Flexural Vibrations of Rectangular Plates

By R. D. MINDLIN,? A. SCHACKNOW,? anp H. DERESIEWICZ,* NEW YORK, N. Y.

The influence of rotatory inertia and shear deformation
on the flexural vibrations of isotropic, rectangular plates
is investigated. Three independent families of modes are
possible when the edges are simply supported. Coupling
of the modes is studied for the case of one pair of parallel
edges free and the other pair simply supported. The de-
velopment of the coupling is traced by means of a solution
for elastically supported edges. Special attention is given
to the higher modes and freguencies of vibration which
are beyond the range of applicability of the classical theory
of thin plates.

Prate EQuarioNs

‘ x Y HEN shear deformation and rotatory inertia terms are
included, the flexural vibrations of a plate are governed
by three differential equations each of which contains the
deflection (w) and the two components of rotation (Yay ). Tt
was shown in a previous paper (1)° that the equations can be un-
coupled by expressing ¥., ¥,, and w in terms of three potentials
(w1, ws, H). Thus, omitting factors exp(ipt), i = 1, 2, 3, from
wi, wy, and H, respectively

V. = (01 — L)ow, /0w + (g2 — 1)0w:/0z + OH /0y

¥, = (o — 1)ow/y + (g2 — 1)0wz/0y — OH/Oz ¢ ... [1]
w = wi + s
and
(V2 + 02 =0, (V2 + 82w =0, (V2 + w)H = 0..[2]
where

52 = 6F L +g—(—LyQlh §=1,2
g =201 +g—(—Ql™, j=12

0; = [(1—g)»? +4gF;~1"% §=1,2
Fy=pi/pe, §=123 pt=mG/ok
@?! = TP — DRy g= &1 —»)/2

... [3]

In Equations [3], @ is the shear modulus, » is Poisson’s ratio, p is
the density, k is the thickness of the plate, and py is the frequency
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of simple thickness-shear vibration of an infinite plate. Thess
bols §;, w, and ¢; have the same significance as in reference (|
but here they are expressed in terms of the frequency ratiosT
The constant k%, for which alternative values were given in
erence (1), has the value 72/12 here.

The bending moments, twisting moment, and shearing for
per unit of length, are given by

(2,2 - (ai oy
M,—D(aI +"ay)' M, =D ay+"az
. - Da—mn (o, ?K)

My = 2 (ax+by

@. = wan (v. + %), g, = wan (v + ey

where
D = Gh*/6(1 —»)

i the plate flexure modulus.

Boundary conditions sufficient to assure a unique solution
Equations [2] are set by speeifying, at each point of the edgi
the plate, one member of each of the three products

M,o0,/0t, M,00,/0t, Qudw/dl. ........H

where » and s are co-ordinates normal and tangential, respective]
to the edge.

SryvpLy SuPPORTED RECTANGULAR PLATE

The boundary conditions of a simply supported rectangi
plate of length 2a and width 2b are taken to be
M,
M

0, oy, /ot
0, of,/ot =0, ow/ot =0 on y=

0, ow/ot =0 on z==a

+h

v

1t may be seen from Equation [5] that the conditions on {, i
¥, could be replaced by conditions on M, but the former
chosen because they lead to simple modes analogous to thoss}
the classical theory of thin plates.
Equations [2] have solutions
w; = A, sin iz sin qy
ws = As sin Eox sin nay

H

Ay cos Ez cos nay
provided that
£+ m?=0% &+ mt =l

Substituting Equations [7] in [4] (where necessary) and [0
find

£ 4 M = 0%

£ = /20, m; =sm/2h, §=1, N T

where r; and s; are even integers. The first two of Equations
represent deflections odd in both 2 and y. Although H gend
no deflection, it produces rotations with the same symine!
those derived from w, and w,. Hence all three of Equations}
will be termed modes odd in z and y. For modes even il
sin £,z and cos £x are interchanged in all three of Equatioi
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uil the r; are odd integers. Similarly, for modes even in y, sin
iy and cos 7,y are interchanged and the s; are odd integers.
Substituting Equations [9] in [8] and solving for the fréequency
intios F;, we find

A =1 +hf? + (YR, j=1,2
Ft =1 4t

r [10]

Y2 = (rh/2a) + (s;h/26)% §=1,2,3
Q; = (1 + k2 — e iglY™ j =1,2,3 ¢ .[11]
k= &¥1 4+ g)/g
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fic. 1 CHarT ror EsTiMATING FREQUENCIES OF VIBRATION OF
SrmeLy SUPPORTED RECTANGULAR PraTes Frc.2 Toe Taree Tyees or VisraTioNan Mopes or Simeny
SupporTED RECTANGULAR Prates WHEN RoTaToRY INERTIA AND
SEEAR DEFoRMATION ARE TAKEN INTO ACCOUNT
(a, Flexural; b, thickness-shear; ¢, thickness-twist.)

W=0 W

The three sets of frequency ratios are plotted against the length-
thickness ratio, in Tig. 1, with

@ =(r2Fspazbnls, §=1,2,8.... ... [12]
i parameters and » = 0.312.

For given length-width-thickness ratios and order of mode, the
rquencies of the three types of motion satisfy the inequalities
W< ps < pe. The lowest of these derives from the potential w;;
s mode shape, as ealeulated from Equations [1], is illustrated in
g 2(a). Of the three types of motion, this is the one that
bresponds most elosely to that of theclassical theory. Infact, 15 3 Visratronan Mobpe oF A StMpLy SUPPORTED RECTANGULAR
br the lower modes of large, thin plates, this mode shape ap- Prate Accorping To THE Crassicar Tasvory or THin Prates
imaches that of classical theory, in which

the normal to the plate. For convenience of reference, the types
= —ow/dz and = —dw/0; >  te by
v by i ify 1oy of motion generated by o, ws, and H are called flexural, thickness-
silustrated in Fig. 3. Also, as py diminishes, it approaches shear, and thickness-twist, respectively.
Although Fig. 1 is convenient for the rapid estimation of the
ok /g three frequencies for wide ranges of modes and dimensional ra-

tios, it will be found useful to plot Equations [10] for a fixed ratio,
3;h/2b, of thickness to nodal spacing along the direction: of the
width. Tn this case, each type of motion has a low-frequency cut-
off given by '

lie lrequency obtained from the classieal theory. The other two
rquencies are very much higher than p; and their mode shapes
pequite different.  In the case of ps, which is associated with the
wiential ws, the thickness-shear deformation predominates over
lie flexural deformation, as illustrated in Fig. 2(h). The remain- UFH) =1 4 (P2 + (—1)iQ* j=1,2 ]

ig mode shape, Fig. 2(c), contains no deflection and the two com- y = (18]
fnents of rotation are so related in phase as to form a twist about (F3*)2 = 1 + (YPs*)? I
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