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The Theory of Plasticity : A Survey of Recent
Achievements

By Dr. William Prager, Mem.A.S.M.E.*

After a brief historical introduction, recent achievements in the theory of plasticity are surveyed with
emphasis on applications in mechanical engineering.

Kinematic models are presented that indicate the complexities of mechanical behaviour in the
plastic range. The fundamental theorems of limit analysis are discussed, and their application to
two- and three-dimensional problems is illustrated by examples. Shakedown analysis and limit
design are defined. Problems involving large plastic deformations are discussed with special reference
to metal forming processes. Applications of the theory of plasticity to impact testing and blast
damage are reviewed. Recent changes in the theory of structural stability in the plastic range are
mentioned. Throughout the lecture, impending developments of the theory of plasticity are indicated.

INTRODUCTION

The theory of plasticity is concerned with the analysis of stresses
and strains in the plastic range of ductile materials, especially
metals. Applied to the design of machines and structures, it
represents a necessary extension of the theory of elasticity in
that it furnishes more realistic estimates of load-carrying
capacities. Applied to technological forming processes such as
machining, pressing, extruding, rolling, and drawing, it provides
the basis for improved control through better understanding of
the role of the relevant mechanical variables,

The foundations of the theory of plasticity were laid about
eighty years ago by Saint Venant (1870a)}, Lévy (1870), and
Boussinesq (1872). The development of hydrostercodynamics or
plasticodynamics, as the new field was called, was strongly
influenced by the already well-established theory of earth pres-
sure, to which Lévy (1869), Saint Venant (1870b), and Boussinesq
(1870) were then making contributions. Tresca’s yield condition
(Tresca 1868), adopted by these authors, can be regarded as a
special case of the condition on which Coulomb (1773) had based
his theory of earth pressure nearly a century before, and the
important concept of the limiting equilibrium of a continuum
had been established by Rankine’s work on such equilibria in
loose earth (Rankine 1857). Much of the theory of earth pres-
sure, however, had been perfected before Cauchy’s fundamental
investigations on elasticity (Cauchy 1827, 1828) had clarified the
specifications of stress and strain, and brought out the important
role of the stress—strain relations in any branch of mechanics of
continua. In the theory of earth pressure the introduction of
stress—strain relations was obviated by the restriction to the
consideration of limiting equilibria and the appeal to a heuristic
extremum principle implied in Coulomb’s work and more clearly
formulated by Moseley (1833). It is fortunate that the pioneers
of the theory of plasticity did not copy this unsatisfactory feature
of the theory of earth pressure but introduced instead a flow rule
relating the stress to the velocity strain. Research in plasticity
was thereby forced to pursue an independent course and, as a
result of this, the theory of plasticity is now able to pay some
of the debt of gratitude it owes to the theory of earth pressure:
the general theory of limit analysis, developed during recent
years as a subject in plasticity, has shed much needed light on
the foundations of the theory of earth pressure.

The MS. of this lecture was received at the Institution on 30th
August 1954. For the report of the meeting in London on 14th January
1955, at which this lecture was delivered, see p. 57.
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+ An alphabetical list of references is given in the Appendix.

Instead of tracing the historical development of the theory of
plasticity in this lecture, I shall attempt to survey its present
stand. Much of this survey will be concerned with recent
achievements, not only because research activity in this field has
increased tremendously during the last decade or so, but also
because the trend of recent developments will best indicate
future problems.

STRESS—STRAIN RELATIONS

The attempt to incorporate the various mechanical properties
of plastic solids in a single mathematical model is not likely to
be successful, but even if such a model could be constructed, it
would be far too complex to serve as the basis for the treatment
of technological problems. Simpler models must be used repre-
senting only those properties that are essential to the considered

‘problem. Furthermore, the need for mathematical simplicity

often dictates far-reaching idealization in the mathematical
description of the mechanical properties that are to be in-
corporated in the model. '

The obvious first step in the investigation of the mechanical
behaviour of a solid is the study of its behaviour in simple tension
or compression, An elastic solid under uniaxial stress is modelled
by a spring, as shown in Fig. la, in which the force P and the
displacement of its point of application 4 represent the stress
and the strain of the elastic solid. Corresponding models for
plastic solids are shown in Fig. 15~¢; the squares in these figures
indicate blocks that experience solid friction as they slide along
their supports.

Fig. 16 and ¢ represent solids that do not deform unless the
stress reaches a critical intensity. The rigid, perfectly plastic
solid of Fig. 15 flows plastically under constant stress, whereas
the rigid, work-hardening solid of Fig. l¢ requires an increase
in the stress intensity if plastic flow is to continue. Because they
neglect all elastic deformations, these models are likely to be
suitable only for the treatment of problems in which the elastic
strains are insignificant when compared to the plastic strains.
When elastic strains have to be taken into account, a spring must
be used in series with the friction block as in the elastic, per-
fectly plastic model of Fig. 1d or the elastic, work-hardening
model of Fig. le.

Fig. 2 shows the stress-strain diagrams of these models. In
Fig. 2¢, for instance, the line OABCDEF indicates the behaviour
under loading in tension (OAB) followed by unloading (BC) and
loading in compression (CDEF). If the specimen is cycled
between the stresses represented by the ordinates of B and F,
the loop BDFG is obtained. Similar loops are indicated in the
other diagrams of Fig. 2.



















































