The Effect of Shear on the Plastic
Bending of Beams

By D. C. DRUCKER,? PROVIDENCE, R. L.

The end-loaded cantilever beam of perfectly plastic ma-
terial has been studied in considerable detail but many
questions remain unanswered. Asa first step in extension
to plates, the concept is eéxplored of an interaction curve
relating limiting values of shearing force and bending
moment for perfectly plastic beams. Simple illustrations
demonstrate that, far more than in the elastic range, such
interaction is not just a local matter but depends upon the
geometry and loading of the entire beam. Useful interac-
tion curves are obtained, nevertheless, with the aid of the
upper and lower bound techniques of limit analysis, choos-
ing the maximum-shearing-stress criterion of yielding for
convenience. It is shown, in particular, that although a
small amount of shear produces but a second-order re-
duction in the limit moment of beams, a small moment
reduces the limiting shear value by a first-order term.

INnTRODUCTION

LL beams to be considered are assumed to be made of an
A idealized material which is termed perfectly plastic.
Perfectly plastic material is elastic up to the yield point

und then Aows under constant stress. The analysis of perfectly
plastic beams in the plastic range is at present in a very satisfac-
fory state. Bending usually predominates so that the coneept of
simple plastie hinges is sufficient in most cases. Should there be
axial force in addition, the extending or contracting hinge de-
scribed by Onat and Prager (1)? takes care of the situation. It
might be expected that shear foree could be included in a similar
manner. If shearing foree V and bending moment M alone are
considered, it would seem a simple matter to determine whether
or not the beam is fully plastic at the section. In those problems
where shear is important, an interaction curve relating ¥V and M
for fully plastic action would be most desirable for beams of
rectangular eross section, for I-beams, and for each shape in
common use. Unfortunately, such a curve does not really exist,
sven for any one shape, because the geometry and loading of the
eatire beam are important, not the properties of the section alone.
The rectangular beam only will be considered in what follows
and an attempt will be made to clarify the reasons for the lack of
aunique interaction eurve. Studies of the cantilever beam under
nd load have been made by Horne (2), by Onat and Shield (3),
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by Green (4), and by Leth (5). Much of the information to be
presented here is contained, therefore, in this previous work but
the relevant parts of each have not yet been compared in principle
and some of the peculiarities of the results have not previously
been explained.

A start will be made by the analysis of cantilever and simple
beams with constant shear force, The lower-bound technique of
limit analysis (6) will be employed first to find a safe relation be-
tween V and M and to provide reference values for the subsequent
work. A loecal eriterion will then be sought to relate limit values
of V and M. The impossibility of complete success with such an
approach will be discussed. The upper-bound technique of limit
analysis (6) will then be applied to the simple span and compari-
son made with the lower bound and the local ecriteria. The
cantilever will also be studied and its peculiarities noted. The in-
fluence of the loading and the geometry away from the section
should then become clearer. Finally, by comparison of all the
results, a useful but by no means unique or exact interaction eurve
will be proposed.

Lower Bouxps For Beam oF ReEcrancunar Cross SECTION

The lower-bound theorem of limit analysis deals with states of
stress which satisfy equilibrium and which do not violate the yield
condition. For convenience the maximum-shearing-stress cri-
terion will be assumed so that the maximum shear stress may not
exceed 0y/2 where gy is the yield point in tension and in compres-
sion. Any such equilibrium states of stress correspond to loads
which are safe or at most at the limit load.
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Figs. 1 and 2 show problems which are almost but not quite
equivalent, a cantilever beam under end load and a simple beam
under central loading. The equations of equilibrium to be satis-
fied are, in the usual notation

Qc, Oty
o7y , 99y
Bt gy = O di el
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If in Equation [2] o, is taken as identically zero, 7., is seen to be

independent of z. Then from Equation [1], observing that o, is
zeroatz = 0

o, =

The usual elastie solution with linearly varying o, and para-

bolic 7,,, Fig. 3(a), satisfies equilibrium and will not violate yield
anywhere if the maximum bending stress does not exceed oy and
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Fi6. 3 EquiLiBRruMm DisTRIiBUTIONS OF STRESS

the shear stress at the neutral axis is no more than ¢/2. Calling
the maximum moment M = PL and the shear V' = P, the lower-
bound result is

M < abh?/6 }
V £ oobh/3

To obtain an interaction plot, designate the known limit moment
for moment alone as M, and the limit shear for shear alone as V,

M. - dobh’f‘i
................ 5
Vi = %’bh } !

These values are obtained, respectively, by oy in tension below the
neutral axis and oy in compression above and by a uniformly dis-
tributed shear stress g,/2.
The elastic solution then gives the lower-hound interaction plot
shown as a square in Fig, 4
M 2 |4 2
M, s 8 Vo = 3
Although most of the points are far too low (too close to the
origin) the 2/;, */; point alone could be quite useful. Two other
points which are known are 0,1 and 1,0. As a yield or interaction
curve must be convex (7) any line joining two lower-bound points
must be a lower bound. Therefore all points lying inside the two
inclined dashed straight lines of Fig. 4 give permissible combina-
tions of V and M.
The lower bound can be improved by taking a more elaborate
distribution of normal and shearing stress than in Fig. 3(a) to
satisfy the limiting maximum shear condition

T L O (6]

over the entire critical cross section. Substituting the value of
a, at x = L from Equation [3] gives the differential equation

dr,,
( a dy
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Fic. 4 Lower-Bounp INTERACTION PLOTA

The solution for positive y is

L _21]
ao smL(l h)

T, h 2y
To i L (1 ’I )
and is valid for /L < /2 as illustrated in Figs. 3(b, ¢). T
larger values of h/L the normal stress distribution separatesi
two !/-cycle loops, as shown in Fig. 3(d), and the shearing
is constant at 09/2 in the eentral region D.
Integration of Equations [8] leads to
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The composite result is plotted in Fig. 4 and should be a very
lower bound indeed because equilibrium and yield are satisfied i
areasonable manner. A modification of the linear distribution
bending stress and parabolic distribution of shear along si
lines to Figs. 3(c) and 3(d) would give a fairly good lower bo

An implicit assumption has been made, however, that the
tribution of shearing stress on the cross section z = 0 can
whatever is called for by the lower-bound solution. In a
therefore, the lower bounds for Fig. 3(a) and for Figs. 3(, ¢,
do not apply to exactly the same problem. There is no si
way of resolving this difficulty. Saint Venant’s principle
be appealed to for short beams, whether elastic or plastic, and
not generally have as much meaning in the plastic range.

A Locan Crrrerion oF Livar Loaping
It is customary in the derivation of the elastic moment-¢















