g 22 =1 , g33 =

1
r 2  
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Figure 1: the schematic figure of a thick shell of revolution with assumed curvilinear coordinate system. 
 

The other important step in derivation of basic geometric relations is evaluation of derivatives of 
a vector with respect to components of coordinate system. The covariant and contra-variant de-
rivatives of a vector ( jv and jv ) can be presented by defining the Christoffel symbols of first and 

second kind ( f
ijΓ  and fijΓ ) (Kang 2007): 

 

(10) v j i =v j ,i !v f "
f
ij ,  v

j
i =v

j
,i !v

f " fij  
 

The Christoffel symbols are derived as: 
 

 (11) 

!ij
k = g k .g i , j

!11
1 =

!" ,"
!2
,!12

1 =
1
!2
,!33

1 = "
r
!2
cos"

!11
2 = "!2 ,!33

2 = "r sin",!13
3 =

!2
r
cos",!23

3 =
!" ,"
!2

 

 

In this step, the strain-displacement relation can be expressed as (Kang 2007): 
 

   (12) ! ij =
1
2
[vi j +v j i ]  

 

where,! ij  are tensor components of strain. Using the appropriate transformation relation between 

the physical (!ij ) and tensor (! ij ) components (! ij = gii g jj"ij ), we have the physical strain 

components as (Kang 2007): 
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(13) 

!"" =
(u" ," + uz )

#2
,!$$ =

(u$ ,$ + uz sin" + u" cos")

r
,!zz = uz,z

!"z = 12
[u" ,z !

(u" ! uz," )

#2
],!"$ = 12

[
(u" ,$ ! u$ cos")

r
!
u$ ,"
#2
]

!z$ = 12
[
(uz,$ ! u$ sin")

r
+ u$ ,z ]

 

 

The final step in derivation of basic equations is evaluation of divergence of the scalar fields. If φ  

is electric potential and Φ is magnetic potential, therefore, E
!"
,H
!"

electric and magnetic fields can 
be obtained as follows (Khoshgoftar et al. 2009, Santos et al. 2008): 
 
 

(14) E
!"
= !"
!"
!,   H
!"
= !"
!"
#  

 

Divergence of a scalar filed such as electric potential (φ ) may be evaluated by using the metric 
tensor for obtaining electric field (E ) as follows (Santos et al. 2008): 
 

 (15) 

Ei = !"
!"
! = !gi #!

#qi
= ! gii #!

#qi

E" = ! g11 #!
#"

= !
#!
#2#"

,  Ez = ! g22 #!
#z

= !
#!
#z

,  E$ = ! g33 #!
#$

= !
#!
r#$

 

 

The same equations can be obtained for derivation of magnetic field (H ) as follows: 
 

 
(16) Hi = !"

!"
#$H! = !

%#
"2%!

,  Hz = !
%#
%z

,  H3 = !
%#
r%#

 

 

2.2 Constitut ive equations for piezo-magneto-elast ic formulat ion  

The piezo-magneto-elastic behavior of a thick shell of revolution made of functionally graded pie-
zomagnetic materials can be presented in this section. Three constitutive equations that are nec-
essary for identification of the behavior of the piezomagnetic structures are expressed in vector 
form (Khoshgoftar et al. 2009, Santos et al. 2008): 
   

 
(17) 

C eE dH
D e E gH
B d gE H

σ ε

ε η

ε µ

= − −

= + +

= + +

 

 

where, σ  and ε  are stress and strain tensors of order two, E  and D are electric field and elec-
tric displacement tensors of order one, H  and B are magnetic field and magnetic displacement 
components of order one and C,e  and η  are elastic stiffness, piezoelectric and dielectric tensors 
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of order four, three and two, respectively. d,g  and µ  are piezo magnetic, electromagnetic and 
magnetic coefficient tensors, respectively. The constitutive and piezoelectric relations are defined 
in terms of physical components (Santos et al. 2008): 
 

(18) 

ij ijkl ijk ijk

i ijk ik ik

i ijk ik ik

kl k k

jk k k

jk k k

C e E d H

D e E g H

B d g E H

σ ε

ε η

ε µ

= − −

= + +

= + +

 

 

Imposing the symmetric condition for stress and strain tensors ijkl klij jikl ijlkC C C C= = = , reduces 

the relation in the extended form as follows (Arciniega and Reddy, 2007): 
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(19) 

!"" =C1111#"" +C1122#zz +C1133#$$ + 2C1112#"z + 2C1113#"$ + 2C1123#z$ ! e111E" ! e112Ez
!e113E$ !d111H" !d112Hz !d113H$

! zz =C2211#"" +C2222#zz +C2233#$$ + 2C2212#"z + 2C2213#"$ + 2C2223#z$ ! e221E" ! e222Ez
!e223E$ !d221H" !d222Hz !d223H$

!$$ =C3311#"" +C3322#zz +C3333#$$ + 2C3312#"z + 2C3313#"$ + 2C3323#z$ ! e331E" ! e332Ez
!e333E$ !d331H" !d332Hz !d333H$

!"z =C1211#"" +C1222#zz +C1233#$$ + 2C1212#"z + 2C1213#"$ + 2C1223#z$ ! e121E" ! e122Ez
!e123E$ !d121H" !d122Hz !d123H$

!"$ =C1311#"" +C1322#zz +C1333#$$ + 2C1312#"z + 2C1313#"$ + 2C1323#z$ ! e131E" ! e132Ez
!e133E$ !d131H" !d132Hz !d133H$

! z$ =C2311#"" +C2322#zz +C2333#$$ + 2C2312#"z + 2C2313#"$ + 2C2323#z$ ! e231E" ! e232Ez
!e233E$ !d231H" !d232Hz !d233H$

D" = e111#"" + e122#zz + e133#$$ + 2e112#"z + 2e113#"$ + 2e123#z$ +%11E" +%12Ez +%13E$
+g11H" +g12Hz +g13H$

Dz = e211#"" + e222#zz + e233#$$ + 2e212#"z + 2e213#"$ + 2e223#z$ +%21E" +%22Ez +%23E$
+g21H" +g22Hz +g23H$

D$ = e311#"" + e322#zz + e333#$$ + 2e312#"z + 2e313#"$ + 2e323#z$ +%31E" +%32Ez +%33E$
+g31H" +g32Hz +g33H$

B" = d111#"" +d122#zz +d133#$$ + 2d112#"z + 2d113#"$ + 2d123#z$ +g11E" +g12Ez +g13E$
+µ11H" +µ12Hz +µ13H$

Bz = d211#"" +d222#zz +d233#$$ + 2d#"z + 2d213#"$ + 2d223#z$ +g21E" +g22Ez +g23E$
+µ 21H" +µ 22Hz +µ 23H$

B$ = d311#"" +d322#zz +d333#$$ + 2d312#"z + 2d313#"$ + 2d323#z$ +g31E" +g32Ez +g33E$
+µ31H" +µ32Hz +µ33H$

"

#

$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$

%

$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$
$

 

 
The energy method can be employed in order to obtain functional of the system and derivation of 
governing differential equations. Total energy of the system includes potential and kinetic ener-
gies. Potential energy is decomposed into mechanical, electrical and magnetic energies that can be 
defined per unit volume of the structure as follows (Ray and Reddy, 2005): 
 

(20) up = 12
[! ij"ij !DiEi !BiHi ]! fiui  

 



2082      Mohammad Arefi / A complete set of equations for piezo-magneto-elastic analysis of a functionally graded thick shell of revolution 

Latin American Journal of Solids and Structures 11 (2014) 2073-2098 

 

where, if (i , z, )ψ θ=  are the component of body force per unit volume. The kinetic energy is 
defined as (Ray and Reddy, 2005): 
 

(21) uk = 12
!(",z,# )[u

.
"

2

+ u
.
z

2

+ u
.
#

2

]  
 

where, ( , z, )λ ψ θ  is density of material. By substituting the total non-zero components of 

ij ij i,  ,  Dσ ε  and iE , we arrive to the potential energy per unit volume of the structure as: 
 

p zz zz z z z z z z

z z z z

1u [ 2 2 2 D E D E D E2
B H B H B H ] f u f u f u

ψψ ψψ θθ θθ ψ ψ ψθ ψθ θ θ ψ ψ θ θ

ψ ψ θ θ ψ ψ θ θ

σ ε σ ε σ ε σ ε σ ε σ ε= + + + + + − − −

− − − − − −

 

(22) 

Total energy of the system is obtained by subtraction of the potential energy from the kinetic 
energy (Ray and Reddy, 2005): 
 

(23) u = uk ! up  
 

By definition of unit volume of the structure 2 2dV ( d )(rd )dz rd d dzρ ψ θ ρ ψ θ= =  and consider-
ing Eqs. (21, 22 and 23), the total energy and the energy functional of the system can be consti-
tuted as follows:  
 

(24) U = !2rud" dzd#
"
!

z
!

#
! = F(u" ,uz ,u# ,$, t)d"

"
!

z
! dzd#

#
! " F(u" ,uz ,u# ,$, t) = !2ru  

 

The obtained functional of the system (Eqs. (24)) can be substituted in the Euler’s equations in 
order to derive the final governing differential equations of the system as follows: 

 
 
 
 
 

(25) 
 
 

, , , ,

, , , ,

, , , ,

,

( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0

( ) (

t z

z z t z z z z

t z

t

F F F F F
u t u u z u u
F F F F F
u t u u z u u
F F F F F
u t u u z u u
F F F

t

ψ ψ ψ ψ ψ ψ θ

ψ θ

θ θ θ ψ θ θ θ

ψ θ

ψ θ

ψ θ

φ φ ψ

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
− − − − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
− − − − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
− − − − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂
− −

∂ ∂ ∂ ∂ , , ,

, , , ,

) ( ) ( ) 0

( ) ( ) ( ) ( ) 0

z

t z

F F
z

F F F F F
t z

ψ θ

ψ θ

φ φ θ φ

ψ θ

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪ ∂ ∂ ∂ ∂
⎪ − − =

∂ ∂ ∂ ∂ ∂⎪
⎪∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎪ − − − − =
⎪∂Φ ∂ ∂Φ ∂ ∂Φ ∂ ∂Φ ∂ ∂Φ⎩

 

 

where, F(u! ,uz ,u" ,#,!, t) = $2ru  is defined as the functional of the system. By performing the 

appropriate operations and simplifications, we will have the final energy functional as: 
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(26) 

1111 2222 3333 1212 1313

2323 1122 1133 2233 1112 1113 1123

2212

z 2

2 2 2
2 2 2 2 2

z2 2 zz z

2
z zz zz z z

zz z

F(u ,u ,u , , t) ru

11 r[u u u ] r[C C C 4C 4C2 2
4C 2C 2C 2C 4 (C C C )

4 (C C

. . .
ψ θ

ψ θ ψψ θθ ψ ψθ

θ ψψ θθ ψψ θθ ψψ ψ ψθ θ

ψ

φ ρ

λρ ρ ε ε ε ε ε

ε ε ε ε ε ε ε ε ε ε ε

ε ε

=

= + + − + + + +

+ + + + + + +

+ + 2213 2223 3312 3313 3323

1213 1223 1323 111 222 333 112

113 221 223 331 332 112

z z z

z z z z zz z z

zz zz z z

C ) 4 (C C C )

8C 8C 8C 2e E 2e E 2e E 2e E

2e E 2e E 2e E 2e E 2e E 4E (e

ψθ θ θθ ψ ψθ θ

ψθ ψ θ ψ θ ψθ ψ ψψ θθ θ ψψ

θ ψψ ψ θ ψ θθ θθ ψ ψ

ε ε ε ε ε ε

ε ε ε ε ε ε ε ε ε ε

ε ε ε ε ε ε

+ + + +

+ + + − − − −

− − − − − − 113 123

212 213 223 312 313 323 11 22 33

12 13 23

111 222 333 221 331 121 131 231

z

2 2 2
z z z z z z

z z

z zz zz z

e e )

4E (e e e ) 4E (e e e ) E E E

2 E E 2 E E 2 E E

2d H 2d H 2d H 2H (d d 2d 2d 2d

ψθ θ

ψ ψθ θ θ ψ ψθ θ ψ θ

ψ θ ψ θ

ψ ψψ θ θθ ψ θθ ψ ψθ

ε ε

ε ε ε ε ε ε η η η

η η η

ε ε ε ε ε ε ε

+ +

− + + − + + − − −

− − −

− − − − + + + +

112 332 122 132 232

113 223 123 133 233

11 22 33

21 31 12 32 13 23

11 22 33

z

z z z

zz z z

z z

z z z

2 2 2
z

)

2H (d d 2d 2d 2d )

2H (d d 2d 2d 2d )

2g H E 2g H E 2g H E

2H (g E g E ) 2H (g E g E ) 2H (g E g E )

H H H

θ

ψψ θθ ψ ψθ θ

θ ψψ ψ ψθ θ

ψ ψ θ θ

ψ θ ψ θ θ ψ

ψ θ

ε

ε ε ε ε ε

ε ε ε ε ε

µ µ µ

− + + + +

− + + + +

− − −

− + − + − +

− − − − 12 13 23z z 2 z z2 H H 2 H H 2 H H ] r(f u f u f u )ψ θ ψ θ ψ ψ θ θµ µ µ ρ− − + + +

 

 

Substituting Eq. (26) into Eq. (25) gives five field equations of an arbitrary thick shell of revolu-
tion for a general nonhomogenous piezomagnetic material as follows: 

1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10 ,

11 , 12 , 13 , 14 , 15 , 16 , 17 , 18 , 19 ,

20 , 21 , 22 , 23 , 24 ,

z zz zz zz z

zz zz z z z z

z z z z z z

A u A u A u A A A A A A A u
A u A u A u A u A u A u A u A u A u
A u A u A u A u A u

ψ ψψ θ θθ ψψ θθ ψψ θθ ψψ

θ ψψ ψ θ ψ θθ θθ ψ θ θψ ψ ψ ψ θψ

θψ θ ψ θ θ ψ θ θ

φ φ φ+ + + + + + Φ + Φ + Φ +

+ + + + + + + + +

+ + + + + 25 , 26 , 27 , 28 ,

29 , 30 , 31 , 32 , 33 , 34 , 35 , 36 , 37 ,

38 , 39 , 40 , 41 , 42 , 43 , 44 , 45 , 46 47

48 2 49

..

z z z

z z z z z

z z z z z

A A A A
A A A u A u A u A u A u A u A u
A u A u A A A A A A A u A u

A u rf A u

ψ θψ θ ψ

θψ θ ψ ψ θ θ ψ ψ ψ θ θ ψ

θ θ ψ θ ψ θ ψ

ψθ ψ

φ φ φ

φ φ φ φ φ φ

ρ

+ + + + Φ

+ Φ + Φ + + + + + + +

+ + + + + + + + + +

+ + =

 (27-1) 
 

1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10 , 11 ,

12 , 13 , 14 , 15 , 16 , 17 , 18 , 19 , 20 , 21 ,

22 , 23 , 24 ,

z zz zz zz z

zz zz z z z z z z

z z z z

B u B u B u B B B B B B B u B u
B u B u B u B u B u B u B u B u B u B u
B u B u B u

ψ ψψ θ θθ ψψ θθ ψψ θθ ψψ θ ψψ

ψ θ θθ ψ θθ ψ ψ ψ θ θψ ψ θψ θψ θ ψ

θ θ ψ θ θ

φ φ φ+ + + + + + Φ + Φ + Φ + +

+ + + + + + + + + +

+ + + 25 , 26 , 27 , 28 , 29 , 30 , 31 ,

32 , 33 , 34 , 35 , 36 , 37 , 38 , 39 , 40 , 41 ,

42 , 43 , 44 , 45 , 46 47 48 2 49

..

z z z z

z z z z z z z

zz z z

B B B B B B B u
B u B u B u B u B u B u B u B u B B

B B B B B u B u B u rf B u

ψ θψ θ ψ θψ θ ψ ψ

θ θ ψ ψ ψ θ θ ψ θ θ ψ

θ ψ θ ψ θ

φ φ φ

φ φ

φ ρ

+ + + + Φ + Φ + Φ +

+ + + + + + + + + +

+ + Φ + Φ + Φ + + + + =

 

 
(27-2) 
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1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10 , 11 ,

12 , 13 , 14 , 15 , 16 , 17 , 18 , 19 , 20 , 21 ,

22 , 23 , 24 ,

z zz zz zz z

zz zz z z z z z z

z z z z

C u C u C u C C C C C C C u C u
C u C u C u C u C u C u C u C u C u C u
C u C u C u

ψ ψψ θ θθ ψψ θθ ψψ θθ θ ψψ ψψ

θ ψ ψ θθ θθ ψ θψ ψ θ θψ ψ ψ θψ θ ψ

θ θ θ ψ θ

φ φ φ+ + + + + + Φ + Φ + Φ + +

+ + + + + + + + + +

+ + + 25 , 26 , 27 , 28 , 29 , 30 , 31 ,

32 , 33 , 34 , 35 , 36 , 37 , 38 , 39 , 40 , 41 , 42 ,

43 , 44 , 45 , 46 47 48 2 49

..

z z z z

z z z z z z z

z z

C C C C C C C u
C u C u C u C u C u C u C u C u C C C

C C C C u C u C u rf C u

ψ θψ θ ψ θψ θ ψ ψ

θ θ ψ θ θ ψ θ θ ψ ψ ψ θ

θψ θ ψ θ θ

φ φ φ

φ φ φ

ρ

+ + + + Φ + Φ + Φ +

+ + + + + + + + + + +

+ Φ + Φ + Φ + + + + =

 (27-3) 
 

1 , 2 z,zz 3 , 4 , 5 ,zz 6 , 7 , 8 ,zz 9 , 10 z,

11 , 12 ,zz 13 ,zz 14 , 15 z, 16 z,z 17 , 18 ,z 19 ,

20 z, 21 ,z 22 , z 23 , z 24 z, z

D u D u D u D D D D D D D u
D u D u D u D u D u D u D u D u D u
D u D u D u D u D u

ψ ψψ θ θθ ψψ θθ ψψ θθ ψψ

θ ψψ ψ θ ψ θθ θθ ψ θ θψ ψ ψ ψ θψ

θψ θ ψ θ θ ψ θ θ

φ φ φ+ + + + + + Φ + Φ + Φ +

+ + + + + + + + +

+ + + + + 25 ,z 26 , 27 , z 28 ,z

29 , 30 , z 31 , 32 z,z 33 , 34 z, 35 ,z 36 , 37 ,

38 z, 39 ,z 40 , 41 ,z 42 , 43 , 44 ,z 45 , 46 47 z 48

D D D D
D D D u D u D u D u D u D u D u
D u D u D D D D D D D u D u D u 0

ψ θψ θ ψ

θψ θ ψ ψ θ θ ψ ψ ψ θ θ ψ

θ θ ψ θ ψ θ ψ θ

φ φ φ

φ φ φ

+ + + + Φ

+ Φ + Φ + + + + + + +

+ + + + + + Φ + Φ + Φ + + + =

 

 
 

(27-4) 
 
 
 

 
1 , 2 z,zz 3 , 4 , 5 ,zz 6 , 7 , 8 ,zz 9 , 10 z, 11 ,

12 ,zz 13 ,zz 14 , 15 z, 16 z,z 17 , 18 ,z 19 , 20 z,

21 ,z 22 , z 23 , z 24 z, z

E u E u E u E E E E E E E u E u
E u E u E u E u E u E u E u E u E u
E u E u E u E u

ψ ψψ θ θθ ψψ θθ ψψ θθ ψψ θ ψψ

ψ θ ψ θθ θθ ψ θ θψ ψ ψ ψ θψ θψ

θ ψ θ θ ψ θ θ

φ φ φ+ + + + + + Φ + Φ + Φ + +

+ + + + + + + + +

+ + + + 25 ,z 26 , 27 , z 28 ,z 29 , 30 , z

31 , 32 z,z 33 , 34 z, 35 ,z 36 , 37 , 38 z, 39 ,z 40 ,

41 ,z 42 , 43 , 44 ,z 45 , 46 47 z 48

E E E E E E
E u E u E u E u E u E u E u E u E u E
E E E E E E u E u E u 0

ψ θψ θ ψ θψ θ

ψ ψ θ θ ψ ψ ψ θ θ ψ θ θ ψ

θ ψ θ ψ θ

φ φ φ

φ

φ φ

+ + + + Φ + Φ + Φ

+ + + + + + + + + +

+ + + Φ + Φ + Φ + + + =

 (27-5) 
 

 
where, , , , ,i i i i iA B C D E  are variable coefficients presented in the Appendices 1-5. Eqs.27-1, 27-2, 
27-3, 27-4 and 27-5 are the complete set of partial differential equations, which describes the time 
dependent piezo-magneto-elastic behavior of a functionally graded piezomagnetic thick shell of 
revolution.  

 
3   RESULTS AND DISCUSSION 

This section presents two applied problems of functionally graded materials. These problems are 
solved using the obtained differential equations (Eqs. (27-1), (27-2), (27-3), (27-4) and (27-5)) 
with some assumptions.  
 
3.1. Reduction of obtained equations for a functional ly graded 
piezoelectr ic cyl indr ical shel l  

For validation of the obtained differential equations and applying them for well-known applied 
problems, it is convenient to investigate the relation between mechanical and electrical compo-
nents in a rotationally symmetric functionally graded piezoelectric cylinder with stable conditions 
(Khoshgoftar et al., 2009).   

Due to symmetric assumption ( 0)
θ
∂
=

∂
 and disregarding of any axial mechanical and electrical 

loads ( 0)
ψ
∂

=
∂

, only the nonzero components of displacement is radial displacement 
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( ) 0r ru u r= ≠ , which is only a function of radial coordinate. Based on the above assumptions, the 
electric potential is a function of radial coordinate ( )φ φ= r .    

By applying the above simplifications, within the numerous coefficients, only six coefficients 
remain non-zero through the analysis procedure. They include 2222 3333 2233 222 332, , , ,C C C e e  and 

22η . Considering the above assumptions and then the  geometric relations for a cylindrical shell, 

( 2
2 z, , , z r, const, f r ,2 r zθ ψ ψ

πψ ρ ρ ρ ρ λ ω ∂ ∂= →∞ + = = = =∂ ∂ ), we will have strain-

displacement and electric potential-electric field relations as follows: 
 

 (28) r r
zz rr r,r r

u uu , ,E
r r rθθ

φ
ε ε ε

∂ ∂
= = = = = −

∂ ∂
 

 

The corresponding components of stress and electric displacement may be obtained using the 
above relation and the variable distribution of material properties as follows: 
 

 
 

(29) 

2222 2233 222

2233 3333 332

222 332 22

rr rr r

rr r

r rr r

C (r) C (r) e (r)E

C (r) C (r) e (r)E

D e (r) e (r) (r)E

θθ

θθ θθ

θθ

σ ε ε

σ ε ε

ε ε η

⎧ = + −
⎪⎪

= + −⎨
⎪

= + +⎪⎩

 

 

The variable material properties can be considered as a power function along the thickness direc-
tion of the cylinder (Khoshgoftar et al., 2009; Rahimi et al., 2011): 
 

(30) 
 
 

2222 2222 2233 2233 3333 3333

222 222 332 332 22 22

l l l
0 0 0

l l l l
0 0 0 0

C (r) C r ,C (r) C r ,C (r) C r

e (r) e r ,e (r) e r , (r) r , (r) rη η λ λ

= = =

= = = =
 

By applying the mentioned assumptions in this section, only Eqs. (27-2) and (27-4) remain non-
vanished. The coefficients of two non-vanishing differential equations are evaluated as follows: 
 

2222 2222

222 222

1122 2233 2212 2222 1122 2233 2223

2222 2222 2222

332 222

1
2 2 0 2

1
5 2 0 2

26 2 , 2 , 2 2 ,

2 , 0 2 , 2 0

35 2 2

( ) ,

( sin ( ) ( ) sin ( ) )

( ) ( ) ( 1)

( sin ( )

l

l

z

l l
r r

B C r C r

B e r e r

B rC C rC C r C r C C

C r C r r l r C

B e e r

ψ θ

ρ ρ

ρ ρ

ρ ψ ρ ρ ψ ρ

ρ ρ ρ

ρ ψ ρ

+

+

= =

= =

= − − + + + + +

= = = +

= − + 332 222 222 332

3333 1111 1112

1133 3312 3312 1122 2233

3323 3333

1123

, 2 0 0 2 , 2 0 0

2 2
38 , , , 2 ,

2 2

2 2 0 2
, ,

) ( ( ) ) (( 1) )

( sin sin ( ) sin cos ( ) ( ) sin

( ) sin ) ( sin

l l l
z z

z z

l

e r e r r r l e e
C rC rC

B C C C C r C
r
C C r

C
r r

ψ ψ

θ θ

ρ ρ ρ

ρ
ψ ψ ψ ψ ρ ψ

ρ ρ

ρ ρ
ψ ψ

= − + = + −

= − − − + + + + +

+ + = − + 2233 3333 2233
1

0 2 , 2 0 0( ) sin ) ( )l l
rC r r C lCρ ψ ρ−= − +

      

 
In order to attain to appropriate results and better comparison with the literature, it is better to 
divide all the sentences by 1

2
lrρ − .Therefore, the first differential equation can be composed as: 

 

2222 222 2222 222 332 3333 2233
2 2 3 2

0 , 0 , 0 , 0 0 , 0 0 0( 1) (( 1) ) ( ) 0φ φ λ ω+ + + + + − + − + + =r rr rr r r r rr C u e r l rC u r l e e C lC u r  (31) 
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The second equation must be evaluated using Eq. (27-4). The appropriate coefficients can be then 
calculated as: 
 

222 222

22 22

222 332 222 332 222 332

22 22 22 332 332

l 1
2 2 2 0

l 1
5 2 2 0

l l l
26 2 ,z 2 2 0 ,r 2 0 2 0 0

l l l
35 2 ,z 2 0 ,r 0 38 2 ,z 2 0

D re e r

D r r

D (( re ) e sin ) (( re r ) e r ) r ((l 1)e e )

D (( r ) ) (( r r ) ) (l 1) r ,D ( e ) sin ( e r )

ρ ρ

ρ η ρ η

ρ ρ ψ ρ ρ ρ

ρ η ρ η η ρ ψ ρ

+

+

= =

= − = −

= + = + = + +

= − = − = − + = = 332
l 1

,r 2 0l r eρ −=

 

 

Therefore, second equation can be composed as follows: 
 

(32) 222 22 222 332 22 332
2 2

0 r,rr 0 ,rr 0 0 r,r 0 ,r 0 re r u r r((l 1)e e )u (l 1) r le u 0η φ η φ− + + + − + + =  
 

It is observed that the present general multi-field formulation can predict exactly the behavior of 
a functionally graded cylinder. The obtained simplified equations indicate that the present formu-
lation using the curvilinear coordinate system and Hamilton’s principle for arbitrary nonhomoge-
neity and variable thickness and curvature is identical with that of the literature that has been 
derived using the plane elasticity theory [10]. This case study justifies the capability and necessity 
of the present study in derivation of the governing differential equations of the curvilinear coordi-
nate system for piezoelectric structures with arbitrary geometry and material properties. 
 
3.2. Reduction of obtained equations for a functional ly graded piezomagnetic 
cyl indr ical shel l  

The relation between mechanical and magnetic components in a symmetric functionally graded 
piezomagnetic cylinder with stable conditions can be derived using the tensor analysis and com-
pared with reference (Arefi et al., 2011).   

After applying previously mentioned assumptions in Sec 3.1, and considering magnetic poten-
tial instead of electric potential ( )rΦ =Φ , within the numerous coefficients, only six coefficients 
remain non-zero through the analysis procedure. They include 2222 3333 2233 222 332, , , ,C C C d d  and 

22µ . The corresponding components of stress and magnetic displacement may be obtained using: 
 

 
 

(33) 

2222 2233 222

2233 3333 332

222 332 22

rr rr r

rr r

r rr r

C (r) C (r) d (r)H

C (r) C (r) d (r)H

B d (r) d (r) (r)H

θθ

θθ θθ

θθ

σ ε ε

σ ε ε

ε ε µ

⎧ = + −
⎪⎪

= + −⎨
⎪

= + +⎪⎩

 

 

where , ,ij kl kHσ ε  are components of stress, strains and magnetic field, respectively. 

, ,ijkl ijk ijC d µ are stiffness and piezomagnetic and magnetic coefficients, respectively. 

The variable material properties can be considered as a power function along the thickness direc-
tion of the cylinder (Arefi et al., 2011): 
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(34) 
 

2222 2222 2233 2233 3333 3333

222 222 332 332 22 22

l l l
0 0 0

l l l
0 0 0

C (r) C r ,C (r) C r ,C (r) C r

d (r) d r ,d (r) d r , (r) rµ µ

= = =

= = =
 

 

By applying the mentioned assumptions in this section, only Eqs. (27-2) and (27-5) remain non-
vanished. The coefficients of two non-vanishing differential equations are evaluated as follows: 
 

2222 222 2212 2222 2223

112 332 212 222 223

2 , 8 , 32 , 44 ,

2 2 8 2 32 , 2 , 2 ,

44 2 , 2 , 2 ,

0
( ), , (( ) ( ) ( ) )

( sin ( ) ( ) ( ) )

r rr rr r r r

z

z

B u B B u B
B C r B d r B rC C r C
B rd d rd d r d

ψ θ

ψ θ

ρ ρ ρ ρ

ρ ψ ρ ρ

+ Φ + + Φ =

= = = + +

= − − + + +

 

 

After some simplifications the first differential equation can be composed as: 
 

2222 222 2222 222 332 3333 2233
2 2

0 , 0 , 0 , 0 0 , 0 0( 1) (( 1) ) ( ) 0r rr rr r r r rr C u d r l rC u r l d d C lC u+ Φ + + + + − Φ + − + =  (35) 
 

The second equation must be evaluated using Eq. (27-5). The appropriate coefficients can be then 
calculated as: 
 

222 22 221 222 12 22 23

2 r,rr 8 ,rr 32 r,r 44 ,r

2 2 8 2 32 , 2 ,z 44 , 2 ,z 2 ,

E u E E u E 0
E rd ,E r ,E ((rd ) ( rd ) ,E ((r ) ( r ) ( ) )ψ ψ θρ ρ µ ρ µ ρ µ µ ρ

+ Φ + + Φ =

= = = + = − + +
 

 

Therefore, second equation can be composed as follows: 
 

(36) 222 22 222 332 22 332
2 2

0 r,rr 0 ,rr 0 0 r,r 0 ,r 0 rd r u r r((l 1)d d )u (l 1) r ld u 0µ µ− Φ + + + − + Φ + =  

It can be indicated that the obtained formulation in this paper based on the tensor analysis and 
in an orthogonal curvilinear coordinate system is identical with those relations derived in previous 
work (Arefi et al., 2011).  
 
4   NUMERICAL RESULTS 

In this section, for validation of the obtained differential equations for the simpler geometries and 
boundary conditions, the responses of a stationary functionally graded piezoelectric cylinder under 
80MPa inner pressure is presented. The inner and outer radii of cylinder is considered 0.6, 1. All 
material properties are considered to varying along the radial direction by a power function 
(Eq.30). In order to evaluate the responses of the system, Eqs. (31) and (32) must be concurrently 
solved. For convenience, these equations are reconsidered by setting 0ω = . 
  

2222 222 2222 222 332 3333 2233

222 22 222 332 22 332

2 2
0 , 0 , 0 , 0 0 , 0 0

2 2
0 , 0 , 0 0 , 0 , 0

( 1) (( 1) ) ( ) 0

(( 1) ) ( 1) 0
r rr rr r r r r

r rr rr r r r r

r C u e r l rC u r l e e C lC u

e r u r r l e e u l r le u

φ φ

η φ η φ

+ + + + + − + − + =

− + + + − + + =
 (37) 

 

One can detect that these equations are a system of differential equations of order two. Unknown 
functions are radial displacement u  and electric potential function φ . These equations are known 
as Cauchy- Euler equations. The solution of the system can be defined by changing the variable 
from r to s as sr e= . This change yields two differential equations as follows: 
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2222 222 2222 222 332 3333 2233

222 22 222 332 22 332

, ,0 0 0 0 0 0 0, ,

, ,0 0 0 0 0 , 0,

( ) ( ) 0

( ) 0

r ss r s rss s

r ss r s rsss

C u e lC u le e C lC u

e u le e u l le u

φ φ

η φ η φ

+ + + − + − + =

− + + − + =
 (38) 

 

where, ( )sr ru u r e= = and ( )srr r eφ φ= = . Solution of Eq. (38) can be expressed as follows: 
 

2222 2222 2233 3333

222 222 332

4

4

2
0 0 0 0

2
0 0 0( )

i

i

r ci
i j

i ci
i j

i i
i

i i

u u r

M u r

C C l C l C
M

e e l e

λ

λϕ

λ λ

λ λ

=

=

=

=

+ + −
= −

+ −

∑

∑  (39) 

 

where, iλ are the roots of characteristic equation and ciu are constants of integration. Characteris-
tic equation is determianat of coefficient of Eq. (38) as defined as follows: 
 

2222 2222 3333 2233 222 222 332

222 222 332 332 22 22

2 2
0 0 0 0 0 0 0

2 2
0 0 0 0 0 0

[ ( )] [ ( )] 0

[ ( ) ] [ ] 0

r

r

D C DlC D C lC u D e D le e

D e D le e le u D Dl

φ

η η φ

+ + − + + + − =

+ + + − + =
 (40) 

 

where, D  is defined as the derivative with respect to s: ( )dD
ds

= . By setting D λ= , the charac-

teristic equation can be defined as follows: 

2222 2222 3333 2233 222 222 332

222 222 332 332 22 22

2 2
0 0 0 0 0 0 0

2 2
0 0 0 0 0 0

( )     ( )
0

( )                ( )

C lC C lC e le e

e le e le l

λ λ λ λ

λ λ λ η λ η

+ + − + + −
=

+ + + − +
 

(41) 

 

Solution of characteristic equation defined in Eq. (41) presents four roots of the problem. Solution 
procedure can be completed by employing required boundary condition.  

In this section the appropriate electrical and mechanical boundary conditions are determined. 
The four boundary conditions can be written as: 

 

( ) 80 ( ) 0
( ) 0              ( ) 0
rr rrr a MPa r b
r a r b

σ σ

ϕ ϕ

= = − = =

= = = =
 (42) 

 

After employing boundary conditions of the system, numerical results can be presented. Figures 
2, 3 show the radial distribution of radial displacement and electric potential along the thickness 
direction for different values of non homogenous index.   
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Figure 2: The radial distribution of radial displacement for a functionally graded piezoelectric cylinder. 

 

 
Figure 3: The radial distribution of electric potential for a functionally graded piezoelectric cylinder. 

 

5   CONCLUSION  

1.  Based on the tensor analysis and using an orthogonal curvilinear coordinate system, a complete 
set of linear partial differential equations for piezo-magneto-elastic behavior of a functionally 
graded piezomagnetic shell of revolution with variable thickness and curvature has been derived. 
These formulations can be applied for studying a general shell and can be reduced for analysis of 
simpler geometries such as cylinders and spheres. 
2.  The governing differential equations have been derived with considering no limitation on the 
constitutive equations. It was assumed that all strain, electric and magnetic fields have direct and 
explicit effect on the all stresses, electric and magnetic displacements. This is a comprehensive 
model for studying an arbitrary structure made of completely anisotropic functionally graded 
piezomagnetic materials. 



2090      Mohammad Arefi / A complete set of equations for piezo-magneto-elastic analysis of a functionally graded thick shell of revolution 

Latin American Journal of Solids and Structures 11 (2014) 2073-2098 

 

3.  The derived governing differential equations have been reduced for studying the behaviors of 
functionally graded piezoelectric and piezomagnetic cylinders. These reductions have been vali-
dated with literatures (Khoshgoftar et al., 2009, Arefi et al., 2011).  
 
Nomenclature 

i i i i iA ,B ,C (i 1..49),D ,E (i 1..48)= =  The coefficients of partial time dependent 
differential equation of system  

ijklC  Elastic stiffness coefficient 

iD  Physical components of electric displacement 

id  Piezomagnetic coefficient 

E
!"
,Ei  

Vector and components of electric field, re-
spectively. 

ijke  Piezoelectric coefficient 

zF(u ,u ,u , , , t)ψ θ φ Φ  Functional of the system  

ig  Covariant base vector 

ig  Contra-variant base vector 

ijg  Covariant metric vector 

ijg  Contra-variant metric vector 

iH,H
ur

 Vector and components of magnetic field, 
respectively. 

l  Nonhomogenous index 

r  Radius of revolution for any arbitrary point 

r  Radius of revolution of mid plane 

ds  Differential distance in meridian direction 

i ijS ,S  A symbolic tensor of order one and two, re-
spectively.  

, ,zu u uψ θ  Orthogonal components of displacement in 
orthogonal coordinate system 

u  Total energy per unit volume of the structure 

pu  
Potential energy per unit volume of the struc-
ture  

ku  
Kinetic energy per unit volume of the struc-
ture  
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zu , u , uψ θ

• • •

 
Velocity components in curvilinear coordinate 
system 

dV  Unit volume of the structure  

X Position vector of an arbitrary point 

i iq ,X  Component of position vector in Cartesian 
coordinate system 

y  Vertical distance of mid-plane 

 
z  

Second component in curvilinear coordinate 
system that describes normal distance of an 
arbitrary point from mid-plane 

v  Poisson ratio 

 
ψ  

First component in curvilinear coordinate 
system that describes the angle between nor-
mal to mid-plane and vertical axis (axis of 
revolution) 

θ  
Third component in curvilinear coordinate 
system that describes circumferential direction 
and it’s angle 

ψρ  Distance between mid-plane and axis of revo-
lution along normal to mid-plane. 

θρ  Meridian radius of curvature 

1ρ  zψρ= +  

2ρ  zθρ= +  
k

ijk ij,Γ Γ  Christoffel symbols of first and second kind 

ijγ  Tensor component of strain 

ijε  Physical component of strain  

φ  Electric potential 

Φ  Magnetic potential 

ijσ  Physical components of stress tensor 

ijη  Dielectric coefficient 

ijµ  Magnetic coefficients 

∇
ur

 Del operator 

 Describes the magnitude of a component 
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