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Beam Structures

Abstract

The exact solution for the problem of damped, steady state
response, of in-plane Timoshenko frames subjected to harmonically
time varying external forces is here described. The solution is
obtained by using the classical dynamic stiffness matrix (DSM),
which is non-linear and transcendental in respect to the excitation
frequency, and by performing the harmonic analysis using the
Laplace transform. As an original contribution, the partial
differential coupled governing equations, combining displacements
and forces, are directly subjected to Laplace transforms, leading to
the member DSM and to the equivalent load vector formulations.
Additionally, the members may have rigid bodies attached at any
of their ends where, optionally, internal forces can be released.
The member matrices are then used to establish the global
matrices that represent the dynamic equilibrium of the overall
framed structure, preserving close similarity to the finite element
method. Several application examples prove the certainty of the
proposed method by comparing the model results with the ones
available in the literature or with finite element analyses.
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Coordinate

E elastic modulus G shear modulus

P mass density 1)) Poisson’s ratio

A cross section area A shear area

| bending inertia P static axial load

m mass per unit length r rotatory inertia per unit
Length

C, internal damping Ce external damping

a, slope of the distributed axial load a slope of distributed
Transverse load

b, distributed axial load at X =0 b, distributed transverse load
at Xx=0

L, total member length L member flexible span length
Pas Pas distributed axial load at node I and at node J, respectively

P, P distributed lateral load at node I and at node J, respectively

(a,,b,), (a,,b;) dimensions of the rigid offset attached at node I and at node J, respectively
L,.L, length of the rigid offset attached at node I and at node J, respectively

M, , M mass of the rigid offset attached at node I and at node J, respectively

Mg, , Mg, rotatory inertia of the rigid offset attached at node I and at node J,
respectively

FUNCTIONS NOMENCLATURE

u(x,t) axial displacement v(x,t) total deflection

Vg (X,1) bending deflection Vg (X,t) shear deflection 6(X,t) bending
Rotation

oy (X1) normal stress og (X y,t) bending stress 7(X,t) shear stress
Fy (x,t) normal force Fe (x,t) shear force M (X,1) bending
Moment

F(x) amplitude of any of the above functions F(X,t)

IE(S) Laplace transform of F(X)
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MATRICES NOMENCLATURE

Qi , f’i end displacement and end force vectors of a member flexible span, respectively
Q,, P end displacement and end force vectors at member nodes, respectively

l?’Ei , P equivalent load vectors at member flexible span and at member nodes,
respectively

K., R,, vy, member dynamic stiffness, rotation, and connection matrices, respectively

6, P global vectors of nodal displacements and of nodal forces, respectively

FE ,KD global vector of the equivalent loads and global dynamic stiffness matrix,
respectively

M., K. global matrices of the nodal concentrated masses and springs, respectively

1 INTRODUCTION

Many modern structures are formed by beam elements. These skeleton like structures are
subjected to static and dynamic loads. Their beam members can be of various sizes, including
beams with small length to beam height ratio. For the analysis of these structures, it is important
to use a more refined beam theory, where the assumption of the cross section to remain plane is
not enforced. Besides, harmonic loads can be of high frequency, when then it is important to keep
in the beam model the cooperation of the rotatory inertia to the overall structure response. This
motivates the use of the Timoshenko beam theory to obtain the damped steady state response for
general plane frames subjected to harmonically time varying external forces.

The study reported here concerns with an exact harmonic analysis using the classical Dynamic
Stiffness Matrix, DSM. The problem at hand is non-linear and transcendental with respect to the
excitation frequency [Howson and Williams (1973)]. The approach used to solve it is by the use of
the Laplace transform.

Focusing on the calculation of natural frequencies, Howson and Williams (2003) present a
formulation based on the classical DSM obtained by a set of decoupled fourth order partial
differential equations (PDE) for the unknowns deflection and rotation of the beam cross section.
Dias and Alves (2009) also derive the DSM via the same procedure but reaches an improved
formulation, argued to be more suitable for the eigenproblem solution. It has been noticed
[Schanz and Antes (2002)] that the dynamic analyses of beams can be performed by decoupling
deflection and rotation. In the study described here, the original coupled PDEs, combining
deflection, rotation, bending moment and shear force, are directly employed in order to reach the
DSM formulation as well as the formulation for the equivalent load vector that arises due to
distributed loads on the beams and frames.

We remark that, to be considered exact, a solution must adopt no assumptions other than
those of the beam theory itself. Hence, if the mode superposition method is employed, the result
is not exact once it is affected by series truncation error. For this reason, many good publications
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dedicated to dynamic frame response calculation do not conform to the requirements of an exact
solution and therefore are not considered here. Concerning the dynamic response of frames, Table
1 compares different solution methods found in the literature [Abu-Hilal (2003), Foda and
Albassam (2006), Giirgoze and Erol (2001), Lin (2008), Loudini et. al. (2006), Majukt (2009),
Mehri et. al. (2009), Saeid (2011), Schanz and Antes (2002), Tang (2008)]. In the present context,
it is imperative that the PDE representing the governing equations of a given in-plane structure
subjected to harmonic forces has to be solved exactly. This can be achieved by using Laplace
transform [Abu-Hilal (2003), Foda and Albassam (2006), Loudini et. al. (2006), Saeid (2011)]
and/or Green functions [Abu-Hilal (2003), Tang (2008), Davar and Rahmani (2009)]. Giirgoze
and Erol (2001) use a distinct method based on a receptance matrix but cannot be considered
exact since series solution is employed.

As seen in Table 1, only the solutions given in (Shanz and Antes, 2002; Foda and Albassam,
2006; Lin, 2008; Majkut, 2009; Saeid, 2001) could be generalized in order to solve models of
arbitrary numbers of beams and boundary conditions. If further features are to be considered, e.g.
concentrated masses and springs, these solutions would be limited to the ones developed in (Foda
and Albassam, 2006; Majkut, 2009). Even so, these references are dedicated to solve single and/or
in-line beams. When considering the capability to solve framed structures with the features of
concentrated masses and springs and rigid bodies attached to the members ends, only Seeid
(2001) can be highlighted. These features are not taken into account by Antes et al. (2004), which
also deals with harmonic loads applied to Timoshenko frames. Mei (2008, 2012) present an
interesting model that considers in-plane vibration of some restricted forms of frames. The
analyses presented in these references are developed, as here, along the Timoshenko bending
theory. In contrast, the present paper is more general inasmuch as it handles any shape of portal
planar frame subjected to harmonic loads and it solves the equations of motion via the Laplace
transform.

Except for the case of transient analysis, which is beyond the scope of this study, the solution
of the present investigation is unique in the sense that attends to all of the requisites listed in
Table 1. Indeed, to best of the author knowledge, no other publication in the context of harmonic
analysis pays attention to effects like rigid offset and end release. Few publications (Abu-Hilal,
2003; Tang, 2008; Saeid, 2001) have considered distributed loads and even fewer have
incorporated damping (Loudini, 2006; Abu-Hilal, 2003) in their analysis.

The framed structure under consideration is composed by in-plane members, which are
connected to each other through previously defined nodes. Each member has a flexible span,
which obeys the Timoshenko beam theory, and may also have rigid bodies attached to its ends,
where forces can be released. Fig. 1 depicts the internal forces and displacements for the flexible
span, while Fig. 2 shows the end forces, end displacements, distributed loads, and attached rigid
bodies for a typical member. Since the rigid bodies may or may not have mass, herein they are
alternatively named rigid offsets.
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Schanz
Loudini Abu- Giirgéze Foda and X Mehri . .
and . Lin Tang Majkut  Saeid
Rerefence Ant et al. Hilal and Erol Albassam (2008) (2008) et al. (2009)  (2001)
ntes
(2006)  (2003)  (2001) (2006) (2009)
(2002)
METHOD
. . no yes no yes no no no no no no
Series solution
Laplace transform yes no yes no yes no no no no yes
Receptance matrix no no no yes no no no no no no
Green function
no no yes no yes no yes yes no no
REQUISITE
Exact yes no yes no yes no yes yes yes yes
Solution  Harmonic analysis yes no yes yes yes no no yes yes yes
Transient analysis yes yes no no no yes yes no no no
Generalized yes no no no yes yes no no yes yes
Modeling
Framed structure no no no no no no no no no yes
Shear deflection yes yes no no yes yes no yes no yes
Rotatory inertia yes yes no no yes yes no yes no yes
Internal damping no yes yes no no no no no no no
External damping no yes yes no no no no no no no
Distributed load no no yes no no no yes no no yes
Efect
Rigid body no no no no no no no no no no
End release no no no no no no no no no no
Concentrated
no yes yes no yes no no no yes no
mass
Concentrated
no no yes no yes no no no yes no
spring

Table 1: Comparison of solution methods.
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Mg (x,t) + M dx

Fy (x,t) + F{ dx

v(x,t) =
=vg(x,t)+

VXt =vi(xn+oxt) | +Vs(xt)

ﬁ'

Mg (x,t)

X
N
L

Figure 1: Timoshenko beam: internal forces and displacements at local coordinates.

Taking into account external and internal damping effects, Section 2 is dedicated to presenting
the basic equilibrium equations of a flexible span, in both axial and transverse directions. For the
transverse equilibrium, the Timoshenko beam theory (Howson and Williams, 1973; Dias and
Alves, 2009; Schanz and Antes, 2002; Loudini et al., 2006) is applied in order to consider the
effects of shear deflection and distributed rotatory inertia. In Section 2.2, under the assumption in
Section 2.1 that all the excitations vary harmonically with the same frequency, the steady state
response is formulated in terms of displacement and force amplitudes, which are then subjected to
the Laplace transform. Although this assumption reduces the application scope, it characterizes
the well-known harmonic analysis, useful to identify harmful vibrations due to resonance
occurrences. On the other hand, considering that a given beam like structure is linear, the
proposed method can be extended to a more general excitation type, with more than one distinct
excitation frequency.

The first order governing equations of Section 2 are a coupled PDE system that might be
manipulated in order to obtain uncoupled PDEs for the displacements (Howson and Williams,
1973; Foda and Albassam, 2006). However, this operation would produce fourth order PDEs that
are less suitable for Laplace transform (Schanz and Antes, 2002). Hence, in Section 3, the
equations of Section 2 are directly subjected to Laplace transforms such that, after some easier
but laborious algebraic operations, decoupled results for displacements and forces could be
obtained in the Laplace domain.

After applying inverse Laplace transforms to the results of Section 3, Section 4 gives the
desirable formulations for the internal displacements and forces of the member flexible span,
which are expanded to the model global matrices in Section 5. As it is shown there, from these
formulations it is possible to obtain the relation between end forces and end displacements such
that the member dynamic stiffness matrix and the member equivalent load vector can be defined.
Then, using a similar technique to the finite element method, it is shown how these member
matrices are employed to establish the global matrices that represent the dynamic equilibrium of
the framed structure.
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The solution of this equilibrium system directly gives the nodal displacements, from which
easily follows member stresses. Some careful chosen examples in Section 6 illustrate the major

features of the present method.

Node J

Rigid
Offset

Flexible
Span

Rigid
Offset

Node |

(b PassPuy

Node J

Axial load : p,(X) =a,x+b,

Y
Lateral load : p, (x) =a,x+b,

I Node |

Figure 2: Member properties: (a) geometry and degrees of freedom (Dofs) in local coordinates:
1,2,---,6 = Dofs at element nodes; 1,2,+++,6 = Dofs at flexible span ends;
(b) distributed axial and lateral loads

2 BASIC EQUATIONS

According to the Timoshenko beam theory (Howson and Williams, 1973; Dias and Alves, 2009;
Schanz and Antes, 2002; Loudini et al, 2006) and considering the internal forces and
displacements in Fig. 1, with the distributed linear varying external forces in Fig. 2.b, the
following equations are obtained, with the prime denoting the derivative wrt position, X, overdot
denoting derivative wrt time, t, and all the loads varying in time with the same circular

frequency @ :
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Normal stress, on

oy(z,t) = E [u(z,t) + ¢; i/(z,1)] (1)
Normal force, Fn
Fy(z,t) = Aoy(z,t) = EA [u'(z,t) + ¢; 0'(z,t)] (2)
Axial equilibrium
F(x,t) = mi(x,t) + me u(x,t) - (a,x+b,)e’" (3)
Mean shear stress, T
m(z,t) = =G [vg(,t) + ¢;0" 4(z,t)] (4)

Shear force, Fg

Fs (X, 1) = Az (X, t) — PV'(x,t) = =GA [vg (X, ) + €, Vg (X, t)] - PV'(x,t) =

_ GA[O(x, 1) +¢,0'(x, )] - GA[V(x,t) + ¢ VW' (x,1)] (5)
Transverse force equilibrium

FJ(x,t) = —mV(x,t) - mcv(x,t) + (a, x + b, Je " 6

Bending stress, op

o5 (%, Y1) = YE [V (%, 1) + €,V (x, )] = YE[O'(x,1) + ¢, &'(x,) ()

Bending moment, Mp

My(z,t) = f yo 5 (z,t)dA =EI[0'(z,t) + c,0'(z,t)] (8)

Moment equilibrium

M (X,t) = Fg (X, 1) + PV'(X,t) = V5 (x,t) = F (X, t) + PV'(X,t) = ré(x,t) (9)

Here, F and G are the elastic and shear moduli, u and v are the axial and total transverse beam
displacement, v, is the transverse displacement due to shear, A and A are the total cross-section
and shear areas, a4 and aj, are the slope of the distributed axial and transverse load, b4 and by,
are the distributed axial and transverse load, m is the mass per unit length, p and P are
distributed axial loads.
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In these equations, the internal and external damping coefficients, C, and Cg, respectively,
are defined in order to reproduce the Rayleigh formulation, where C. represents the mass
proportional coefficient and C, the stiffness proportional coefficient. From this, by using the
orthogonal condition of the natural modes, it is possible to establish the following expression for

the modal damping ratio ¢;:

¢ =(C.lo +cm)2 (10)

Meaningful values for C, and Cg can be obtained whenever a pair of modal damping ratio values

is known. Therefore, after applying Eq. (10), these damping coefficients can be computed by:
Ce = 20,0, (5,0, = ) (@] — @) (11.a)
¢ =2(¢,0, ~¢ ) (0] - o) (11.b)

where the natural frequencies (@,,®,) and the damping ratios ({;,¢, ), for the lowest first and

second modes, are supposedly known.
On the other hand, by imposing that both Rayleigh damping coefficients must be non-negative
and that the peak frequencies@; given by:

@ zwivl_2§i2 (12)

must be real, the following restrictions must be obeyed:

(o /w,) <, < (0, o) (13.a)
£,.¢, <~N212=0.707 (13.b)

The external damping coefficient C. accounts for the environment viscous actions expressed by

the forces CU(X,t)and cV(X,t), so that:

cE[s’l] = % (14.a)

The internal damping coefficient C, accounts for the energy dissipation due to the structure
deformation rate and can be related with the Kelvin-Voight damping coefficient K, (Shanz and

Antes, 2002):
¢ [s]=K,/E (14.b)

A more complete characterization of damping in dynamic structural systems can be found in
Oliveto, and Greco (2002), where it is shown that the Rayleigh coefficients are independent of the
boundary conditions, no matter whether the system is continuous or discrete.

Latin American Journal of Solids and Structures 11 (2014) 2171-2202
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2.1 Steady state response

For the steady state response, all the previous defined internal forces and displacements can be
written according to the general equation

F(x,t) = F(x)e!"" (15)

with time and space being decoupled.
Performing time derivatives in equations (1-9), the amplitudes are related by:

F, (X) = EA (1+ jc,0)T'(X) (16.2)
F, (X) =-m(0® - jcco)T(x) - (ax+b,) (16.b)
F. (x) = GA, (1+ jc,0)8 (x) —[GA, (1+ jc,®)+PIV'(X) (16.c)
F{(X) = +m(0’® - jcco)V(X)+(a x+b,) (16.d)
M, (x) = El (L+ jc,@)@"(x) (16.0)
M () = F (X) + PV'(X) + ro?0 (X) 16.f
where, for instance, ;(x), is the amplitude of the beam total deflection.
2.2 Laplace Transform
Applying the Laplace transform over the previous defined amplitudes:
F(s) = NF(@)[(s)] = [ F(a)edz (17)
0

the differential equations (16) are substituted by the following simple algebraic expressions:

F, (s) = EA L+ jc,@)[sd (s) - T(0)] (18.2)
sF, (s) - F(0) =—m(w? - jc.w)l(s)—a, /s> +b, /s (18.b)
Fs(s) = GA; (1+ jc,0)0 (s) ~[GAs (L+ jc,w) + P][sV (s) ~V(0)] (18.c)
sF, (s) = F (0) = +m(w? — jc.a)V(s)+a, /s?+b /s (18.d)
M (s) = El 1+ jc,@)[s6 (s) -0 (0)] (18.€)
SM 4 (s) — M, (0) = F (5) + P[sV (s) = V(0)] + ra?0 (s) 18.f
It is adopted in the sequence, according to Fig. 2.a, the convention for the end forces and end
displacements as
U(O) = q\l \7(0) = qa 5(0) = ds (19.a)
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I?N (O) == ﬁl 'Es (O) = I’js '\WB (0) = _ﬁ5 (19.b)
Now, solving Eqs. (18.a) and (18.b) for the axial displacement results in:
1 ~
0(s)= D &s"Ay(s) (20)
n=-2
with
Ay(s) =11(s” + ) (21.0)
e, =0, (21.b)
e, =P, /[EA(L+ jc, )] (21.c)
e, = b, /[EAQ+ jc,m)] (21.d)
e , =—a, /[EA(L+ jc,m)] (21.e)
where
P = onJM/EAJ(L= jee [0)/(L+ fe,0) (22

Total deflection can be obtained after considerable algebraic manipulation of Egs. (18.c-f),

yielding:
3 -
V(s)=D a,s"Ly(s)
n=-2
with
Lo(s) =1/(s* = B2 (s> - 3})
a; = 613
a, =[(1+ jc|a’)Q5 - ﬁs 1GA]/
a, = —b, [(a,GA) - P /(e,El) = §,(a,P + re?®) I(a,El)
a, =—a,_/(a,GA) + ﬁsao (e, EN)
a, =ayb, /(a,El)

a_, =a,a,_/(oEl)
when adopting

a, =1+rw’ [[GA,(1+ jc,w)]

(25.a)

Latin American Journal of Solids and Structures 11 (2014) 2171-2202



2182 C. A. N. Dias / General exact harmonic analysis of in-plane Timoshenko beam structures

a, =1+ jc,w+ P/GA (25.b)

Bi, ={[-h 7/ —4h;h,1/(2h,)}"? (25.¢)

and
h, = ,El (26.a)
h =El(l- jc. /o)mw?® | GA, —a,P - ro’ (26.b)
h, =a,(1- jc. / @)Mw? (26.c)

Analogously, solving Eqs. 16(c-f) for the shear force and bending rotation results in:

- 2
F(s)=a, /s’+b /s*+Pp,/s+ > a

n=-3

6(s)=[a,/s®+b, /5% + p,/s]/[GA(L+ jc,)] +

naS" Eo (s) (27)

2 -
+a,[sV(s) = G;1+7 D a,.,5"Ly(s)

n=-—

with
y=mo’(l- jce W) [[GA; (1+ jc,w)] (29)

The Laplace transform of the bending moment can be obtained by inserting Eq. (28) into Eq.
(18.¢). The bending moment amplitude, My (X), comes from Eq. (16.e) once the rotation

amplitude, 7z (X) , has been obtained.

A common practice in the specialized literature is to decouple Egs. (16) in order to obtain a
set of differential equations involving only one unknown function. For the Timoshenko theory,
complicated terms involving fourth order derivatives will appear, so the use of the Laplace
transform is troublesome. To avoid this, here the Laplace transform was directly applied to the
coupled first order Egs. (16) by applying the transform to second order coupled equations
involving only deflection and rotation. As a remark, Schanz and Antes (2002) also avoids to work
with fourth order derivatives.

3 INVERSE LAPLACE TRANSFORM

By applying the inverse transform to Eq. (20) for the axial displacement and then using the result
in Eq. (16.a) for the normal force, these corresponding amplitudes are then given, respectively,
by:

u(x) = ieﬁn(x) (30)

n=-2

Latin American Journal of Solids and Structures 11 (2014) 2171-2202
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—_ - l N - 1 A
Fy(X) = EA(L+ jceo) Z e, A (X) = EA(L+ jcco) zenAn+1(X) (31)
n=-2 n=—2
where, knowing that
A (X) = AL (X) for ~ n>0 (32.a)
and
A= [AOHE for  n<0 (32.0)
0
it holds that
1. For n=0,2,46.....
A, (x) = (=1)"* Basin(B,x) (33.a)
2.For n=1345.....
A, (x) = (=) B2 cos(B,X) (33.b)
3. For n=-2-4,-6,...
a2
A () = (1231 sin(B,2) — Z L LR/ (2K + 1)) (33.c)
4. For n=-1-3,-4,...
n+1)
Zn(a:) — (_1)(1—n)/2[ﬂz—1 COS(ﬁA.f) Z k 2k671+2k 1 / 2]{,"] (33d)
As for the total deflection, it can be obtained by applying the inverse transform to Eq. (23),
yielding
3 p—
v(x)= Y a,L,(x) (34)
n=-2
where
L, (x)=L/,(x) for n>0 (35.a)
and
L0 =[L.(&d¢ for  n<0 (35.b)
0

Latin American Journal of Solids and Structures 11 (2014) 2171-2202
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with
1. For n=0,24,0,...
L, (x) =[ A 'sinh (B,x) - B, 'sinh (B, )1/ 5 — ;] (36.2)
2.For n=135,7,...
L, (x) = [ cosh( ,x) - B;~ cosh( B, )1/ B — 57 ] (36.b)
3.For n=-2,-4,-6,...
L, (x) ={4{ 'sinh(B,x) - B; 'sinh(,X) -
_(n+2)/2(2k+1) n+2k n+2k 2 2 (36.c)
- ZX (ﬂl P2 )/(2k+1)!}/[ﬂ1 _ﬂz]
k=0
4. For n=-1-3-5,...
L, (x) ={A"" cosh(B,x) - B, cosh(3,x) -
—(n+1)/2 (36.d)

= DB - B 12K - B

The rotation due to bending is obtained by substituting Eq. (23) into Eq. (28) and applying the

inverse transform so that the amplitude is:

With

and

p— 4 Pr—
0 (x)=(p, +a,x*/2+b x)/[[GA, 1+ jc,w)]+ anLn(x) for n<0

n=-3

b, = azqs
b, = a,a,
b, =y 0; +a,a
b, =y a, +a,a,
by =y a —a,a,
b,=yra,+a,a,
bfz =ya,
b,=ya,

a, =1+ P [[GA, (1+ jc,®)]

Latin American Journal of Solids and Structures 11 (2014) 2171-2202
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Finally, the shear force amplitudes come from the inverse transform of Eq. (27), resulting in
— A 2 —
Fs(X)= Py +a x*/2+b x+ma’(1- je. /w) > a,,L, (x) (40)
n=-3
while the bending moment amplitude comes from the use of Eq. (37) in expression (16.e),
M, (x) = EI (L+ jc,w)d'(x) =
i LR (41)
= El(a_x+b, ) /(GAs) + EI (1+ jc,@) > b, L,..(X)
n=-3
4 MEMBER MATRICES
4.1 Flexible span equilibrium
Applying the following boundary conditions for the end displacement (see Fig. 2.a):
u(L)y=4g, v(L)=q, o (L) = §; (42)
after laborious algebraic work, the equations of the previous section can be rearranged in the
following expressions for the internal displacements:
u(x) :Uql(x)ql+u pl(x) P, +U,(x) (43.a)
V(x) =Vq3(x)q3 +Vq5(X)d5 +Vp3(x) Ps + +Vp5(x) Ps +V, (X) (43.b)
0 (x)= ‘9q3(x)613 + 9q5(x)ds + eps(x) Py + 'H9p5(x) Ps + 6, (X) (43.c)

with the functions on the right hand sides (from U ql(X) to ,(X)) being defined in Appendix A.

Analogously, applying the following boundary conditions for the end forces:
l?N(L): ﬁz 'ES(L)=_ﬁ4 I\WB(L)= Ise (44)

the internal forces are given by:

IfN (x) = qu(X)ql + N (%) P+ Ny (X) (45.a)
Ifs (x) = qu(x)% + Sq5 (X)Q5 + SpS(X) ﬁs + +Sp5(X) ﬁs +35,(X) (45.b)
MB (X) = qu(x)qs + qu(x)q\s + Bps(x) ﬁs + +Bp5(X) 65 +B,(x) (45.c)

with the functions on the right hand sides (from N ql(X) to B, (X)) being defined in Appendix A.

Now, defining the vectors:

QA :{Q1 az}T (46)
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and
lA)A ={f)1 ﬁz}T (47)

and using the previous equations (43.a) for the axial displacement and (45.a) for the normal force,
the axial equilibrium is expressed by:

(pQAQA + (PPAIA)A +Qpn =0 (48)
with
¢ _|Yalb) 19
QA _qu(L) 0 (49.a)
® _|Un(t) 0 49.b
TN (L) -1 (490)

_JUo(L)
(POA_ NO(L) (49C)

Equation (48), after multiplication by the inverse of @p,, gives the following classical matrix
equilibrium equation:

P,+Pg, = KDAQA (50)

with the vector of equivalent axial loads being

A

P, = (p;1A¢OA (51)

while the axial dynamic stiffness matrix is

N

-1
Koy =0pa®Pon (52)
Analogously, transverse equilibrium can be written as
P +Py =K, Q (53)

with the equivalent lateral load vector and the dynamic stiffness matrix given by, respectively,

~

Py = (pI;lL(POL (54)

N

K, = (p;lL(pQL (55)

With
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Q. z{qs 6'4 6]5 Q6}T (56)
f,L :{[33 [34 ﬁs ﬁe}T (57)
V(L) =1 V(L) 0]
00 = Qqs(L) 0 t9q5(|_) -1 s
@ | Bg(l) 0 By(l) O (58.a)
Si(l) 0 Se(l) 0|
Vp3(|-) 0 Vps(L) 0|
0u = Ops(L) 0 O,(L) 0 (55h)
P Bp3(L) 0 Bp5(L) -1 '
Sps(L) +1 Sps(L) O_
Vo (L)
PoL = (L) 58
* B o8
S, (L)
Now, combining both axial and lateral matrix equilibrium equations, it follows that:
P+P.=K_Q (59)
with the end displacements and end forces vectors being given, respectively, by
Q :{ql qz q\s q\4 615 q\es}T (60)
P :{ﬁl ﬁz ﬁs ﬁ4 65 ﬁe}T (61)
The equivalent load vector is
. [P
P = {AEA} (62)
Pe,
and the dynamic stiffness matrix is
. |K 0
K,="" . (63)
0 K,
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4.2 Rigid offset

Observing Fig. 2, the conversions from the flexible span ends to the member ends are given by:

where

with

and

O g © © O -

J =diag[M,

O O O O O Bk

O O O O+~ O

+

Q=TQQ

P=T,P+P, -0’S,Q

o © © © r O

MTI

0 0 +h
00 O
1 0 —aq
01 O
00 1
00 O
0 0 O
+b;, 0 O
0 0 O
-a;, 0 O
0o L2 0
0o 0 L}
0 0
0 0
1 0
0 1
+a, O
J 0 —a,

S, = HIU[T, +1]

MRI MTJ

0

_bJ
0
+a,
0
1

O B O O O O

MTJ
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(Pa + Pu)/2
(pu +Pu)/2
(Pay + Pas)/2

(P +Puy)/2
pLI /6+ ﬁLI /3

pLJ /6+ f)LJ /3

M1

(64)

(65)

(66.a)

(66.1)

(66.c)

(66.d)

(67.a)
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1 0 0 0 0 O]
0 010O0O0
U=05 000010
"o 10000 (67.0)
000100
0 000 O0 1]
1 0 0 0 0 0]
0 0 0 1 0 0
H- 0 1 0 0 0 0
o 0 0 0 10 (67.c)
-b /12 +a,/2 1 0 0 0
0 0 0 +b,/2 -a,/2 1
Par = (LiL)(Pay — Par)+ Py (67.d)
Py = (L L )Py = Pu)+ Py (67.e)
Pa =[(L+L)/Li1(Pas = Pa) + Pa (67.1)
P =[(L+L)/L 1Py — Pu)+ Py (67.2)

L, =4a’>+b’ (67.h)
L, =+/a+b} (67.1)

L =L+L, +L, (67.j)

Now, collecting P and Q from expressions (64, 65) and substituting into Eq. (59), member

equilibrium requires that:
P+P.=K_Q (68)

where, for the member equivalent load vector and the member dynamic stiffness matrix,
respectively, we have:

P, =T,P. - P, (69)
K, = (T K, —0°Sy) T (70)
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4.3 End force release

Let I, denote a permutation matrix that moves, to the last line, the degree of freedom to be
released. If, for any end displacement vector Q, it is imposed that the corresponding end force

must be null, it can be written that:

Q-1,0 ={%:} ()

-

P

=1,P. = ~Ea} (73)

E PTE
{PEb

By doing so, the released versions for the member equivalent load vector and for the member

dynamic stiffness matrix are, respectively:

P, -K_P, /K
P. = IL{ Ea ag Eb bb} (74)
K,-K,K,/K, 0
KD II,T;,|: aa a:) ba bb O}IP (75>
with the partitions i;Ea, 5Eb7 Kaa, Kabv Kba and Rbb coming from:

Eb
K, I} = F“ Ef‘b} (77)
ba bb
Finally, the displacement of the released degree of freedom can be obtained from:
éb = (5Eb _f(baéa)/ lzbb (78)
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5 MODEL GLOBAL MATRICES
The member equilibrium equations seen in the previous sections can be also expressed as
P (0) + Pg (0) = K (0)Q; (w) (79)

with the subscript 1 added to identify the i-th member of the model and the dependency on the
excitation frequency @ is explicitly indicated.
Then, the usual FEM model assembly leads to the global dynamic equilibrium written as:

P(0) +Pg (0) =K, (0)Q(w) (80)

where F(a)) is the vector of the applied nodal loads, 6((0) is the vector of the nodal

displacements, both in global coordinates, and

P (w) = Z‘I’iTRiPEi (@) (81)

is the global equivalent load vector, with R; denoting the member rotation matrix and W;

denoting the connection matrix that relates the member degrees of freedom with the model
degrees of freedom.
The global dynamic stiffness matrix is expressed by:

K (0) =1+ jo,0)K; —0*(1- jeg /)M +Z‘|’iTRiKDi ()R] v, (82)

with K. denoting the matrix of the nodal concentrated springs and M denoting the matrix of

the nodal concentrated masses. Once the global equilibrium equation (80) has been assembled,
the solution is obtained by:

Q@) =K, (0) \{P(o) + P (0)} (83)

with the backslash operator denoting an appropriate solution method, based, for instance, on the
Gauss elimination. Once the vector Q(@) has been obtained, the member end displacements are

evaluated by:
Qi (0) =R{y,Q(o) (84)
and the member end forces by:

P (o) =K, (0)Q; (@) — P (@) (85)
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6 APPLICATION EXAMPLES

The exact harmonic analysis proposed herein was implemented in the standalone application
VIHAND, developed in the MATLAB platform. This code is part of the VIANDI computational
system for the exact static and dynamic analysis of skeleton-like structures (Dias, 2011) and
freely available at www.gmsie.usp.br. In order to explore the above exact solution, some examples

were judiciously chosen and compared with other analytical or numerical approaches from the
literature, as now described.

6.1 Euler-Bernoulli beam

When shear deflection and rotatory inertia are disregarded, the Timoshenko theory must
reproduce the Euler-Bernoulli theory. Therefore, the aim of this section is to verify the present
method for the particular case when Ay =00 and I =0 by comparing it with results from other

authors.

The examples given in Tables 2 and 3, where no damping is presented, show a very good
agreement with the exact solution given in (Abu-Hilal, 2003), which uses Green functions
obtained by the Laplace transform. In both tables, additional results obtained by the
approximate mode superposition method for different number of modes are also listed. Clearly, it
can be seen that the mode superposition series solution improves with increasing number of
modes and that the convergence is quite good for the deflection but not so good for the shear
force. This confirms the well-known fact that the mode superposition method lacks accuracy for
predicting variables involving derivatives wrt position.

L=10m; A=0.01m?*; | =1.57914e - 4m*; p =8000 kg/m®; E = 2.0e11 N/m?
Force amplitude P, = 2000 N ; Force frequency @ = 107 rad/s ;

0

Force location X/ L =1.0 , Support location x/L=0.1

Mode Superposition

AbuHilal Y HAND

Response amplitudes x/L (2003) Number of modes
2 4 8 14
0.5 10.249 10.249  10.269  10.247  10.249  10.249
Deflection V(X) mm 08 24.001 24.002  23.966  24.000  24.002  24.002
1.0 33.593 33.593  33.669  33.603  33.595  33.593
Bending moment Mg (X) Nm 0.1 N/A 45107 45785 45266 45065 45128
Shear force Fo(X) N o1 N/A 7788.3  8391.7  8093.8  7619.4  7813.2

Table 2: Results for the undamped cantilevered Euler-Bernoulli beam in Abu-Hilal (2003)
subjected to a concentrated sinusoidal force applied at the free end.
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L=2m; A=0.015m?; | =1.25e -5m*; p =7830kg/m®; E =5.125¢10 N/m?
Force location X/L =1.0 ; Force amplitude PO =100 N : Force frequency @ = 60 rad/s.
Mode Superposition
Abu-Hilal i
Response amplitudes e VIHAND Number of modes
(2003)
2 4 8 14
Deflection V(L)  mm 27842 2.7842 27822 2.7839  2.7841  2.7841
Bending moment M;(0) Nm 1532.5 1532.5 15237  1530.1 15319  1532.3
Shear force F; (0) N 1025.8 1025.8 985.30  1000.1  1007.9  1011.3

Table 3: Results for the undamped cantilevered Euler-Bernoulli beam in Abu-Hilal (2003) with intermediate

simple support and subjected to a concentrated sinusoidal force applied at the free end.

For the damped cases in Table 4, Abu-Hilal (2003) does not supply written tabular results. For
this reason, the results were obtained by using the formulae presented there. Additionally, a FEM
model was employed to solve the problem. 1000 beam elements have to be used to model the
beam so to reach the same accuracy as that given by the present method. As can be observed in
the table, the agreement of the three methods is quite good.

Based on a receptance matrix, Giirgéze and Erol (2001) offer a series solution for the example
in Table 5 as well as an exact solution based on boundary value formulation. Again, the
agreement with the present method is very good.
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L=25m; A=0.015 m?*; 1 =3.125e—-6m*; p=7830kg/m®; E = 2.05e11 N/m?
Moment amplitude M 0 = 7380 NM ; Moment frequency @ =160 rad/s; Moment location X/ L =2/3

Spring location x/L= 1.0 ; Spring constant K = T72El/ |_3 =2.952e6 N/m
External damping Cg = 25&)1 ; No internal damping C; = 0

Damping * .
é: C, é,l 4,2 Response amplitudes

- [1/5] - - A'E’;(;(If;)lal ANSYS P VIHAND

v(2L/3) mm 7.8016 7.8020 7.8016

0.0 0.0 0.0 0.0 M (0) Nm 15639 15640 15639

F, (0) N 24304 24304 24303

V(2L/3) mm 6.5561 6.5561 6.5560

0.05 148083  0.05  0.0215 M (0) Nm 13227 13227 13227

F, (0) N 20735 20736 20735

v(2L/3) mm 4.7805 4.7806 4.7806

010  29.6166  0.10  0.0430 M (0) Nm 9828.1 9828.1 9828.2

F, (0) N 1578.2 1578.2 1578.2

v(2L/3) mm 2.8236 2.8236 2.8237

020  59.2332 020  0.0860 M (0) Nm 6214.8 6214.8 6214.9

F, (0) N 10732 10732 10732

* The first natural frequency is w, = 143.083 rad/s ; the modal damping ratios are ;i = 4’;:(6!)I /a)l)

" Harmonic analysis by direct integration with 1000 BEAMS3 elements and lumped mass matrix

Table 4: Results for the damped cantilevered Euler-Bernoulli beam in Abu-Hilal (2003) with elastic support

at the free end and subjected to a concentrated sinusoidal moment applied at intermediate location.
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L=10.0m; A=0.04 m?*; I =1.333e—4m*; p =10000 kg/m®; E =12.0e10 N/m?
Force location X/ L =1.0 ; Force amplitude Po =16000 N ; Force frequency @ = 10 rad/s.
Dimensionless deflection amplitudes = V(X)EI / (L* P)
Support location x/L=0.3 x/L=05 x/L=0.7
. Foda and Foda and Foda and
Position
x/ L Albassam VIHAND Albassam VIHAND Albassam VIHAND
(2006) (2006) (2006)
0.2 0.008213 0.008214 0.004138 0.004136 0.002351 0.002351
0.4 0.02999 0.03003 0.005503 0.005501 0.005621 0.005608
0.6 0.1458 0.1459 0.01174 0.01175 0.004174 0.004174
0.8 0.3074 0.3077 0.04970 0.04971 0.007070 0.007069

Table 5: Undamped cantilevered Euler-Bernoulli beam in Foda and Albassam (2006) with an intermediate

simple support at various locations and subjected to a concentrated sinusoidal force applied at the free end

6.2 Timoshenko beam

For the examples with no damping listed in Table 6, Foda and Albassam (2006) use Green
functions to provide exact solutions for Timoshenko beams with attached masses and springs.
Unfortunately, the authors do not supply written tabular results, so only approximations could be
collected from the graphics presented there. As seen in the table, the reliability of the present
method could be confirmed by comparison with a FEM model with 1000 beam elements.
L=20.0m; A=2.6458e—-2 m*; A, =0.85A; | =1.54344e-6m"*
pP= 7700 kg/m3; E =12.0el10 N/m2 : 0 =0.3 ; Force amplitude Po =1000 N;
Force location X =10 M ; Mass value M =188.9934 kg ; Mass location X = 8.6877 m
Spring constant K = 2866 N/m ; Spring locations X = 8.2455 M and X =11.7545m

Deflection amplitude [mm)|

C Force
ase Foda and
Frequency Locati ANSYS * IHAND
OCAHONE T Albassam (2006) SYS v
(a) With 5 At mass 2.0 2.006 2.007
a) With mass z
At load ~1.0 0.9962 0.9957
At springs ~0.05 0.0588 0.0584
(b) With springs 50 Hz
At load ~0.16 0.1463 0.1456

* Harmonic analysis by direct integration with 1000 BEAMS3 elements and consistent mass matrix

Table 6: Undamped simply-supported Timoshenko beam in Foda and Albassam (2006)]
Subjected to a concentrated sinusoidal force applied at half span
and with (a) attached mass and (b) two symmetrically attached springs
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By adding damping effects, the same problem has the frequency response depicted in Fig. 3,
where a very good agreement with the FEM solution can be observed.

Frequency [Hz]

Figure 3: Frequency response for the simply supported Timoshenko beam of Table 6 with two symmetrically

attached springs: (a) deflection at load location [mm]; (b) bending moment at load location [Nm|. Damping:

¢, =0.10 and £, =0.09 <> ¢, =1.3546 s™ and C, =8.3964e -4 s

6.3 Elastic robot manipulator

The authors did not find in the open literature examples of the exact behavior of more complex
skeleton structures. They would allow exploring further the resources in VIHAND and the theory
here presented. However, a more refined model representing a robot manipulator is suggested in
Fig. 4, whose free vibration response is studied in (Dias, 2010). Here, the effects of rigid offset,
bending release, skewed edge, static and dynamic loads, concentrated mass, long and short beams
and an external spring, besides damping, are all present. The results obtained by the theory in
this article are then compared with the FEM, which is the only alternative that permits to solve

such a problem.
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4+ 50 mm 100 mm |
K B
, A >|(_
iRERE [4] M
1
:l Il 70 mm
A O(t)
3(@ : $20 X
53— Actuator

45° ‘
Skewed Edge

P = Static Load

M =2 kg

K =200 ton/mm

O Bending Released
Rigid Offset

6(t)=10*sin(wt) [mm]

Section Properties

Material Properties

Dimensions Total Shear Shear Bending Elastic Mass Poisson
Height  Width Area Factor Area Inertia Modulus  Density Ratio
h b A=hb k A =kA |=bh®/12 E p107° v
Member  cm cm cm” cm? cm? ton/cm®  ton.s?/em®
1 3.0 2.0 6.0 5/6 5.0 4.500 2111 7.983 0.300
2 3.0 1.0 3.0 2/3 2.0 2.250 2040 8.015 0.290
3 1.8 2.0 3.6 1/2 1.8 0.972 745.8 2.846 0.397
4 2.4 1.0 24 1/2 1.2 1.152 1161 4.471 0.350

Damping Properties : gi = (CE /a)i + C,a)i)/2

Natural Frequencies Modal Damping

Static Load

Rayleigh Coefficients

First Second First Second External Internal
P fi=0 127 f,=0,/27 ¢y ¢, Ce C,
ton Hz Hz 1/s S
0.0 14.988 145.88 0.100 0.015 18.7424 1.04E-5
5.0 12.577 145.88 0.100 0.015 15.7177 1.40E-5

Figure 4: Timoshenko beams composing a four-member elastic robot manipulator with complex configuration:
end force release, rigid offset, skewed edge, additional concentrated mass M , additional concentrated spring K ,

initial static load P that weakens the horizontal arm, harmonic prescribed displacement O (t) , different sections,

and different materials: (1) Steel 4139, (2) Steel ASTM A-515, (3) Aluminum 2024-T6, (4) Titanium 6AI-4V.
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It is interesting to notice that VIHAND is capable of dealing with the interaction between static
and dynamic loads. In the case of this robot structure, when the horizontal arm of the
manipulator receives a static compression load, the natural frequencies of the structure decreases.
This leads to a harmful vibration due to the resonance between the actuator excitation frequency
and the first natural mode. As can be seen in Fig. 5, between 12 and 13 Hz the dynamic stress
increases more than twofold, a fact that can severely compromise the structure fatigue life.

200 :
ANSYS/PI0

180 L--oo] —vHAND/POD

(@) ANSY /P50
100 4 ----|{——VIHAND/PED

3:| ]
e
7 IR R :
(€) 15 1--meenn- RREE :
10 """""
[ - .. R .
' : P=0.0 ton
1] r = — f f f f
0 2 4 5 g 10 12 14

Frequency [Hz]

Figure 5: Frequency response for the elastic robot manipulator of Fig. 4: (a) deflection [mm] at point B;

(b) bending moment [ton.cm] at point A and (c) shear force [ton| at point A.
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The results of the VIHAND and ANSYS programs agree very well. However, it must be pointed
out that the ANSYS model needed more than 240 beam elements to achieve the same accuracy as
that obtained by the exact solution of the program VIHAND, which employs only four elements.
Two aspects of the present model are worth considering. First, the method is not suitable for
spatial frames analyses, at least in an exact way. The reason is that, for these structures, it is
likely that torsion-flexure coupling will be important and torsion is not here taken into account.
The consideration of this coupling is far from simple and no attempt was made in the present
study to handle it. The second point to highlight is that this model does not intend to be an
alternative to the finite element method. But, being possible to obtain an exact solution, it is
certain that finite element procedures can benefit from this study inasmuch as the solution
procedure here outlined can serve as a reference for this and other numerical procedures.

7 CONCLUSIONS

By applying a Laplace transform to the coupled first order PDEs, which combine displacement
and force amplitudes, this work consolidates an exact solution method for the frequency response
of in-plane framed structures. The method, based on the Timoshenko beam theory, is quite
general since it allows the use of concentrated masses and springs, rigid bodies, end force release,
skewed edges, internal damping and external damping as well as concentrated and distributed
harmonic loads.

The reliability of the proposed method could be tested by comparing it against simple beam
examples found in the literature. The method was also fully verified by means of a more complex
model involving the majority of its capabilities and comparing the results with the FEM.

Although a priori developed for a single excitation frequency, the method can be easily
extended for more complex and arbitrary time varying excitations by using Fourier series and/or
Fourier transform. Hence, the method is useful for spectral analysis implementation in the
context of random vibrations.
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Appendix A

For the beam flexible span in Fig. 2, the following defines the functions needed to calculate the

internal displacement and force amplitudes by Egs. (43-45). Function KH(X) is defined by Egs.
(33) and En (X) by Egs. (36).

A.1 Axial displacement

U (X) = A (%)
U, (X) ={~1/[EAL+ jc,0)]}A, (X)
U, (x) =[-b, A, (x) —a, A, ()]/[EAQL+ je,w)]
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A.2 Normal force
N1 (X) = EAQL+ jc,w) A, (X)
N 1 (X) = =A (%)
No (X) = _bAKO (X) - aAK—l(X)

A.3 Total deflection

Vs () = ALy (X) + Ay Ly (X)
V3 (X) = A23E2 (x) + Aoato(x)
Vs (X) = AssL, (%)
VpS(X) = A15E1(X)

Vo (X) = A:LOE].(X) + Ay Eo (x) + K:I.O E—1()() + Kzo E—2 (x)

with
Ay =1
A =01+ jcw)/ e
Ay = —1/(e,GA)
A, =—(a,P+reo®)l(a,El)
A =-1/(eEl)
a, =1+rw’ I[GA, (1 + jc,®)]

A.4 Bending rotation

A, =-b, [(a,GA)
Ags = (e, El)
Ay =-a [(a,GA)

AlO = aObL /(alEI)

Ay = agd (e, El)
a, =1+ jc,o+ P/GA

where

043 (X) =By, L, (X) + By Ly (%) + By Ly (%)
0,5 (X) =1/[GAs (1+ jo, )]+ Byy Ly (X) + By L, (X) + Bs L, (x)
Oy (X) = Bys L3 (X) + Bys L, (X)
0,5 (X) = Bys L, (X) + Bys Ly (X)
0,(x) = (a,x* 12+b, x)[[GA, (L+ jc,®)]+
+ B,y L, (X) + Byy Ly (X) + By Ly (X) +
+ By Ly (%) + By L, (%) + By L5 (%)

oo
I

Bis=q,

BlS = 740‘25
Bis = 1Ay + @, Ay

13 7/A03
10 =P T8, (e El)

By =, Ay

o
Il
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Bys =, A By =2, Ay B, = raby /(o El)

By =r+a,A; Bos = 7As By, = raa, /(e,El)

By =, A5 Bos = 1A

By =, Ay Boo = A, +apa,b /(e El)

y =ma®(1- jc. /W) /[GA,(L+ jc,m)] a,=1+rw’ I[GA,(1+ jc,m)]
o, =1+ jc,w+ P /GA a, =1+ P/[GA;(1+ jc, )]

A.5 Shear force
Ses(X) = Mo’ (1 - jcg [ @)[AuL, (X) + AsL, (X)]
Sps(¥) =1+ ma* (1~ jeg / )[ AL, (X) + AL (X)]
Ses () = Me® (L- jee / 0)[AysL, (X)]
Sps(X) = ma* (1~ jee [ w)[AsLy (X)]
S,(x)=(a,x*/2+b x) + ma’(L- jc. /w)[
Ao Lo (X) + AL () + AL, (X) + Ay L 4 (X)]
A.6 Bending moment
By (X)=ElIL+ jC0)[BsLs (X) + By Ly (X) + By L, (X)]
B (X)=EIQ+ jC,@)[BysL, (X) + By L, (X) + Bys Ly (X)]
Bys(X) = EI(1+ jc,®)[BysL, (X) + By L, (x)]
Bys(X) = EI(L+ jc,@)[Bys Ly (X) + Bgs Ly (X)]
B,(x) = (EI /GA;)(a x+b, )+ EI(1+ jc,o)[
BoLs (X) + Byo L, (X) + Bgo Ly (X) + Byo Ly (X) + By Ly (X) + Bgy L, (X)]
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